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Multir esolutionShapeDeformations
for Mesheswith Dynamic Vertex Connectvity
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Abstract

Multiresolutionshaperepresentatioris a very effectivewayto decompossurfacegeometryinto several levelsof
detail. Geometrianodelingwith sut representationgnablese xible modi cationsof the global shapewhile pre-
servingthedetailinformation.Manyschemedor modelingwith multiresolutiondecompositionbasedon splines,
polygonalmeshesand subdivisionsurfaceshave beenproposedrecently In this paperwe modify the classical
concepif multiresolutionrepresentatiorby no longer requiringa global hierarchical structuse that links the dif-
ferentlevelsof detail. Insteadwe representthe detail informationimplicitly by the geometricdifferencebetween
independentmeshesThe detail functionis evaluatedby shootingraysin normal directionfrom one surfaceto
the otherwithoutassuminga consistentesselationin the context of multiresolutionshapedeformationwe pro-
posea dynamicmeshrepresentationwhich adaptsthe connectivityduring the modi cation in order to maintain
a prescribedmeshquality. Combiningthe two techniquesleadsto an efcient medanismwhich enablessxtreme
deformationf the global shapewhile preventingthe meshfromdegeneating. During thedeformationthedetail
is reconstructedn a natural androbustway Thekey to theintuitive detail preservationis a transformatiormap
which associatepoints on the original and the modi ed geometrywith minimumdistortion. We showseveral
exampleswhich demonstate the effectivenessind robustnesof our appoad including the editing of multireso-
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lution modelsand modelswith texture.

1. Intr oduction

With the increasingresolutionand compleity of geomet-
ric modelsin computergraphicsapplicationsthe necessity
of hierarchicakepresentationis gettingmoreandmoreim-
portant.Multiresolutiondecompositiongor highly detailed
surfacegeometriesarelikely to becomethe future standard
sincethey enablethesurfacecompleity to beadaptedo the
available (hardware)resourcesndthe quality requirements
of a given application.In additionto compleity control,
multiresolutionrepresentationsnableintuitive and powver-
ful modelingoperationssincemodi cations canbe applied
on ary level of detail without affecting coarserevels and
with automaticadaptionof the ner detailfeatures.

A multiresolutionrepresentationonsistf asequencef
differently detailedapproximations g m of anorigi-
nal surface m. Alternatively, m canalsobe decom-
posednto asequencef detailcomponents ; i1 i
Theefcient useof multiresolutionrepresentationsequires
to nd anappropriatenathematicatiescriptionfor the sur
faces . For this purposehierarchical splineshave been
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usedin 9 10 wherethe displacement ; betweensuccessie
levels ; is de ned by pastingtensofproductsplinesonto
eachother

To getrid of the topologicalrestrictionsemeging from
theuseof tensofproductbasisfunctions,waveletechniques
have beengeneralizedo surfaceswith arbitrarytopologyin
25303239 Here,thesurfaces ; arerepresentetly subdivi-
sion schemeswhat canbe considerecasa compromisebe-
tweenspline-surbcesandtrianglemeshes.

Subdvision schemesexploit the corvergenceof spline
control meshego the associatedurface underknot inser
tion. The correspondinglgorithmsapply a setof general-
ized knot insertionoperatorgre nementrules) which gen-
eratea sequencef ner and ner meshesventually con-
vemging to a smoothlimit surface.? ¢ 2417 38, Consequently
subdvision surfacesarein facttrianglemeshesut with an
additionalmechanisnto changehemeshresolution Thisis
the reasonwhy subdvision techniquesarevery well suited
for computemgraphicsapplicationsvheremostof thedatais
representedly trianglemeshesarnyway.

In thecontext of subdvisionschemeshesurfaces j nat-
urally emege from ani-timesre ned basemesh . The
majordravbackof this surfacerepresentatiois that subdi-
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vision connectivityis mandatoryfor the original ( ne) mesh
m m- As mostof themeshdatasetsdo notcomein this
form, remeshings requiredasa preprocessingtep’ 22 20,

In 12 and 13 multiresolutiontechniqueshave beengener
alizedto mesheswith arbitrary connectiity by exploiting
ne-to-coarsehierarchieeemeging from the applicationof
ameshdecimationalgorithm31 29 15 11 18 Thjsenablesnul-
tiresolutionfunctionalityfor arbitrarymeshesHowever, the
progressie meshtype multiresolutionrepresentationsire
still associatedvith the structureof the given mesh.This
meanghatthetechniqueproposedherecannotbegeneral-
izedto modelingoperationghatchangehe meshconnecti-

ity.

Whatis commonto all theseapproachess the fact that
the multiresolutionrepresentationalwaysimposea global
hierarchical structue onthe data.In thecaseof hierarchical
splinesandsubdvision surfacesthisstructurds providedby
the commondomainW on which all surfaces ; areparam-
eterized.For the ne-to-coarsemeshhierarchieghis struc-
tureis determinedy theconnectiity of the nest resolution
mesh.

The existenceof a global structureimpliesthattherepre-
sentation®f thedifferentlevelsof detail ; arenotindepen-
dentfrom eachother Hence,we cannotperform arbitrary
changeson eachlevel. In the contet of surface modeling
this is a severerestrictionsincedrasticmodi cations of the
geometrycausestrongchangesn thesurfacemetric.Hence,
reparameterizatiofof the surface)or restructuring(of the
mesh)might be necessaryo presere the surfacequality.

