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Abstract
Multiresolutionshaperepresentationis a veryeffectivewayto decomposesurfacegeometryinto several levelsof
detail.Geometricmodelingwith such representationsenables�exiblemodi�cationsof theglobalshapewhilepre-
servingthedetail information.Manyschemesfor modelingwith multiresolutiondecompositionsbasedonsplines,
polygonalmeshesand subdivisionsurfaceshavebeenproposedrecently. In this paperwe modify the classical
conceptof multiresolutionrepresentationbyno longer requiringa global hierarchical structure that links thedif-
ferent levelsof detail. Insteadwerepresentthedetail informationimplicitly by thegeometricdifferencebetween
independentmeshes.Thedetail function is evaluatedby shootingraysin normal directionfrom onesurfaceto
theotherwithoutassuminga consistenttesselation.In thecontext of multiresolutionshapedeformation,wepro-
posea dynamicmeshrepresentationwhich adaptstheconnectivityduring themodi�cation in order to maintain
a prescribedmeshquality. Combiningthetwo techniquesleadsto an ef�cient mechanismwhich enablesextreme
deformationsof theglobalshapewhilepreventingthemeshfromdegenerating. During thedeformation,thedetail
is reconstructedin a natural androbustway. Thekey to theintuitive detail preservationis a transformationmap
which associatespointson the original and the modi�ed geometrywith minimumdistortion. We showseveral
exampleswhich demonstratetheeffectivenessandrobustnessof our approach includingtheeditingof multireso-
lution modelsandmodelswith texture.

1. Intr oduction

With the increasingresolutionand complexity of geomet-
ric modelsin computergraphicsapplications,thenecessity
of hierarchicalrepresentationsis gettingmoreandmoreim-
portant.Multiresolutiondecompositionsfor highly detailed
surfacegeometriesarelikely to becomethe futurestandard
sincethey enablethesurfacecomplexity to beadaptedto the
available(hardware)resourcesandthequality requirements
of a given application.In addition to complexity control,
multiresolutionrepresentationsenableintuitive andpower-
ful modelingoperationssincemodi�cations canbeapplied
on any level of detail without affecting coarserlevels and
with automaticadaptionof the�ner detailfeatures.

A multiresolutionrepresentationconsistsof asequenceof
differently detailedapproximations� 0 ���������

� m of an origi-
nal surface ����� m. Alternatively, � m canalsobe decom-
posedinto asequenceof detailcomponents	 i �
� i � 1 �

� i .
Theef�cient useof multiresolutionrepresentationsrequires
to �nd an appropriatemathematicaldescriptionfor thesur-
faces � i . For this purposehierarchical splineshave been
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usedin 9� 10 wherethedisplacement	 i betweensuccessive
levels � i is de�ned by pastingtensor-productsplinesonto
eachother.

To get rid of the topologicalrestrictionsemerging from
theuseof tensor-productbasisfunctions,wavelettechniques
have beengeneralizedto surfaceswith arbitrarytopologyin
25� 30� 32� 39. Here,thesurfaces� i arerepresentedby subdivi-
sion schemeswhat canbe consideredasa compromisebe-
tweenspline-surfacesandtrianglemeshes.

Subdivision schemesexploit the convergenceof spline
control meshesto the associatedsurfaceunderknot inser-
tion. The correspondingalgorithmsapply a setof general-
ized knot insertionoperators(re�nementrules) which gen-
eratea sequenceof �ner and �ner mesheseventuallycon-
verging to a smoothlimit surface.2 � 6� 24� 17� 38. Consequently,
subdivision surfacesarein fact trianglemeshesbut with an
additionalmechanismto changethemeshresolution.This is
the reasonwhy subdivision techniquesarevery well suited
for computergraphicsapplicationswheremostof thedatais
representedby trianglemeshesanyway.

In thecontext of subdivisionschemes,thesurfaces� i nat-
urally emerge from an i-timesre�ned basemesh � 0. The
majordrawbackof this surfacerepresentationis thatsubdi-
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visionconnectivityis mandatoryfor theoriginal (�ne) mesh
� m � � m. As mostof themeshdatasetsdonotcomein this
form, remeshingis requiredasa preprocessingstep7� 22� 20.

In 19 and13 multiresolutiontechniqueshave beengener-
alized to mesheswith arbitrary connectivity by exploiting
�ne-to-coarsehierarchiesemerging from the applicationof
ameshdecimationalgorithm31� 29� 15� 11� 18. Thisenablesmul-
tiresolutionfunctionalityfor arbitrarymeshes.However, the
progressive meshtype multiresolutionrepresentationsare
still associatedwith the structureof the given mesh.This
meansthatthetechniquesproposedtherecannotbegeneral-
izedto modelingoperationsthatchangethemeshconnectiv-
ity.

What is commonto all theseapproachesis the fact that
the multiresolutionrepresentationsalwaysimposea global
hierarchical structureonthedata.In thecaseof hierarchical
splinesandsubdivisionsurfaces,thisstructureisprovidedby
thecommondomainWon which all surfaces� i areparam-
eterized.For the �ne-to-coarsemeshhierarchiesthis struc-
tureis determinedby theconnectivity of the�nest resolution
mesh.

Theexistenceof a globalstructureimpliesthattherepre-
sentationsof thedifferentlevelsof detail � i arenot indepen-
dent from eachother. Hence,we cannotperformarbitrary
changeson eachlevel. In the context of surfacemodeling
this is a severerestrictionsincedrasticmodi�cations of the
geometrycausestrongchangesin thesurfacemetric.Hence,
reparameterization(of the surface)or restructuring(of the
mesh)mightbenecessaryto preserve thesurfacequality.

