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Abstract

During the lastyearsthe conceptof multi-resolutionmodelinghas
gainedspecialattentionin mary elds of computergraphicsand
geometricmodeling. In this paperwe generalizepoverful multi-
resolutiontechniqueso arbitrarytrianglemeshesvithoutrequiring
subdvision connectiity. Our majorobsenrationis thatthe hierar
chy of nestedspaceswhich is the structuralcore elementof most
multi-resolutionalgorithmscanbereplacedoy the sequencef in-
termediatemeshesmepging from the applicationof incremental
meshdecimation.Performingsuchschemesvith local framecod-
ing of thedetailcoefcients alreadyprovideseffective andef cient
algorithmsto extract multi-resolutioninformation from unstruc-
turedmeshesin combinatiorwith discretefairing techniquesi.e.,
theconstraineaninimizationof discreteenegy functionalswe ob-
tain very fastmeshsmoothingalgorithmswhich areableto reduce
noisefrom a geometricallyspeci ed frequeng bandin a multi-
resolutiondecomposition. Putting meshhierarchieslocal frame
coding and multi-level smoothingtogetherallows us to propose
a exible andintuitive paradigmfor interactve detail-preserving
meshmodi cation. We shav examplesgeneratedoy our mesh
modelingtool implementatiorito demonstratés functionality

1 Introduction

Traditionally geometricmodelingis basedon piecavise polyno-
mial surfacerepresentationg8, 16]. However, while specialpoly-
nomial basisfunctionsarewell suitedfor describingand modify-
ing smoothtriangularor quadrilateralpatches it turnsout to be
ratherdif cult to smoothlyjoin several piecesof a compositesur
facealongcommon(possiblytrimmed)boundarycunes. As e x-
ible patchlayoutis crucial for the constructionof non-trivial geo-
metricshapesspline-basednodelingtoolsdo spendmucheffort to
maintainthe globalsmoothnessf a surface.

Subdvision schemeganbe consideredas an algorithmicgen-
eralizationof classicalsplinetechniquesnablingcontrol meshes
with arbitrarytopology [2, 5, 6, 18, 22, 39]. They provide easy
accesdo globally smoothsurfacesof arbitraryshapeby iteratively
applyingsimplere nementrulesto the given controlmesh. A se-
guenceof meshegeneratedby this procesgjuickly convergesto a
smoothlimit surface. For mostpracticalapplicationsthe re ned
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meshesrealreadysufciently closeto the smoothlimit afteronly
afew re nementsteps.

Within a multi-resolutionframework, subdvision schemesgpro-
vide a setof basisfunctionsf;; f 2' j whicharesuitableto
build acascadef nestecspaces; spanfjj j [4,33]. Sincethe
functionsf ; j arede ned by uniformre nementof a givencontrol
meshMg Vo, the spaced/; have to beisomorphicto meshedVi;
with subdivisionconnectivity

While beingmuchmore e xible thanclassical(tensofproduct)
splinetechniguesthe multi-resolutionrepresentatiobasedon the
uniform re nementof a polygonalbasemeshis still ratherrigid.
When analyzinga given meshMy, i.e., when decomposinghe
meshinto disjointfrequeng bandsM Vi 1 Vi, wehavetoinvert
theuniformre nementoperatiorV, V; 1. Hencetheinputmesh
alwayshasto betopologicallyisomorphicto aniteratively re ned
basegrid. In generalthis requiresa global remeshing/resampling
of the input dataprior to the multi-resolutionanalysig[7]. More-
over, if we wantto fuse several separatelygeneratedsubdvision
meshege.g. laserrangescansjnto onemodel,restrictve compat-
ibility conditionshave to be satis ed. Hence,subdvision schemes
areableto dealwith arbitrarytopolagy but not with arbitrarycon-
nectivity

Thescalesof subdvision basedmulti-resolutionrmeshrepresen-
tationsarede ned in termsof topologicaldistances.Sinceevery
vertex p; j on eachlevel of subdiision M; representshe weight
coefcient of a particularbasisfunctionf j with x edsupport,its
region of in uence is determinedby topologicalneighborhoodn
the meshinsteadof geometricproximity. Being derived from the
regularfunctionalsetting,there nementrulesof stationarysubdi-
vision scheme®nly dependbn the valencef theverticesbut not
on the length of the adjacentedges. Hence,surfaceartifactscan
occurwhenthe givenbasemeshis locally stronglydistorted.