In this papewe thereforegproposeanen approachio mul-
tiresolutionrepresentatiomnd modelingwhich enableghe
decompositiorof arbitrarygeometriesanddoesnot require
ary compatibilityconditionbetweerthelevels ; (otherthan
thatthey aredifferently detailedapproximation®f thesame
surface). The basicideais to representhe detail informa-
tion ; betweenthe levels by a displacementeld without
assumingary speci ¢ parameterizationf theinvolved sur
faces jand ; 1. Thisenableaisto performarbitrarymod-
i cations on eachlevel of amultiresolutiondecomposition.

The paperis organizedasfollows: In Section2, we ex-
plain the detailsof the multiresolutionrepresentatiomhich
is the basisfor the multiresolutionshapedeformationtech-
nigue explainedin Section3. Section4 introducesmeshes
with dynamicconnectiity thatenablearbitraryshapemod-
i cations while preservingthe quality of the tesselationin
Section5 we explain asimpleanimationtechniquebasedn
control ellipsoidswhich spana membranesurface.In Sec-
tion 6 we shav how the multiresolutionshapedeformations
canbe usedto globally deformmesheswith changingcon-
nectvity while thegeometriaetailis presered.In Section?
we demonstrat¢hatthe sametechniquesanalsobeapplied
to thedeformatiorof texturedmodels Finally, we give some
hints concerningthe ef cient implementationof the algo-
rithm in Section8.

2. Multir esolutionRepresentation

Givenan arbitrarysurface m, a multiresolutiondecompo-
sition consistof a sequencef topologicallyequivalentsur
faces m 1 o that approximate m with decreasing
level of detail. The difference i1 i betweerntwo
successie surfacesis the detail onlevel i whichis addedor
removed when switching betweenthe two approximations.
Thereconstruction

m i i m 1
of theoriginalsuriace m canstartonary level of detail ;.

Multiresolution editing meansthat on somelevel of de-
tail, thesurface jisreplaceddy ;. Thisoperationdoesnot
have ary effecton ¢ i 1. However ; 1 andhence

i1 m changesincethe (unchangedyletail informa-
tion m 1isnow addedothemodi ed basesurface
; for thereconstructiorof .

To guarante¢heintuitive preserationof shapecharacter
isticsafteramodi cation on somelower level of detail, this
basicsettinghasto beextendedn thesensehatthedetailin-
formation ; is encodedvith respecto local framesThese
framesarealignedto thesurfacegeometryof ;9101939 |f
the surfaces ; arede ned as parameteridunctionsover a
commonparametedomainW, theuseof local framecoding
for thedetails ; makesthede nition of aproperhierarchy
of nestedunctionspacegmultiresolutionanalysig impossi-
blesincetheshapeof in uencesthestructureof all higher
frequeng subspaces.

A closelyrelatedconcepto local framecodingis therep-
resentatiorof detailinformation ; by adisplacemenmap
on 32128 | etN; beacontinuousvector eld de nedon
thesurface ; whichassignsanormalvectorN; p to every
point p i. Thenthe detailinformation ; canberepre-
sentedby ascalarfunctionl j suchthat

i1 q p itd p lipNp

From the continuity of the normal eld N; it follows that
i and | 1 have the sametopolayy. Neverthelessself in-
tersectionof  ; arepossibleif | p is largerthanthe
minimumcurvatureradiusatp. As| i p is unique,nopoint
of j canbemappedo severalpointson ; 1. Thisimplies
somerestrictionson the geometricrelationbetween ; and
i1
When j is transformednto ; by somemodelingoper
ation, the reconstructiorof ; 4 is doneby usingthe un-
changeddetail function | ; with respectto the nev normal
eld N; on ; (cf. Fig. 2). Hence to performamultiresolu-
tion modi cation, we needa (inverse)transformatiormapT
whichassociatesachpointp onthenew surface ; toalo-
cationp T p ontheoldsuriace j. Themodi ed surface
i 1 isthengivenby

i1 q p iqa p lip Np

with
lip li Tp

¢ TheEurographic#ssociationandBlackwell Publisher2000.
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Figure 1: The multiresolutionshapedeformationis evaluatedfromleft to right: 1, o,

27
G
~
T~
<K
<
X7
iy

225
V4!
K7
<
KT
o
.

.
0

Y,
N
'ﬁ
N
R
QV
2
v
Z
S

Q)
%
Vﬁ i
N
N
™
X
A
<

NN
Vi
o
Va¥
N/

A
vy,
Y

1Y

RO

%
QAXK

AV
aVAY)

\Z
&
s
A
e
NVAY;
WA
5‘

2
A
V4!

K

X
K]

K

X

X
Q
\\V

4
%
Kl

fATH

%
2
YA
0
/\
o,

Y

I

1
)
{

o- and . Firstwe havethe

original geometry 1 andits low-frequencyapproximation ¢. Thedisplacementfunction! is sampledby shootingraysfrom
o in normaldirectiononto ;. Themiddlemeshis thelinking mesh betweerthe original andthe modi ed low frequency

meshes g and ( respectivelyTheverticesof

change signi cantly if wereplace ¢ by whensamplingl . On the other hand,

are projectedontothe geometryof (. Hence thedetail functionl doesnot

hasthe sameconnectivityas  (middle

right) which establishesa one-to-onecorrespondenceetweerthe pointson both surfacesFinally, the deformedsurface 4
with reconstructedietail is obtainedby shiftingtheverticesof  in normaldirectionby theamount .