In thispaperwethereforeproposeanew approachto mul-
tiresolutionrepresentationandmodelingwhich enablesthe
decompositionof arbitrarygeometriesanddoesnot require
any compatibilityconditionbetweenthelevels � i (otherthan
thatthey aredifferentlydetailedapproximationsof thesame
surface).The basicidea is to representthe detail informa-
tion 	 i betweenthe levels by a displacement�eld without
assumingany speci�c parameterizationof theinvolvedsur-
faces� i and� i � 1. Thisenablesusto performarbitrarymod-
i�cations oneachlevel of amultiresolutiondecomposition.

The paperis organizedas follows: In Section2, we ex-
plain thedetailsof themultiresolutionrepresentationwhich
is thebasisfor themultiresolutionshapedeformationtech-
niqueexplainedin Section3. Section4 introducesmeshes
with dynamicconnectivity thatenablearbitraryshapemod-
i�cations while preservingthe quality of the tesselation.In
Section5 weexplainasimpleanimationtechniquebasedon
control ellipsoidswhich spana membranesurface.In Sec-
tion 6 we show how themultiresolutionshapedeformations
canbe usedto globally deformmesheswith changingcon-
nectivity while thegeometricdetailispreserved.In Section7
wedemonstratethatthesametechniquescanalsobeapplied
to thedeformationof texturedmodels.Finally, wegivesome
hints concerningthe ef�cient implementationof the algo-
rithm in Section8.

2. Multir esolutionRepresentation

Given an arbitrarysurface � m, a multiresolutiondecompo-
sitionconsistsof asequenceof topologicallyequivalentsur-
faces � m� 1 ������� �

� 0 that approximate� m with decreasing
level of detail.Thedifference	 i � � i � 1 �

� i betweentwo
successive surfacesis thedetail on level i which is addedor
removed whenswitchingbetweenthe two approximations.
Thereconstruction

� m � � i
�

	 i
���������

	 m� 1

of theoriginalsurface� m canstartonany level of detail � i .

Multiresolutionediting meansthat on somelevel of de-
tail, thesurface� i is replacedby ��� i . Thisoperationdoesnot
have any effect on � 0 ���������

� i � 1. However 	 i � 1 andhence
� i � 1 ������� �

� m changesincethe (unchanged)detail informa-
tion 	 i ������� �

	 m� 1 is now addedto themodi�ed basesurface
� �i for thereconstructionof � �m.

To guaranteetheintuitivepreservationof shapecharacter-
isticsaftera modi�cation on somelower level of detail,this
basicsettinghasto beextendedin thesensethatthedetailin-
formation 	 i is encodedwith respectto local frames. These
framesarealignedto thesurfacegeometryof � i 9� 10� 19� 39. If
the surfaces� i arede�ned asparametericfunctionsover a
commonparameterdomainW, theuseof local framecoding
for thedetails	 i makesthede�nition of a properhierarchy
of nestedfunctionspaces(multiresolutionanalysis) impossi-
blesincetheshapeof � i in�uencesthestructureof all higher
frequency subspaces.

A closelyrelatedconceptto local framecodingis therep-
resentationof detail information 	 i by a displacementmap
on � i 3 � 21� 28. Let Ni bea continuousvector�eld de�ned on
thesurface� i which assignsa normalvectorNi

�

p 	 to every
point p 
 � i . Thenthe detail information 	 i canbe repre-
sentedby ascalarfunctionl i suchthat

� i � 1 ��� q 
�� p 
 � i : q � p
�

l i
�

p 	 Ni
�

p 	��

�

From the continuity of the normal �eld Ni it follows that
� i and � i � 1 have thesametopology. Nevertheless,self in-
tersectionsof � i � 1 are possibleif l i

�

p 	 is larger than the
minimumcurvatureradiusatp. As l i

�

p 	 is unique,nopoint
of � i canbemappedto severalpointson � i � 1. This implies
somerestrictionson thegeometricrelationbetween� i and

� i � 1.

When � i is transformedinto �
�i by somemodelingoper-

ation, the reconstructionof ��� i � 1 is doneby using the un-
changeddetail function l i with respectto the new normal
�eld N �i on �

�i (cf. Fig. 2). Hence,to performa multiresolu-
tion modi�cation, weneeda(inverse)transformationmapT
whichassociateseachpointp � onthenew surface�

�i to a lo-
cationp � T

�

p �
	 ontheold surface� i . Themodi�ed surface

�
�i � 1 is thengivenby

�

�i � 1 ��� q �


�� p �



�

�i : q �

� p �

�

l �i
�

p �

	 N �i
�

p �

	��

with

l �i
�

p �

	 � l i �

T
�

p �

	��

�
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Figure 1: Themultiresolutionshapedeformationis evaluatedfrom left to right: � 1, � 0,
�

, � �0, and � �1. First we havethe
original geometry� 1 andits low-frequencyapproximation � 0. Thedisplacementfunctionl is sampledby shootingraysfrom

� 0 in normaldirectiononto � 1. Themiddlemeshis thelinking mesh
�

betweentheoriginal andthemodi�ed low frequency
meshes� 0 and � �0 respectively. Theverticesof

�

are projectedontothegeometryof � 0. Hence, thedetail functionl doesnot
change signi�cantly if wereplace� 0 by

�

whensamplingl . On theotherhand,
�

hasthesameconnectivityas �

�0 (middle
right) which establishesa one-to-onecorrespondencebetweenthe pointson both surfaces.Finally, the deformedsurface� �1
with reconstructeddetail is obtainedbyshiftingtheverticesof � �0 in normaldirectionby theamountl .