Assumewe have a subdvision connectiity meshandwantto
apply modi cations on a speci ¢ scaleV;. The usualway to im-
plementthis operationis to run a decompositiorschemeseveral
stepsuntil the desiredresolutionlevel is reached. On this level
the meshM; is modi ed andthe reconstructiorstartingwith M;
yieldsthe nal result. Themajordrav-backof this procedures the
fact that coarsebasisfunctionsexist for the coarse-meskertices
only andhenceall low-frequeng modi cations have to be aligned
to the grid imposedby the subdvision connectiity. Shiftedlow-
frequeny modi cationscanbefakedby moving agroupof vertices
froma ner scalesimultaneouslyput thisannihilategshemathemat-
ical eleganceof multi-resolutionrepresentations.

A standarddemo example for multi-resolution modeling is
pulling the nosetip of a humanheadmodel. Dependingon the
chosenscaleeitherthe whole faceis affectedor just the noseis
elongatedOn uniformly re ned mesheghis operationonly works
if a coarse-scaleontrol vertex happengo be locatedright at the
nosetip. However, for anautomaticremeshinglgorithmit is very
dif cult, if notimpossibleto placethe coarse-scalgerticesat the
semanticallyrelevantfeaturesof anobject.

In this paperwe presentan alternatve approachto multi-
resolutiormodelingwhich avoidsthesethreemajordif culties, i.e.
therestrictionto subdvision connectiity meshestherestrictionto
basisfunctionswith x ed supportand the alignmentof potential
coarseiscalemodi cations.



The rst problemis solved by using meshhierarchieswhich
emegefrom the applicationof ameshdecimatiorschemeln Sec-
tion 2 we derive thenecessargquipmento extractmulti-resolution
informationfrom arbitrarymeshesandgeometricallyencodedetail
informationwith respectto local frameswhich adaptto the local
geometryof the coarseapproximatiorof the object.

To overcomethe problemsarising from the x ed supportand
aligned distribution of subdvision basisfunctions, we drop the
structuralconceptof consideringa surfacein spaceto be a linear
combinationof scalarvaluedbasisfunctions.On eachlevel of de-
tail, the lowerfrequeng componentof the geometricshapeare
simply characterizetly enegy minimization(fairing). In Section3
we overview thediscretefairingtechniqug19, 38] andshav how a
combinationwith the non-uniformmeshhierarchyleadsto highly
ef cient meshoptimizationalgorithms.Dueto thelocal smoothing
propertiesof thefairing operatorsye areableto de ne ageomet-
ric thresholdor thewavelengthupto whichalow-passlter should
remove noise.

With anef cient hierarchicameshsmoothingschemeavailable,
we proposea e xible meshmodi cation paradigmin Section4.
The basicideais to let the designeffreely de ne the region of in-

uence andthe characteristicef the modi cation which both can

be adaptedo the surfacegeometryinsteadof beingdeterminedy
theconnectiity. Theselectedegionde nesthe”frequeng” of the
modi cation sinceit providesthe boundaryconditionsfor a con-
strainedenegy minimization. Neverthelesghe detail information
within the selectedegionis presered anddoeschangeaccording
to the global modi cation. Exploiting the ef cient schemedrom
Section3 leadsto interactve responsaimesfor moderatelycom-
plex models.

Throughoutthe paper we considera modelingscenariowhere
atrianglemeshM with arbitrary connectiity is given (no from-
scratchdesign).All modi cationsjust alterthe positionof the ver-
ticesbut not their adjaceng. In particular we do not considerad
in nitum subdvision to establishin nitesimal smoothness.The
givenmeshM My representper de nition the nest level of
detail.