Sk=
N -

Figure 2: Left: Thegeometry ; 1 (grey) is de ned rela-
tivetothecircle j (black).Forp cost sint T i we
havel p %cos 5t . Right: Whendeformingthe basege-
ometry i themodi edgeometry ; ;isreconstructed
by usingthe samedetail function! with respecto the new
normal eld N; on ;. Toevaluatel atthecorrectlocation,
thepointson ; and ; mustbelinked by a transformation
mapT.

This generalde nition for multiresolutionrepresentations
enableausto de ne thedifferentlevels of detailcompletely
independenfrom eachother Thereis no needfor a global
hierarchicalstructurelike in the approacheshat are based
on a nestedsequenc®f spacer grids 2532 39, We do not
evenhave to usethesamesurfacetype (parametricimplicit,
polygonal meshes)or all surfaces ;. The only require-
mentsarethatwe have to beableto computenormalvectors
N; and nd ray-intersectionsUndertheseassumptiondt is
not necessaryo setup anexplicit formulationfor the detail
functionsl ; sincethe evaluationof | j at somepointp i
canbe accomplishedby computingthe intersectionof the
rayp | Nj p with thesurface ; 1 ondemand.

3. Multir esolutionshapedeformation

In computergraphicsandgeometriomodeling,we have sev-

eralstandardechniquegor thede nition of surfacegeome-
try. Besidegheimplicit de nition (iso-surfacesandthe pa-
rameteriae nition (spline-patbeg we nd theexplicit def-

¢ TheEurographic#ssociationandBlackwell Publisher2000.

inition by polygonalmeshegarticularly useful. Especially
triangle mesheganbe consideredhe mostversatilerepre-
sentatiorfor generafree-formsuriacegeometryDueto the
simplicity androbustnes®f algorithmsoperatingontriangle
mesheswe canapproximatearbitrarily complicatedbjects
by sufciently re ned tesselationsWith increasingresolu-
tion (re nementlevel) thenon-smootttharacteof thepiece-
wise linear approximationss quickly vanishingandcanbe
forced belov ary prescribediolerance.The compleity of
explicit representationsanbereducedy ef cient schemes
to compresshe meshdata* 12 35,

In thesequelve will thereforefocusontheuseof triangle
meshesdor therepresentatioof thesurfaces ; in our mul-
tiresolutiondecompositionNoticethatdespitetheir discrete
naturerianglemeshesepresentontinuousurfacesMore-
over, wecaneasilyde ne acontinuousiormal eld by linear
interpolationof vertex normals Hence giventwo meshes
and ; 1, wecanevaluatethedetailfunctionl ; atarbitrary
locationson the mesh . This meansin particularthat we
canarbitrarily supersamplethe detail function without ary
restrictionsimposedby the actualresolutionof the under
lying tesselationThis is an importantobsenation that we
exploit whena multiresolutionshapedeformationstrongly
changege.qg.,stretchesjhe globalshapeof anobject.

For simplicity we restrictour explanationto a two-band
decompositiorof the givengeometry The generalizatiorto
multi-banddecompositionss straightforvardsincetheeval-
uation/reconstructioprocedureon theith level of detailre-
cursiely calls the sameevaluation procedurefor the next
coarserapproximationlevel. Without loss of generalitywe
furtherassumehata singlemultiresolutionmodelingoper
ationappliesmodi cations only on onefrequeng band.

Let the two-bandrepresentationf a surfacebe given by
two trianglemeshes ¢ and ; with arbitrary connectiity
each.Themultiresolutiondeformatiorreplaceshemesh g
by o (againwith a completelydifferentconnectiity). We
wantto reconstructheresultof theoperation ;.

Accordingto themultiresolutionrepresentationf thelast
sectionwe nd pointsq on 1 by displacingpointsp 0
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in normal direction. The distancel p by which p is
moved, hasto be sampledfrom the displacemenmapthat
is implicitly de ned by the geometriesof the two original
surfaces g and ;. Hence,supposeve know the transfor
mationmapT, we cancomputethepointp T p on o
andshootarayp | Ng p . Thedistanceto the rst inter
sectionpointon ; yieldsthevaluel p :1 p .

Theremainingquestionis how to nd anappropriatanap
T: 0 0

Thisis nottrivial since gand g canhave differentgeom-
etry and differentconnectyity. Yet, the quality of the detail
reconstructiorstronglydependsn the distortion causedy
T.