Figure 2: Left: The geometry � i � 1 (grey) is de�ned rela-
tiveto thecircle � i (black).For p ��� cos

�

t 	

�

sin
�

t 	��

T

 � i we

havel
�

p 	 �

1
4 cos

�

5t 	 . Right:Whendeformingthebasege-
ometry� i �

�

�i themodi�edgeometry�

�i � 1 is reconstructed
by usingthesamedetail functionl with respectto thenew
normal�eld N �i on �

�i . To evaluatel at thecorrect location,
thepointson �

�i and � i mustbe linkedby a transformation
mapT.

This generalde�nition for multiresolutionrepresentations
enablesusto de�ne thedifferentlevelsof detailcompletely
independentfrom eachother. Thereis no needfor a global
hierarchicalstructurelike in the approachesthat arebased
on a nestedsequenceof spacesor grids 25� 32� 39. We do not
evenhave to usethesamesurfacetype(parametric,implicit,
polygonal meshes)for all surfaces � i . The only require-
mentsarethatwehave to beableto computenormalvectors
Ni and�nd ray-intersections.Undertheseassumptionsit is
not necessaryto setup anexplicit formulationfor thedetail
functionsl i sincetheevaluationof l i at somepoint p 
 � i
can be accomplishedby computingthe intersectionof the
rayp

�

l Ni
�

p 	 with thesurface� i � 1 on demand.

3. Multir esolutionshapedeformation

In computergraphicsandgeometricmodeling,wehavesev-
eralstandardtechniquesfor thede�nition of surfacegeome-
try. Besidestheimplicit de�nition (iso-surfaces) andthepa-
rametericde�nition (spline-patches) we�nd theexplicit def-

inition by polygonalmeshesparticularlyuseful.Especially
triangle meshescanbeconsideredthemostversatilerepre-
sentationfor generalfree-formsurfacegeometry. Dueto the
simplicity androbustnessof algorithmsoperatingontriangle
meshes,we canapproximatearbitrarily complicatedobjects
by suf�ciently re�ned tesselations.With increasingresolu-
tion (re�nementlevel) thenon-smoothcharacterof thepiece-
wise linearapproximationsis quickly vanishingandcanbe
forced below any prescribedtolerance.The complexity of
explicit representationscanbereducedby ef�cient schemes
to compressthemeshdata4� 12� 35.

In thesequelwewill thereforefocusontheuseof triangle
meshesfor therepresentationof thesurfaces� i in our mul-
tiresolutiondecomposition.Noticethatdespitetheirdiscrete
nature,trianglemeshesrepresentcontinuoussurfaces.More-
over, wecaneasilyde�ne acontinuousnormal�eld by linear
interpolationof vertex normals.Hence,giventwo meshes� i
and � i � 1, we canevaluatethedetail functionl i at arbitrary
locationson the mesh� i . This meansin particularthat we
canarbitrarily super-samplethedetail functionwithout any
restrictionsimposedby the actualresolutionof the under-
lying tesselation.This is an importantobservation that we
exploit whena multiresolutionshapedeformationstrongly
changes(e.g.,stretches)theglobalshapeof anobject.

For simplicity we restrictour explanationto a two-band
decompositionof thegivengeometry. Thegeneralizationto
multi-banddecompositionsis straightforwardsincetheeval-
uation/reconstructionprocedureon theith level of detail re-
cursively calls the sameevaluationprocedurefor the next
coarserapproximationlevel. Without lossof generalitywe
furtherassumethata singlemultiresolutionmodelingoper-
ationappliesmodi�cationsonly ononefrequency band.

Let the two-bandrepresentationof a surfacebegivenby
two trianglemeshes� 0 and � 1 with arbitraryconnectivity
each.Themultiresolutiondeformationreplacesthemesh� 0
by �

�0 (againwith a completelydifferentconnectivity). We
wantto reconstructtheresultof theoperation�

�1.

Accordingto themultiresolutionrepresentationof thelast
section,we�nd pointsq � on �

�1 by displacingpointsp �

 �

�0

c
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in normal direction. The distancel �

�

p �

	 by which p � is
moved, hasto be sampledfrom the displacementmapthat
is implicitly de�ned by the geometriesof the two original
surfaces� 0 and � 1. Hence,supposewe know the transfor-
mationmapT, we cancomputethepoint p � T

�

p � 	 on � 0
andshoota ray p

�

l N0
�

p 	 . The distanceto the �rst inter-
sectionpoint on � 1 yieldsthevaluel

�

p 	 � : l �

�

p � 	 .

Theremainingquestionis how to �nd anappropriatemap

T : �

�0 �

� 0 �

This is not trivial since� 0 and � �0 canhave differentgeom-
etry anddifferentconnectivity. Yet, thequality of thedetail
reconstructionstronglydependson thedistortioncausedby
T.

We proposeto generatethemapT by constructinganad-
ditional mesh

�

which hasthesameconnectivity as �

�0 and
the samegeometryas � 0, i.e. whoseverticesp 


�

lie on
thecontinuoussurface� 0. Dueto thefactthat

�

and � 0 are
smoothtesselations(low frequency approximations)which
have approximatelythe samegeometry, the differencebe-
tweenthedisplacementfunctionl sampledfrom eithermesh
is neglectible.Onetheotherhand,since

�

and � �0 have the
sameconnectivity, it is trivial to establisha one-to-onecor-
respondencebetweenbothby usingabarycentricparameter-
izationwithin eachtriangle.Hence,for a given point p � on

� �0 wecancomputethedisplacementvaluel �

�

p � 	 by shoot-
ing aray in normaldirectionfrom thecorrespondingpointp
on

�

.