2 Multi-resolution representations
Mostschemesor themulti-resolutionrepresentatioandmodi ca-
tion of trianglemesheemegefrom generalizindharmonicanalysis
techniquedik e thewavelettransform[1, 23, 30, 33]. Sincethefun-
damentaldiave beenderivedin the scalarvaluedfunctionalsetting
RY R, dif culties emege from thefactthatmanifoldsin space
arein generahot topologicallyequialentto simply connectede-
gionsin IRY.

The philosophybehind multi-resolutionmodeling on surfaces
is henceto mimic the algorithmic structureof the relatedfunc-
tional transformsand presere someof the important properties
like locality, smoothnessstability or polynomial precisionwhich
have relatedmeaningin bothsettingg9, 12, 40]. Accordingly the
nestedsequencef spacesinderlyingthe decompositiorinto dis-
joint frequeng bandss thoughtof beinggeneratetottom-upfrom
a coarsebasemeshup to ner and ner resolutions.This implies
that subdvision connectiity is mandatoryon higherlevels of de-
tail. Not only the meshhasto consistof large regularregionswith
isolatedextra-ordinaryverticesin between.Additionally, we have
to male surethat the topologicaldistancebetweenthe singulari-
tiesis the samefor every pair of neighboringsingularitiesandthis
topologicaldistancehasto be a power of 2.

Suchspeciatopologicalrequirementgreventthe scheme$rom
beingapplicableto arbitraryinput meshes.Global remeshingand
resamplingis necessaryo obtaina properhierarchywhich gives
riseto alias-erroraandrequiresinvolved computation$7].

Luckily, the restrictedtopologyis not necessaryo de ne dif-
ferentlevels of resolutionor approximationfor a triangle mesh.

In the literatureon meshdecimationwe nd mary examplesfor
hierarchiesuilt on arbitrarymesheq11, 15, 20, 24, 27, 31, 35].
Thekey is alwaysto build the hierarchytop-davn by eliminating
verticesfrom the currentmesh(incrementakeduction progressive
meshels Runninga meshdecimationalgorithm,we canstop,e.g.,
every time a certainpercentagef the verticesis removed. Thein-
termediatemeshescan be usedas a level-of-detail representation
[15,23].

In both cases,i.e., the bottom-upor the top-davn generation
of nestedvertex-) grids,the multi-resolutionconcepts rigidly at-
tachedto topologicalentities. This makes sensef hierarchiesare
merelyusedto reducethe compleity of the representationln the
contet of multi-resolutionmodeling,however, we wantthe hierar
chynotnecessarilyo ratemeshesccordingo their coarsenesut
ratheraccordingo theirsmoothneséf. Fig 1).

We will usemulti-resolutionhierarchiedor two purposesFirst
we wantto derive highly efcient algorithmsfor meshoptimiza-
tion. In Section3 we will seethattopologicallyreducedneshesre
thekey to signi cantly increasehe performancélevels of coarse-
ness).Ontheotherhand,we wantto avoid ary restrictionghatare
imposedby topologicalpeculiarities. In particular wheninterac-
tively modifying a triangle mesh,we do not wantary alignment.
The supportof a modi cation shouldhave no in uence on whee
thismodi cation canbeapplied(levelsof smoothness).

To describethe different set-upsfor multi-resolution repre-
sentationuniformly, we de ne a genericdecompositionscheme
A Afr Ay T (analysi§ asageneraprocedurehattransformsa
givenmeshM; into acoarser/smoothemeM; ; A M; plusde-
tail coefcients D; 1 Ay M. In the standardvaveletsettingthe
cardinalitiessatisfy#D; 1 #M; 1 #M; sincedecompositioris
aproperbasistransform.

If a (bi-orthogonal)wavelet basisis not known, we have to
storemore detail information#D; 1 #M; 1 #M;) sincethe
reconstructioroperatorA 1 might be computationallyexpensve
or not even uniquelyde ned. Well-knovn examplesfor this kind
of decompositiorwith extra detail coefcients arethe Laplacian-
pyramid type of representationn [40] andthe progressie mesh
representatiofiL5].

WhenAk is merelyasmoothingoperatorwhichdoesnotchange
the topologicalmeshstructureof M; we have Ay Id Afg and
#Dy 1 #M; 1 #M.