We proposeo generatehemapT by constructinganad-
ditionalmesh which hasthesameconnectiity as and
the samegeometryas g, i.e. whoseverticesp lie on
thecontinuoussurface . Duetothefactthat and ¢ are
smoothtesselationglow frequeng approximationsyhich
have approximatelythe samegeometry the differencebe-
tweenthedisplacemenfunctionl sampledrom eithermesh
is ngglectible.Onethe otherhand,since and ( have the
sameconnectyity, it is trivial to establisha one-to-onecor
respondencbetweerbothby usingabarycentrigparameter
izationwithin eachtriangle.Hence,for a givenpointp on

o We cancomputethedisplacemenvaluel p by shoot-
ing arayin normaldirectionfrom the correspondingointp
on

Fig. 1 shaws all the meshesnvolvedin this multiresolu-
tion modelingoperation.The distortion of the transforma-
tionmapT andhencethequality of thedetailreconstruction
is determinedby thedistribution of the verticesof  onthe
surface ¢. Thisdistribution hasto optimizetwo con icting
objecties.First,thepointsshouldbedistributedevenly over

o in orderto guarante& uniform samplingdensitiyfor | .
Onthe otherhand,the relative positionof neighboringver-
ticesshouldbesimilarto thecorrespondingon gurationon
themesh ¢ in orderto minimizelocal distortions(e.g.pre-
sene the triangle's aspectratios). The degree of dif culty
for this optimizationtask dependson the geometricdiffer-
encebetweertheshape®f gand .

Let us assumehat the shapedifferencebetween ¢ and
o is small,i.e. both mesheshave only a small Hausdorf-
distancefrom eachother This assumptiordoesnot restrict
the set of possiblemodeling operationssince we can de-
composeevery drastic shapedeformationinto a sequence
of small deformationg(in the Hausdorf-sense)In orderto
computethetransformatiormapT for abig deformationwe
simply concatenatéhecorrespondingnapsfor thesmallde-
formations.

Forthegeneratiorof ~we startby copying theconnecti-
ity of andapplytwo operatorshatcontrolthedistribution
of theverticesp onthesurface (. The rst operatorP
(project) computesnitial positionsfor eachvertex p
The secondoperatorD (distribute) then shifts the pointsp
in orderto distributethemmoreevenly over the surface .
This operatoreduceshe globaldistortionof themapT.

In Sect.8 weexplainasimpleandef cient methodto nd
theclosestriangleF ABC otoavertex q o
TheP operatomrojectseachvertex q o ontothenearest
point ¢ on F (this is not necessarilyan orthogonalprojec-
tion) which yields the initial positionfor the corresponding
vertex of . After the applicationof the P operatorthedis-
tribution of the verticesin theinitial mesh are”as similar
aspossibleto thedistribution of theverticesin .

TheD operatorequalizeshedensityof theverticesg
scatteredver the surface ¢. For this,we rst estimatethe
local densityd for eachvertex q, e.g.,by computingthe av-
eragdengthof theadjacenedgesWethenupdatethevertex

positionsfor all g by thedensityweightedumbellarule
195

& djaj (1)

wheren is the valenceof q andq; areits directneighbors
with their correspondinglensityd;. Theeffect of theweight
coefcients is thatverticeswith low point density(large av-

erageedgdength)pull harderHence thedensityegalization
is performedmore aggressiely. On the otherhand,neigh-
boring verticeswith high density have reducedattraction
which avoids clusteringeffects (shrinking known from the
uniform umbrellaoperator? 34,

After the applicationof (1) the verticesq are no longer
lying on the surface . Hence,anotherprojectionP onto
the nearestriangleconcludeghe D operation.Usually, the
D operatorhasto be appliedseveral timesto obtaina good
vertex distribution.

Fig. 1 shavs a simpleexamplefor the detail reconstruc-
tion basedon the transformatiormapT afterthe shapede-
formation.In Sect.6 and7 wewill seemoreexampleswvhich
demonstratehat this basictechniqueenablesstrong mul-
tiresolutiondeformationsvhile keepingthedistortionof the
map T minimal. However, beforewe go into the detailsof
multiresolutionanimationwe have to de ne atrianglemesh
basedsurfacerepresentatiowhichis e xible enougho per
form arbitraryshapedeformations.

4. Dynamic Connectivity Meshes

In general,a triangle meshis de ned by the position of
its verticesp; and their connectiity p; pj . Whenmodi-
fying the shapeof an object (not its topolayy) it is often
consideredsufcient to merely changethe position of the
verticesbut not to adapttheir connectiity. Sincethe actual
continuoussurface of a triangle meshis de ned by piece-
wise linearinterpolationbetweerthe vertices the modi ca-
tion of eachcontrol vertex p is equivalentto changingthe
vectorvaluedcoefcient of alocally supportedx ed piece-
wise linear basisfunction (hat-function centeredat p. As
globalmodi cations usuallyrequireto updatethe positions
of mary vertices,suchmodelingoperationsare controlled
by coarsescalebasisfunctions(shapefunctiong which are
supefimposedover awholesubrgion of thegivenmesh.

¢ TheEurographicsssociationandBlackwell Publisher2000.
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cannotbe remased by uniform subdivision(centerleft). However, dynamicallyrestructuringthe meshyields better shaped
triangles(right). Theresolutionof the meshcanbe contmwlled by prescribingthe minimumand maximunmedge length.

The major problememeging from this kind of geomet-
ric modi cation is thatmoving a selectionof meshvertices
causesdistortionof theadjacentrianglesandhenceaffects
thequality of themesh(cf. Fig. 3). Applying uniform 1-to-4
splitsin regionswherethe discretecurnatureis abose some
thresholdor the length of the edgesexceedsa prescribed
bound?® doesnot solve this problemsinceuniform splitsdo
not improve the aspectratio of the triangles.Moreover, we
areinterestedn nding a surfacerepresentationvherethe
numberof trianglesis proportionalto the total surfacearea.
However, whenusinguniform re nement(subdivisioncon-
nectivity), the numberof trianglesincreasesgjuadatically if
themeshis strechedn onedirection(cf. Fig. 3).