Fig. 1 shows all themeshesinvolved in this multiresolu-
tion modelingoperation.The distortionof the transforma-
tion mapT andhencethequalityof thedetailreconstruction
is determinedby thedistribution of theverticesof

�

on the
surface� 0. Thisdistributionhasto optimizetwo con�icting
objectives.First,thepointsshouldbedistributedevenlyover

� 0 in orderto guaranteea uniform samplingdensitiyfor l .
On theotherhand,therelative positionof neighboringver-
ticesshouldbesimilar to thecorrespondingcon�gurationon
themesh�

�0 in orderto minimizelocaldistortions(e.g.pre-
serve the triangle's aspectratios).The degreeof dif�culty
for this optimizationtaskdependson the geometricdiffer-
encebetweentheshapesof � 0 and � �0.

Let us assumethat the shapedifferencebetween� 0 and
� �0 is small, i.e. both mesheshave only a small Hausdorff-
distancefrom eachother. This assumptiondoesnot restrict
the set of possiblemodelingoperationssincewe can de-
composeevery drasticshapedeformationinto a sequence
of small deformations(in the Hausdorff-sense).In orderto
computethetransformationmapT for abig deformationwe
simplyconcatenatethecorrespondingmapsfor thesmallde-
formations.

For thegenerationof
�

westartby copying theconnectiv-
ity of �

�0 andapplytwo operatorsthatcontrolthedistribution
of theverticesp 


�

on thesurface� 0. The�rst operatorP
(project) computesinitial positionsfor eachvertex p 


�

.
The secondoperatorD (distribute) thenshifts the pointsp
in orderto distributethemmoreevenly over thesurface� 0.
This operatorreducestheglobaldistortionof themapT.

In Sect.8 weexplainasimpleandef�cient methodto �nd
theclosesttriangleF �

�

�

A
�

B
�

C 	�
 � 0 to avertex q � 
 ��� 0.
TheP operatorprojectseachvertex q ��
 � �0 ontothenearest
point q̃ on F (this is not necessarilyan orthogonalprojec-
tion) which yields the initial positionfor thecorresponding
vertex of

�

. After theapplicationof theP operator, thedis-
tributionof theverticesin theinitial mesh

�

are”as similar
aspossible”to thedistributionof theverticesin � �0.

TheD operatorequalizesthedensityof theverticesq 


�

scatteredover thesurface � 0. For this, we �rst estimatethe
localdensityd for eachvertex q, e.g.,by computingtheav-
eragelengthof theadjacentedges.Wethenupdatethevertex
positionsfor all q 


�

by thedensityweightedumbrella rule
19� 5

q �

1
å j d j

n � 1

å
j � 0

d j q j (1)

wheren is the valenceof q andq j areits direct neighbors
with theircorrespondingdensityd j . Theeffectof theweight
coef�cients is thatverticeswith low point density(largeav-
erageedgelength)pull harder. Hence,thedensityegalization
is performedmoreaggressively. On the otherhand,neigh-
boring verticeswith high density have reducedattraction
which avoidsclusteringeffects(shrinking) known from the
uniformumbrellaoperator19� 34.

After the applicationof (1) the verticesq areno longer
lying on the surface � 0. Hence,anotherprojectionP onto
thenearesttriangleconcludestheD operation.Usually, the
D operatorhasto beappliedseveral timesto obtaina good
vertex distribution.

Fig. 1 shows a simpleexamplefor thedetail reconstruc-
tion basedon the transformationmapT after the shapede-
formation.In Sect.6 and7 wewill seemoreexampleswhich
demonstratethat this basic techniqueenablesstrongmul-
tiresolutiondeformationswhile keepingthedistortionof the
mapT minimal. However, beforewe go into the detailsof
multiresolutionanimation,wehaveto de�ne atrianglemesh
basedsurfacerepresentationwhichis �e xible enoughto per-
form arbitraryshapedeformations.

4. Dynamic Connectivity Meshes

In general,a triangle meshis de�ned by the position of
its verticespi and their connectivity

�

pi �

p j 	 . When modi-
fying the shapeof an object (not its topology) it is often
consideredsuf�cient to merely changethe position of the
verticesbut not to adapttheir connectivity. Sincetheactual
continuoussurfaceof a trianglemeshis de�ned by piece-
wiselinearinterpolationbetweenthevertices,themodi�ca-
tion of eachcontrol vertex p is equivalent to changingthe
vectorvaluedcoef�cient of a locally supported�x edpiece-
wise linear basisfunction (hat-function) centeredat p. As
globalmodi�cations usuallyrequireto updatethepositions
of many vertices,suchmodelingoperationsare controlled
by coarsescalebasisfunctions(shapefunctions) which are
super-imposedover a wholesubregion of thegivenmesh.

c
�
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Figure 3: Moving a selectionof verticesin a triangle meshcausesdistortion of the adjacenttriangles(far left). This effect
cannotbe removed by uniform subdivision(centerleft). However, dynamicallyrestructuringthe meshyields better shaped
triangles(right). Theresolutionof themeshcanbecontrolled byprescribingtheminimumandmaximumedge length.

The major problememerging from this kind of geomet-
ric modi�cation is thatmoving a selectionof meshvertices
causesadistortionof theadjacenttrianglesandhenceaffects
thequalityof themesh(cf. Fig. 3). Applying uniform1-to-4
splits in regionswherethediscretecurvatureis above some
thresholdor the length of the edgesexceedsa prescribed
bound39 doesnotsolve thisproblemsinceuniformsplitsdo
not improve the aspectratio of the triangles.Moreover, we
areinterestedin �nding a surfacerepresentationwherethe
numberof trianglesis proportionalto thetotal surfacearea.
However, whenusinguniform re�nement(subdivisioncon-
nectivity), thenumberof trianglesincreasesquadratically if
themeshis strechedin onedirection(cf. Fig. 3).