Wethereforepreferameshoptimizationtechniquesimilar
to 16 33 37 which usessimpleoperationgo improve the qual-
ity of a given meshby changingits connectiity. Our goal
isto nd a meshrepresentationvhich guarantees certain
meshquality accordingo thefollowing requirements:

No edgeshouldbe shorterthanenmin

No edgeshouldbelongerthanemax

A vertex' valenceshouldbe six.

Long andthin trianglesshouldbe avoided

We call this representatiomlynamictriangle meshessince
every geometricmodi cation (alterationof the vertices'po-
sition) is followed by a restructuringof the meshii.e., by
the applicationof simpleoperationsvhich changethe mesh
connectiity in order to re-establishthe abore quality re-
quirementsAs the surfacerepresentatiotis not static ary-
way, it is not necessaryo treatthe quality requirementsas
hardlimits. In orderto avoid strongdistortionsin themeshit
is sufcient to atleastreducethe numberof violationswith
every restructuringstep.This guaranteethatthe meshqual-
ity stayssufciently closeto anoptimalcon guration.

Therestructurings performedin several stagesFirst all
edgeswvhich areshorterthaneqn, areremovedby collapsing
the two end-\ertices.To avoid problemswith "chains” of
shortedgeswe collapsethatend-\ertex with lower valence

¢ TheEurographic#ssociationandBlackwell Publisher2000.

Figure 4: Smalledgesare remoed by edee collapsesThe
accumulatiorof edge collapsegmiddle)is preventedby col-

lapsinginto the vertex with higher valence(bottom). This
simple heuristic works becausehigh valenceverticesstay
xed and every collapsereducesthe numberof adjacent
shortedges. Moving a high valencevertex v, however, can

leadto an unboundediccumulatiorof edge collapsessince
new shortedgescanbecomeadjacentto v.

into the onewith higher(cf. Fig. 4). Then,all edgeswhich
arelongerthanemax aresplit by insertinga new vertex atits
mid-point. The two adjacenttrianglesare bisectedaccord-
ingly (cf. Fig. 5). Noticethatthe upperandthelower bound
on the edgelengthsare only compatibleif emax 2€nin
sinceotherwisethe edgesplit operationwould generatéwo
invalid edges.

After all edge lengths lie within the tamet interval
€min €max we performedge- ipping in orderto regularize
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Figure 5: Long edges are remased by mid-pointinsertion.
If this opertion geneatesshortedges (the thick ones)with
length  emax thesewill beremaredin the next restructur
ing step.

the connectity. This becomesmecessargince both oper
ations, i.e., the edgecollapseand the edgesplit, do affect
the valencebalancefor the involved vertices.For example
theedge-splittingalwaysintroducesverticesof valencefour
andhencedisturbeshebalancelf the edge ipping should
generateedgesvhich aretoolong or too short,thosewill be
removedin thenext restructuringstep.

For every two neighboring triangles A BC and

C B D we maximizethe numberof verticeswith va-
lencesix by ipping the diagonalBC if the total valence
excess

o 2
a valencep 6

p ABCD

is reducedThe exponent2 disallows to trade,e.g.,two va-
lenceb verticesfor onevalence8 vertex. Fig. 6 shavs the
differentstageof therestructuringprocess.

Figure 6: The quality of a modi ed mesh(1) can be im-
proved by (2) collapsing short edges, (3) splitting long
edges,and (4) ipping edgswheke the valenceexcesscan
bereduced.

The last quality requirementoncerningthe aspectratio
of thetrianglesturnsoutto beautomaticallysatis ed by the
above restructuringalgorithmsincethe edgelengthratio is
boundedby emax emin andall vertex valencesare closeto
six whichrestrictsthe minimumangle.

5. Animation by control ellipsoids

We suggesta simple meshanimationtechniquein orderto
demonstratd&iow dynamicconnectiity meshesanbeused
to generatdnigh quality meshegor eachframeof ananima-
tion sequenceThegoalis to have a smoothfreeform object
like a bubble which moves and deformsin time. This was
motivatedby watchingalavalamp.

The shapedeformationsin a lava lamp canbe modeled
in the following manner:Two or more ellipsoidsmove in
space.Their radii, aspectratio, and orientationchangesn
time. Around thesecontmol ellipsoidswe spana membrane
surfacewhich tendsto minimize its surfaceareadueto in-
ternalforces.Theresultis a physicallybasedmodelfor the
skin of lavalampbubbles.

In 195 a simple schemeis proposedto generatetrian-
gle mesheswhich are optimal with respecto the (discrete)
membraneenegy. Solving the optimizationproblemfor a
given meshby an iterative Gaul3-Seidekolver requiresto
computeonly simple linear combinationsof vertex posi-

tions. For eachvertex p with neighborspg pn 1 the
Gaul-Seidelipdaterule is
1 no 1
P —abh @
nNio

In orderto make the optimizationproblemwell-de ned, it is
necessaryo imposeadditionalboundaryconditions.How-
ever, without boundaryconditionsthe updaterulesof theit-
erative solver canstill beappliedasa smoothingcorvolution
lter 34,

In our casewe provide boundaryconditionsby usingthe
control ellipsoids. After eachGauR3-Seidelteration of the
umbrellaalgorithm,we checkfor every meshvertex whether
it happengo lie in theinterior of oneof theellipsoids.If this
is the casethenwe projectit backto the correspondingel-
lipsoid's surface.In orderto generate lavalampanimation
we simply have to prescribethe ellipsoid parameters$or ev-
ery frame. The bubble surfacefor a giventime stept; 1 is
computedby projectingthe verticesof the surfacefrom the
previous time stept; onto the modi ed control ellipsoids,
applyingumbrellaiterations,andre-enforcingthe boundary
constraints.

Theseoperation®nly affectthegeometrigositionof the
vertices.In orderto additionally maintainthe meshqual-
ity, therestructuringalgorithmof thelastsectionwhich up-
dategheconnectvity, is appliedto theresultingmesh Fig. 7
shaws severalframesof ananimationcreatedoy this simple
technique.

As mentionedin 19, the convergenceof the Gaul3-Seidel
schemeapplied to the membraneenegy optimization, is
ratherslow. A standardechniquein numericalanalysisto
copewith this problemis to usemulti-grid solvers14 which
computesolutionsto the optimization problemon coarser
tesselationin orderto nd betterstartingvalues.

Usually suchmulti-level algorithmsare appliedto a se-
quenceof nestedgrids which are generatedrom coarseto

¢ TheEurographic#ssociationandBlackwell Publisher2000.
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Figure 7: A bubble objectcan be animatedby spanninga membaneskinarounda setof contmol ellipsoids.Sincethe skinis
representedy a dynamicconnectivitymeshthequality of thetriangular facesis guaranteedby restructuringthe mestbetween

theframes.

ne by uniform re nementof a coarsebasemesh.In 19 the
methodis generalizedo mesheswith arbitrary connecti-
ity wherea hierarchyof nestedgrids canbe generatedrom
ne to coarseby incrementameshdecimationt! 15 18 29 31,
In the caseof dynamicconnectvity mesheshowever, we
cannotgeneratea sequenc®f nestedgrids sincethe actual
connectiity is determinedby therestructuringstepandun-
known apriori.

We therforeuse a multi-level solver which controlsthe
coarsenesef thetesselatiorby adaptingthe boundsfor the
edgelengthsenin andemax. For every frameof the anima-
tion sequenceye startwith ratherlarge valuesfor en,;,, and
emax andapply several stepsof alternatingumbrellaupdates
andprojectionontothe controlellipsoids(innerloop). Then
we slowly decreas¢he boundsby somefactorq 1. Inthe
restructuringstepthis triggersedgesplit operationswhich
re ne the mesh.The alternatingmeshoptimizationandre-
structuringis repeateduntil the tamgetresolutionis reached
(outer loop). The following pseudo-codémplementsthe
multi-level solver.

for each frame
init €min: ©€max

while  (emax t)
while  not convergence
minimize  energy
project to ellipsoid
€min d: €max q
restructure

Fig. 8 shaws severalintermediateneshef this process.
Thegeneralizednulti-level versionof themembranenegy
minimizationis signi cantly fasterthan plain Gau3-Seidel
iterations— especiallyfor high targetresolutionsFor mod-
eratelycomplex models( 10t ) we caneasily compute
several framesper secondon a standardgraphicsworksta-
tion (SG102, R10K).

As demonstratedn 27, the control ellipsoid animation
techniguecan also be appliedto geometricmodeling. The
designercanusecontrolellipsoidsasmodelingtoolsto push
or pull the surface.Even more generalshapesare possible
for thetool geometryaslong asthe insidetestcanbe com-
putedeffectively andthe projectionontothetool's surfaceis
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well-de ned. Similarto 1° 37 we couldalsousethethin-plate
enepgy insteadf themembranenegy andwe couldrestrict
thein uence of a modi cation to a presribedsub-rgion of
themesh.

6. Animating a multir esolutionobject

We now apply the multiresolutionshapedeformationtech-
nigue to surfacerepresentationpasedon triangle meshes
with dynamicconnectvity. This enablesusto computeani-
mationsequencewherethedeformatiorof theglobalshape
is prescribedwhile the detail informationis preseredin a
naturalfashion.Theshapealeformatiorduringtheanimation
might require to dynamically adaptthe connectiity from
frameto framein orderto maintainthe meshquality. Hence,
we have to be ableto resamplehe detail functionl atarbi-
trary locationssincewe cannottell a priori whereadditional
detailinformationwill berequired.

The basicideais to take an arbitrarytrianglemesh 1
andalow-frequeng approximation o asatwo-bandmul-
tiresolutionrepresentationf the input data.Themesh ¢
is thenanimated,e.qg., by usingthe control ellipsoid tech-
nique. For every frame, the detail will be reconstructedby
shifting the verticesof the currentmeshin normaldirection
accordingo theresampledietailfunctionl .

For the computationof the animationsequenceave need
four differentmeshesFirst we needthe low-frequeng ap-
proximationof the currentframe ¢yrrentandthe linking
mesh currentwhichhasthesameconnectity as cyrrent
but with vertex positiondying onthesurface . Thismesh
representthecurrenttransformatiomapTeyrrentthatlinks
thepointsp on ¢yrrenttolocationsT p on ¢ wherethe
detailfunction| hasto be sampledn orderto computethe
displacementor the detail reconstructiorat p. For the rst
frame,bothmeshesreindenticalto ¢ (startingcon gu-
ration).