Wethereforepreferameshoptimizationtechniquesimilar
to 16� 33� 37 whichusessimpleoperationsto improve thequal-
ity of a given meshby changingits connectivity. Our goal
is to �nd a meshrepresentationwhich guaranteesa certain
meshquality accordingto thefollowing requirements1:

� No edgeshouldbeshorterthanemin
� No edgeshouldbelongerthanemax
� A vertex' valenceshouldbesix.
� Longandthin trianglesshouldbeavoided

We call this representationdynamictriangle meshessince
every geometricmodi�cation (alterationof thevertices'po-
sition) is followed by a restructuringof the mesh,i.e., by
theapplicationof simpleoperationswhich changethemesh
connectivity in order to re-establishthe above quality re-
quirements.As the surfacerepresentationis not staticany-
way, it is not necessaryto treatthe quality requirementsas
hardlimits. In orderto avoid strongdistortionsin themeshit
is suf�cient to at leastreducethenumberof violationswith
every restructuringstep.Thisguaranteesthatthemeshqual-
ity stayssuf�ciently closeto anoptimalcon�guration.

Therestructuringis performedin several stages.First all
edgeswhichareshorterthanemin areremovedby collapsing
the two end-vertices.To avoid problemswith ”chains” of
shortedges,we collapsethatend-vertex with lower valence

Figure 4: Smalledgesare removedby edge collapses.The
accumulationof edgecollapses(middle)is preventedbycol-
lapsing into the vertex with higher valence(bottom).This
simpleheuristic works becausehigh valenceverticesstay
�xed and every collapsereducesthe numberof adjacent
short edges.Moving a high valencevertex v, however, can
leadto an unboundedaccumulationof edge collapsessince
new shortedgescanbecomeadjacentto v.

into theonewith higher(cf. Fig. 4). Then,all edgeswhich
arelongerthanemax aresplit by insertinga new vertex at its
mid-point. The two adjacenttrianglesarebisectedaccord-
ingly (cf. Fig. 5). Noticethattheupperandthelower bound
on the edgelengthsare only compatibleif emax

� 2emin
sinceotherwisetheedgesplit operationwould generatetwo
invalid edges.

After all edge lengths lie within the target interval
� emin �

emax� we performedge-�ipping in orderto regularize

c
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Figure 5: Long edgesare removedby mid-point insertion.
If this operation generatesshortedges(thethick ones)with
length � emax, thesewill beremovedin thenext restructur-
ing step.

the connectivity. This becomesnecessarysinceboth oper-
ations,i.e., the edgecollapseand the edgesplit, do affect
the valencebalancefor the involved vertices.For example
theedge-splittingalwaysintroducesverticesof valencefour
andhencedisturbesthebalance.If theedge�ipping should
generateedgeswhicharetoo longor tooshort,thosewill be
removedin thenext restructuringstep.

For every two neighboring triangles
�

�

A
�

B
�

C 	 and
�

�

C
�

B
�

D 	 we maximize the numberof verticeswith va-
lencesix by �ipping the diagonalBC if the total valence
excess

å
p ��� A � B � C � D �

�

valence
�

p 	

�

6�

2

is reduced.Theexponent2 disallows to trade,e.g.,two va-
lence5 verticesfor onevalence8 vertex. Fig. 6 shows the
differentstagesof therestructuringprocess.

(1)

(2)

(3)

(4)

Figure 6: The quality of a modi�ed mesh(1) can be im-
proved by (2) collapsing short edges, (3) splitting long
edges,and (4) �ipping edgeswhere the valenceexcesscan
bereduced.

The last quality requirementconcerningthe aspectratio
of thetrianglesturnsout to beautomaticallysatis�edby the
above restructuringalgorithmsincetheedgelengthratio is
boundedby emax�

emin andall vertex valencesarecloseto
six which restrictstheminimumangle.

5. Animation by control ellipsoids

We suggesta simplemeshanimationtechniquein orderto
demonstratehow dynamicconnectivity meshescanbeused
to generatehigh qualitymeshesfor eachframeof ananima-
tion sequence.Thegoalis to haveasmoothfreeform object
like a bubblewhich movesanddeformsin time. This was
motivatedby watchinga lava lamp.

The shapedeformationsin a lava lamp can be modeled
in the following manner:Two or more ellipsoidsmove in
space.Their radii, aspectratio, and orientationchangesin
time. Around thesecontrol ellipsoidswe spana membrane
surfacewhich tendsto minimize its surfaceareadueto in-
ternalforces.Theresultis a physicallybasedmodelfor the
skinof lava lampbubbles.

In 19� 5 a simple schemeis proposedto generatetrian-
gle mesheswhich areoptimalwith respectto the (discrete)
membraneenergy. Solving the optimizationproblemfor a
given meshby an iterative Gauß-Seidelsolver requiresto
computeonly simple linear combinationsof vertex posi-
tions. For eachvertex p with neighborsp0 ���������

pn � 1 the
Gauß-Seidelupdaterule is

p �

1
n

n � 1

å
i � 0

pi �

(2)

In orderto make theoptimizationproblemwell-de�ned, it is
necessaryto imposeadditionalboundaryconditions.How-
ever, without boundaryconditionstheupdaterulesof theit-
erativesolvercanstill beappliedasasmoothingconvolution
�lter 34.

In our casewe provide boundaryconditionsby usingthe
control ellipsoids.After eachGauß-Seideliteration of the
umbrellaalgorithm,wecheckfor everymeshvertex whether
it happensto lie in theinteriorof oneof theellipsoids.If this
is the casethenwe projectit backto the correspondingel-
lipsoid's surface.In orderto generatea lava lampanimation
we simply have to prescribetheellipsoidparametersfor ev-
ery frame.The bubblesurfacefor a given time stepti � 1 is
computedby projectingtheverticesof thesurfacefrom the
previous time stepti onto the modi�ed control ellipsoids,
applyingumbrellaiterations,andre-enforcingtheboundary
constraints.