As the animationprogresseso the next frame, the new
low-frequeny shapeof the animatedobject is storedin

next- We do not assumeary coherencéetweenthe con-
nectivitiesof cyrrentand next- Fortheproperreconstruc-
tion of thedetail,wehaveto nd thenew transformatiomap
Thext: next o Whichis dif cult to computedirectly
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Figure 8: Theconcepbf multi-level smoothingcanbe generlizedto meshesvith dynamicconnectivity Thedifferenthierarchy
levelsare de ned by adaptingthe upperandlower boundfor the edge lengths.Fromleft to right, the valueseni, andemax are
halvedin everystep.Noticethatthesemeshesire not genetedby uniformre nementbut by dynamicrestructuring

since pext and o canhave completelydifferentshapes.
However, asit is usuallythe casein smoothanimationswe
canassumehatthe geometricshapeof cyrrentand next
do notdiffer very much.Hence we cantry to adaptthe cur
renttransformatiommap Tceyrrentto the next frame.

As explainedin Sect.3, the mapThe«t is completelyde-
terminedby the vertex positionsof the mesh et Which
haveto lie onthesurface . Thedistribution of thesever-
ticesshouldto be optimizedin orderto minimize the distor
tion of theresultingmapThext-

To accomplishthis, we startby computingthe projection
of the verticesof et ontothe mesh ¢yrrent This can
be doneratherefciently asexplainedin Sect.8. If the ver
tex p next is projectedonto the triangle A B C

current then the projection point p can be written in
barycentriccoordinates

p aA bB ¢C

By applyingthe samdinearcombinationto the correspond-
ing verticesof  ¢yrrentWe obtaina goodinitial guessfor
the positionof thevertex p next-

Thequality of themesh et (@ndhenceof thetransfor
mationmapTnpext) canbefurtherimprovedby severalappli-
cationsof theD operatoiof Sect.3. If weusetrianglemeshes
with dynamicconnectiity asexplainedin Sect.4, we can
accelerateéhe convergenceof thedensityweightedumbrella
algorithmby the multi-level smoothingechniqueof Sect.5.
As next and nect have to have identical connectiities
arnyway we canperformtherestructuringoperationsn both
meshesdn parallel. Of course,sincethe purposeof the re-
structuringis to improve the quality of themesh e, all
edgecollapsesand splits are triggeredby the edgelengths
of next alone!During the smoothingphaseon eachlevel
of resolution,the uniform umbrellaoperator(2) is applied
to next While thedensityweightedumbrellaoperator(1) is
appliedto next- Theverticesof et haveto beprojected
backto thesurface ¢ afterevery smoothingstep.

7. Animating a textured object

The sametechniquefor multiresolutionshapedeformation
canalsobe appliedto the animationof texturedobjects.In

fact,thetexture coordinatesvhich areassignedo the points
of a surface can be consideredas a specialtype of detail
information. The handling of texture informationis easier
thanthe treatmentof geometricdetail sinceno local frame
codingis necessary

Marny authors(e.g., 26 23) proposedsophisticatedech-
niguesto optimizethe mappingof planetexture datato pa-
rametericsurfacesin spaceln our case we assumehetex-
turecoordinatesu; v; arealreadyassignedo thevertices
pj of theinputmesh . The problemis thento adaptthe
texturecoordinatesluringthe shapedeformationin orderto
minimizethedistortion.

The animationof a textured objectworks exactly asthe
two-bandmultiresolutionanimationin the lastsection.The
only differenceis thatthe high-band 1 is replacedby the
texture information.We still usethe four meshes cyrrent

current next.and next toadapthetransformatiommap
T from frameto frame.

Fig. 10 shavs several examplesof a deformedtextured
globe.Thedeformationis modeledby controlellipsoidsand
the meshrepresentatioris basedon dynamic connectvity
meshesThe D operatorin the computationof the transfor
mationmap T obviously works very effective in reducing
thetexturedistortion.

8. Implementation

Besidegshemappingandsmoothingoperationsxplainedin

the previous sectionswe needto optimizesomelower level

operationgo let thealgorithmrun ef ciently . Oneverytime
consuming(andfrequent)stepin the multiresolutiondefor

mation processis the projection of points from one mesh
ontothetrianglesof anotherWe cangreatlyreducehecom-
putationalcompleity by cachingsomelocal information
andby exploiting spatialcoherencén the meshes.

In the P operationve haveto nd for eachvertex p of the
deformednesh (, thenearespointp onthepreviousmesh
o- We cannotbuild a global spacepartition like an octree
to acceleratahis searchsincethe geometryand connecti-
ity arechangingdynamicallyandhencethe maintainancef
the spacepartition would be too expensve. One important
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obsenration, however, thatleadsto anefcient algorithm,is
that for two nearbyverticeson ( the correspondinglos-
estpointson g arevery likely to benearbyaswell. Thisis
truebecause g and ( only have arathersmallHausdorf-
distancgcomparedo their size).

As the P operationhasto projectall verticesof g, we
canexploit this obseration by enumeratingheverticesin a
recursve traversalalgorithmsuchthatthe expecteddistance
betweersuccessie verticesis small.In this casewe canuse
theprojectionpoint of the previousvertex asa startingpoint
for nding thenext projectionpoint.