Theseoperationsonly affect thegeometricpositionof the
vertices.In order to additionally maintain the meshqual-
ity, therestructuringalgorithmof thelastsectionwhich up-
datestheconnectivity, is appliedto theresultingmesh.Fig.7
shows severalframesof ananimationcreatedby this simple
technique.

As mentionedin 19, the convergenceof the Gauß-Seidel
schemeapplied to the membraneenergy optimization, is
ratherslow. A standardtechniquein numericalanalysisto
copewith this problemis to usemulti-grid solvers14 which
computesolutionsto the optimizationproblemon coarser
tesselationsin orderto �nd betterstartingvalues.

Usually, suchmulti-level algorithmsareappliedto a se-
quenceof nestedgrids which aregeneratedfrom coarseto
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Figure 7: A bubbleobjectcanbeanimatedby spanninga membraneskinarounda setof control ellipsoids.Sincetheskin is
representedbya dynamicconnectivitymesh,thequalityof thetriangular facesis guaranteedbyrestructuringthemeshbetween
theframes.

�ne by uniform re�nementof a coarsebasemesh.In 19 the
methodis generalizedto mesheswith arbitrary connectiv-
ity wherea hierarchyof nestedgridscanbegeneratedfrom
�ne to coarseby incrementalmeshdecimation11� 15� 18� 29� 31.
In the caseof dynamicconnectivity meshes,however, we
cannotgeneratea sequenceof nestedgrids sincethe actual
connectivity is determinedby therestructuringstepandun-
known a priori.

We therforeusea multi-level solver which controlsthe
coarsenessof thetesselationby adaptingtheboundsfor the
edgelengthsemin andemax. For every frameof the anima-
tion sequence,we startwith ratherlargevaluesfor emin and
emax andapplyseveralstepsof alternatingumbrellaupdates
andprojectionontothecontrolellipsoids(inner loop). Then
we slowly decreasetheboundsby somefactorq � 1. In the
restructuringstepthis triggersedgesplit operationswhich
re�ne the mesh.The alternatingmeshoptimizationandre-
structuringis repeateduntil the target resolutionis reached
(outer loop). The following pseudo-codeimplementsthe
multi-level solver.

for each frame
init emin, emax
while ( emax

� t )
while not convergence

minimize energy
project to ellipsoid

emin
�

� q, emax
�

� q
restructure

Fig. 8 shows several intermediatemeshesof this process.
Thegeneralizedmulti-level versionof themembraneenergy
minimization is signi�cantly fasterthanplain Gauß-Seidel
iterations— especiallyfor high targetresolutions.For mod-
eratelycomplex models( � 104 �

) we can easilycompute
several framesper secondon a standardgraphicsworksta-
tion (SGIO2,R10K).

As demonstratedin 27, the control ellipsoid animation
techniquecan alsobe appliedto geometricmodeling.The
designercanusecontrolellipsoidsasmodelingtoolsto push
or pull the surface.Even moregeneralshapesarepossible
for thetool geometryaslong astheinsidetestcanbecom-
putedeffectively andtheprojectionontothetool'ssurfaceis

well-de�ned.Similar to 19� 37 wecouldalsousethethin-plate
energy insteadof themembraneenergy andwecouldrestrict
the in�uence of a modi�cation to a presribedsub-region of
themesh.

6. Animating a multir esolutionobject

We now apply the multiresolutionshapedeformationtech-
nique to surfacerepresentationsbasedon triangle meshes
with dynamicconnectivity. This enablesusto computeani-
mationsequenceswherethedeformationof theglobalshape
is prescribedwhile the detail information is preserved in a
naturalfashion.Theshapedeformationduringtheanimation
might require to dynamicallyadaptthe connectivity from
frameto framein orderto maintainthemeshquality. Hence,
we have to beableto resamplethedetail functionl at arbi-
trary locationssincewe cannottell apriori whereadditional
detailinformationwill berequired.

The basicidea is to take an arbitrarytrianglemesh � 1
anda low-frequency approximation� 0 asa two-bandmul-
tiresolutionrepresentationof the input data.Themesh� 0
is then animated,e.g.,by using the control ellipsoid tech-
nique.For every frame,the detail will be reconstructedby
shifting theverticesof thecurrentmeshin normaldirection
accordingto theresampleddetailfunctionl .

For the computationof the animationsequencewe need
four differentmeshes.First we needthe low-frequency ap-
proximationof the currentframe � currentand the linking
mesh

�

currentwhichhasthesameconnectivity as � current
butwith vertex positionslying onthesurface� 0. Thismesh
representsthecurrenttransformationmapTcurrentthatlinks
thepointsp on � currentto locationsT

�

p 	 on � 0 wherethe
detail function l hasto besampledin orderto computethe
displacementfor thedetail reconstructionat p. For the �rst
frame,bothmeshesareindenticalto � 0 (startingcon�gu-
ration).

As the animationprogressesto the next frame,the new
low-frequency shapeof the animatedobject is stored in

� next. We do not assumeany coherencebetweenthe con-
nectivitiesof � currentand� next. For theproperreconstruc-
tionof thedetail,wehaveto �nd thenew transformationmap
Tnext : � next �

� 0 which is dif�cult to computedirectly
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Figure8: Theconceptof multi-levelsmoothingcanbegeneralizedto mesheswith dynamicconnectivity. Thedifferenthierarchy
levelsare de�nedby adaptingtheupperandlower boundfor theedge lengths.Fromleft to right, thevaluesemin andemax are
halvedin everystep.Noticethat thesemeshesare not generatedbyuniformre�nementbut bydynamicrestructuring.

since � next and � 0 canhave completelydifferentshapes.
However, asit is usuallythecasein smoothanimations,we
canassumethatthegeometricshapeof � currentand � next
do notdiffer verymuch.Hence,we cantry to adaptthecur-
renttransformationmapTcurrentto thenext frame.