Supposethe vertex p o IS projected onto p

ABC o andq o is avertex closeto p thenwe
startwith thetriangle A B C andcompute
g A aN bB A gC A

where N B A C A is the normal vector to

A B C . Aswe areonly interestedn theorthogonalpro-
jection 1 b gA bB gC,itissufcient to solvethe
symmetric 2 2 -system

B ATB A C ATB A b

B ATC A Cc ATC A g
P ATB A
P ATC A

If the barycentriccoordinatesare positive, we have found

theprojectedooint§. Otherwisewe proceedn ary direction
indicatedby a negative barycentriccoordinate To terminate
themarchingalgorithmcorrectlywe have to checkfor loops,
i.e., for trianglesthatarevisitedtwice. If this happensthen
the closestpointto g lies on anedgeof . Oncewe detect
a loop, we caneasily computethe projectedpoint by scal-
ing the non-ngative barycentriccoordinatesuchthat they

sumto one.For sufciently smoothmeshes g, this caseis

relatively unlikely to occur

Thetraversalby which theverticesof  areenumerated
is similar to algorithmsthatgeneraterianglestrips8. How-
everin ourcasewe arenotthatmuchinterestedn longstrips
but morein avoiding far jumpsduringthe traversal.Our al-
gorithm startswith an arbitrary edgein the mesh.For the

rst vertex we have to nd the projectionpoint by brute-
forcetesting.For the secondandall subsequenierticeswe
canusetheabore marchingtechnique.

Werecursively enumerat¢heverticesof by depth- rst
traversalof a binary treewhich is implicitly de ned by the
neighborrelationbetweerthetriangles(eachnodehasthree
neighbors,.e., one parentand two children) 36. For every
new vertex g for which we have to computethe projection,
we nd atleastonedirectneighborp thathasalreadybeen
processeddence we immediately nd anearbytriangleon

o to startthe marchingalgorithm. Practicalexperiments
proved that the marchingusually hasto bridge only rather
small distancesFor exampleif bothgeometries g and |
have the sameresolutionwe needlessthantwo marching
stepsin averageto reachthe destinatiortriangle.
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In somerarecasesthis procedurecanfail to nd thecor
rect projectionpoint §. In thesecaseshe wrongly reported
point typically lies quite far away on the oppositeside of
themesh.This malfunctionoccursif the startingtrianglefor
the marchingprocedureis too far from the actual projec-
tion point. We caneasily checkthe feasibility of a reported
projectionpoint § by testingits distanceto the point g. For
examplein the animationscontrolledby moving ellipsoids,
we know thatthe surfacecannotmove furtherthanthe max-
imum shift of oneof theellipsoidsplusits maximumchange
of radius.Hence projection points which lie fartheraway
thanthis distancemustbewrong.

In practice,it turnedoutthattheoccurencef this erroris
very rare. Sowe usea brute-forcefall-back solutionwhich
simply teststhe vertex againsall trianglesof the mesh .
This doesnot affect the overall performanceof the algo-
rithm.

9. Conclusions

In this papemve presente@new approacho multiresolution
free-formdeformationsinsteadof de ning a global hierar
chy acrossall levels of the multiresolutiondecomposition,
we de ne detailinformationasthe geometriadifferencebe-
tweentwo differently detailedapproximations j and ; 1
of the sameobjectwith no furtherrestrictions Thedetailin-
formationis implicitly representeds a displacementeld
with respecto the normalvectorson ;. Thedetailcanbe
sampledevaluated)atarbitrarypointsby computingray in-
tersectionsvith ; ;. A global parameterizationf the sur
faces i is notnecessary

Thetechniqueenablevery generamultiresolutiondefor
mationsand animationswith very stablereconstructiorof
the detail information. The underlying surface representa-
tion is basedon trianglemesheswith dynamicconnectiity
which guaranteeligh meshquality sincethetesselatiorau-
tomaticallyadaptsto the deformation Using multi-level al-
gorithmsfor the meshsmoothingsigni cantly accelerates
the animationsuch that realtime editing with moderately
complex meshess possibleon standardgraphicsworksta-
tions.

The techniquehasalsobeenappliedto the animationof
texturedobjects.In this casethe low distortionof the trans-
formationmapwhich transfersthe detail information from
the original surfaceto the deformedone,generatesealistic
texturemaps.
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Figure 9: Exampledor multiresolutiondeformationsThemultiresolutiondecompositiorf theinput datauseshewell-known
Spo&-headmodel ; anda sphee asits low-frequencyappioximation . We showthe modi ed low-frequencygeometries
after applying a modelingopemtion basedon contwol ellipsoids (wireframe)and the resulting reconstructionof the detail

information(solid). Theintuitive preservationof the detail is accomplishedy constructinga transformatiormapT fromthe

modi ed low-frequencygeometryto theoriginal mesh . Thismapis usedfor resamplinghe displacementunctionl .

Figure 10: A texturedsphee is deformedoy thecontrol ellipsoidtechnique Againwe showthe deformednodelstogetherwith

their underlyingtriangle meshwhosedynamicconnectivityguaranteeshigh quality in termsof the triangular faces'aspect
ratio. We superimposed longitude/latitudesystemn orderto demonstatethe smalllocal distortionof thetexture. Thisis due
to the constructionof themapT which associatepointson the modi ed surfacewith pointson the original sphee. A colored
versionof this gur e canbefoundin thecolor section.
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