As explainedin Sect.3, themapTnext is completelyde-
terminedby the vertex positionsof the mesh

�

next which
have to lie on thesurface� 0. Thedistributionof thesever-
ticesshouldto beoptimizedin orderto minimizethedistor-
tion of theresultingmapTnext.

To accomplishthis, we startby computingtheprojection
of the verticesof � next onto the mesh � current. This can
bedoneratheref�ciently asexplainedin Sect.8. If thever-
tex p 
 � next is projectedonto the triangle

�

�

A
�

B
�

C 	 


� current then the projection point p̃ can be written in
barycentriccoordinates

p̃ � a A
�

bB
�

gC
�

By applyingthesamelinearcombinationto thecorrespond-
ing verticesof

�

currentwe obtaina goodinitial guessfor
thepositionof thevertex p �




�

next.

Thequalityof themesh
�

next (andhenceof thetransfor-
mationmapTnext) canbefurtherimprovedby severalappli-
cationsof theD operatorof Sect.3. If weusetrianglemeshes
with dynamicconnectivity asexplainedin Sect.4, we can
acceleratetheconvergenceof thedensityweightedumbrella
algorithmby themulti-level smoothingtechniqueof Sect.5.
As � next and

�

next have to have identical connectivities
anywaywecanperformtherestructuringoperationsonboth
meshesin parallel.Of course,sincethe purposeof the re-
structuringis to improve thequality of themesh� next, all
edgecollapsesandsplits are triggeredby the edgelengths
of � next alone!During the smoothingphaseon eachlevel
of resolution,the uniform umbrellaoperator(2) is applied
to � next while thedensityweightedumbrellaoperator(1) is
appliedto

�

next. Theverticesof
�

next haveto beprojected
backto thesurface� 0 afterevery smoothingstep.

7. Animating a texturedobject

The sametechniquefor multiresolutionshapedeformation
canalsobe appliedto theanimationof texturedobjects.In

fact,thetexturecoordinateswhichareassignedto thepoints
of a surfacecan be consideredas a specialtype of detail
information.The handlingof texture information is easier
thanthe treatmentof geometricdetail sinceno local frame
codingis necessary.

Many authors(e.g., 26� 23) proposedsophisticatedtech-
niquesto optimizethemappingof planetexturedatato pa-
rametericsurfacesin space.In our case,we assumethetex-
turecoordinates

�

u j �

v j 	 arealreadyassignedto thevertices
p j of theinput mesh� 0. Theproblemis thento adaptthe
texturecoordinatesduringtheshapedeformationin orderto
minimizethedistortion.

The animationof a texturedobjectworks exactly asthe
two-bandmultiresolutionanimationin the lastsection.The
only differenceis that thehigh-band� 1 is replacedby the
texture information.We still usethe four meshes� current,

�

current, � next, and
�

next toadaptthetransformationmap
T from frameto frame.

Fig. 10 shows several examplesof a deformedtextured
globe.Thedeformationis modeledby controlellipsoidsand
the meshrepresentationis basedon dynamicconnectivity
meshes.TheD operatorin thecomputationof the transfor-
mation map T obviously works very effective in reducing
thetexturedistortion.

8. Implementation

Besidesthemappingandsmoothingoperationsexplainedin
theprevioussections,we needto optimizesomelower level
operationsto let thealgorithmrunef�ciently . Onevery time
consuming(andfrequent)stepin themultiresolutiondefor-
mation processis the projectionof points from one mesh
ontothetrianglesof another. Wecangreatlyreducethecom-
putationalcomplexity by cachingsomelocal information
andby exploiting spatialcoherencein themeshes.

In theP operationwehave to �nd for eachvertex p of the
deformedmesh�

�0, thenearestpoint p̃ on thepreviousmesh
� 0. We cannotbuild a global spacepartition like an octree
to acceleratethis searchsincethe geometryandconnectiv-
ity arechangingdynamicallyandhencethemaintainanceof
the spacepartition would be too expensive. Oneimportant
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observation,however, that leadsto anef�cient algorithm,is
that for two nearbyverticeson ��� 0 the correspondingclos-
estpointson � 0 arevery likely to benearbyaswell. This is
truebecause� 0 and �

�0 only have a rathersmallHausdorff-
distance(comparedto their size).

As the P operationhasto projectall verticesof � �0, we
canexploit this observationby enumeratingtheverticesin a
recursive traversalalgorithmsuchthattheexpecteddistance
betweensuccessive verticesis small.In thiscasewecanuse
theprojectionpointof thepreviousvertex asastartingpoint
for �nding thenext projectionpoint.

Supposethe vertex p 
 � �0 is projected onto p̃ 


�

�

A
�

B
�

C 	

�

� 0 andq 
 �

�0 is a vertex closeto p thenwe
startwith thetriangle

�

�

A
�

B
�

C 	 andcompute

q
�

A � a N
�

b
�

B
�

A	

�

g
�

C
�

A	

where N �

�

B
�

A	��

�

C
�

A	 is the normal vector to
�

�

A
�

B
�

C 	 . As we areonly interestedin theorthogonalpro-
jection

�

1
�

b
�

g	 A
�

bB
�

gC, it is suf�cient to solve the
symmetric

�

2 � 2	 -system
�

�

B
�

A	

T �

B
�

A	

�

C
�

A	

T �

B
�

A	

�

B
�

A	

T �

C
�

A	

�

C
�

A	

T �

C
�

A	��

�

b
g

�

�

�

�

P
�

A	

T �

B
�

A	

�

P
�

A	

T �

C
�

A	
�

�

If the barycentriccoordinatesare positive, we have found
theprojectedpoint q̃. Otherwiseweproceedin any direction
indicatedby a negative barycentriccoordinate.To terminate
themarchingalgorithmcorrectlywehaveto checkfor loops,
i.e., for trianglesthatarevisitedtwice. If this happens,then
theclosestpoint to q lies on anedgeof � 0. Oncewe detect
a loop, we caneasilycomputethe projectedpoint by scal-
ing the non-negative barycentriccoordinatessuchthat they
sumto one.For suf�ciently smoothmeshes� 0, this caseis
relatively unlikely to occur.

Thetraversalby which theverticesof �

�0 areenumerated
is similar to algorithmsthatgeneratetrianglestrips8. How-
ever in ourcasewearenotthatmuchinterestedin longstrips
but morein avoiding far jumpsduringthetraversal.Our al-
gorithm startswith an arbitrary edgein the mesh.For the
�rst vertex we have to �nd the projectionpoint by brute-
forcetesting.For thesecondandall subsequentverticeswe
canusetheabove marchingtechnique.

Werecursively enumeratetheverticesof �
�0 by depth-�rst

traversalof a binary treewhich is implicitly de�ned by the
neighborrelationbetweenthetriangles(eachnodehasthree
neighbors,i.e., one parentand two children) 36. For every
new vertex q for which we have to computetheprojection,
we �nd at leastonedirectneighborp thathasalreadybeen
processed.Hence,we immediately�nd a nearbytriangleon

� 0 to start the marchingalgorithm. Practicalexperiments
proved that the marchingusuallyhasto bridgeonly rather
smalldistances.For exampleif bothgeometries� 0 and �

�0
have the sameresolutionwe needlessthan two marching
stepsin averageto reachthedestinationtriangle.

In somerarecases,this procedurecanfail to �nd thecor-
rectprojectionpoint q̃. In thesecasesthewrongly reported
point typically lies quite far away on the oppositeside of
themesh.Thismalfunctionoccursif thestartingtrianglefor
the marchingprocedureis too far from the actualprojec-
tion point. We caneasilycheckthe feasibility of a reported
projectionpoint q̃ by testingits distanceto thepoint q. For
examplein theanimationscontrolledby moving ellipsoids,
weknow thatthesurfacecannotmove furtherthanthemax-
imumshift of oneof theellipsoidsplusits maximumchange
of radius.Henceprojectionpoints which lie fartheraway
thanthis distancemustbewrong.

In practice,it turnedout thattheoccurenceof thiserroris
very rare.So we usea brute-forcefall-backsolutionwhich
simply teststhe vertex againsall trianglesof the mesh� �0.
This doesnot affect the overall performanceof the algo-
rithm.

9. Conclusions

In thispaperwepresentedanew approachto multiresolution
free-formdeformations.Insteadof de�ning a globalhierar-
chy acrossall levels of the multiresolutiondecomposition,
we de�ne detail informationasthegeometricdifferencebe-
tweentwo differently detailedapproximations� i and � i � 1
of thesameobjectwith no furtherrestrictions.Thedetailin-
formation is implicitly representedas a displacement�eld
with respectto thenormalvectorson � i . Thedetail canbe
sampled(evaluated)atarbitrarypointsby computingray in-
tersectionswith � i � 1. A globalparameterizationof thesur-
faces� i is not necessary.

Thetechniqueenablesverygeneralmultiresolutiondefor-
mationsandanimationswith very stablereconstructionof
the detail information. The underlyingsurfacerepresenta-
tion is basedon trianglemesheswith dynamicconnectivity
whichguaranteeshighmeshqualitysincethetesselationau-
tomaticallyadaptsto thedeformation.Usingmulti-level al-
gorithmsfor the meshsmoothingsigni�cantly accelerates
the animationsuch that realtime editing with moderately
complex meshesis possibleon standardgraphicsworksta-
tions.

The techniquehasalsobeenappliedto the animationof
texturedobjects.In this casethelow distortionof the trans-
formationmapwhich transfersthe detail informationfrom
theoriginal surfaceto thedeformedone,generatesrealistic
texturemaps.
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Figure9: Examplesfor multiresolutiondeformations.Themultiresolutiondecompositionof theinputdatausesthewell-known
Spock-headmodel� 1 anda sphere asits low-frequencyapproximation � 0. We showthemodi�ed low-frequencygeometries
after applying a modelingoperation basedon control ellipsoids(wireframe)and the resultingreconstructionof the detail
information(solid). Theintuitive preservationof thedetail is accomplishedby constructinga transformationmapT fromthe
modi�ed low-frequencygeometryto theoriginal mesh� 0. Thismapis usedfor resamplingthedisplacementfunctionl .

Figure10: A texturedsphere is deformedby thecontrol ellipsoidtechnique. Againweshowthedeformedmodelstogetherwith
their underlyingtriangle meshwhosedynamicconnectivityguaranteeshigh quality in termsof the triangular faces' aspect
ratio. Wesuper-imposeda longitude/latitudesystemin order to demonstratethesmalllocal distortionof thetexture. Thisis due
to theconstructionof themapT which associatespointson themodi�ed surfacewith pointson theoriginal sphere. A colored
versionof this �gure canbefoundin thecolor section.

c
�

TheEurographicsAssociationandBlackwell Publishers2000.