2.1 Local Frames

In amulti-resolutionrepresentationf ageometricobjectM My,
thedetailcoefcients D; ; describahedifferencebetweertwo ap-
proximationsM; 1 andM; having differentlevels of detail. For
parametrisurfaces the detail coefcients, i.e., the spatiallocation
of the verticesin M; have to be encodedrelative to the local ge-
ometryof thecoarsempproximatiorM; 1. Thisis necessargince
modi cationsonthecoarsetevel shouldhave anintuitive effecton
thegeometrideaturefrom ner scales.

First proposedby [10] it hasbecomestandardo derive local
coordinateframesfrom the partial derivative information of the
coarserepresentatiol; 1. Sincewe do notassumehe existence
of ary global structureor auxiliary informationin the sequencef
meshedM;, we have to rely on intrinsic geometricpropertiesof
the trianglesthemseles. Dependingon the intendedapplication
we assignthe local framesto thetrianglesor the verticesof M; 1.
A detail vectoris thende ned by threecoordinatevalues u v n
plusanindex i identifyingtheafne frameF,  p; U; Vi N; with
respecto whichthe coordinatesregiven.

2.1.1 Vertex-based frames

We canuseary heuristicto estimatehenormalvectorN; atavertex
pi in apolygonalmesh.e.g.,takingthe averageof the adjacentri-
anglenormals.Thevector; E  ETN; N, is obtainedby pro-
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Figurel: Thewell-known Stanford-Buny. Althoughthe originalmeshdoesnot have subdvision connectiity, meshdecimatioralgorithms
easily generatea hierarchyof topologicallysimpli ed meshes.On the otherhand, multi-resolutionmodelingalso requireshierarchiesof
differentlysmoothapproximationsNoticethatthe meshesn thelower row have identicalconnectiity.

jectingary adjacenedgek intothetangenplaneandV: N; U;.
The datastructurefor storingthe meshM; 1 hasto make surethat
E is uniquelyde ned, e.g.asthe rst membeiin alist of neighbors.

2.1.2 Face-based frames

It is temptingto simply usethe local framewhich is given by two
triangleedgesandtheircrossproduct.However, thiswill notleadto
corvincing detail reconstructiorafter modifying the coarsetevel.
Thereasorfor thisis thatthelocalframeswouldberigidly attached
to onecoarseriangle. In fact, tracingthe dependencover several
levelsof detailshavsthattheoriginalmeshis implicitly partitioned
into sub-meshebeingassignedo the samecoarseriangleT. Ap-
plying atransformatiorio T impliesthesametransformatiorfor all
verticesbeingde nedrelativeto T. Thisobviouslyleadgto artifacts
betweemeighboringsub-meshem the ne mesh.

A betterchoiceis to uselocal low orderpolynomialinterpolants
or approximantshatdependon morethanonesingletriangle. Let
po, p1, andp, betheverticesof atriangleT M; 1 andps, pa4,
andps be the oppositeverticesof the trianglesadjacentto T (cf.
Fig. 2). To constructa quadratigpolynomial

2

u
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approximatingthe p; we have to de ne a parameterizationrst.
Notethatthe particularchoiceof this parameterizationontrolsthe
quality of the approximant. Sincewe wantto take the geometric
constellationof the p; into account,we de ne a parameterization
by projectingthe verticesinto the supportingplaneof T.

Exploiting the invarianceof the polynomialinterpolantwith re-
spectto af ne re-parameterizationsye canrequireF 0 0 : po,

F10: pg,andF 01 : pywhichimplies
f Po
fu P1 Po %fuu 1)

fv P2 Po %fvv

Lettheverticesps, pa, andps beprojectedo uz vz , ug vy , and
us vs accordingotheframe pg p1 p2 . To additionallystabilize
theinterpolatiorschemeweintroduceatensiorparametet 0 1

which tradesapproximatiorerrorat ps, p4, andps for minimizing
thebendingenegy f3, 2f3, f2,. Using(1) we obtain

%U3 uz 1 uszvs %V3 vz 1
%U4 us 1 Ug Vg %V4 vg 1 fu
%U5 us 1 Uugvs %V5 vs 1 fuy
t 0 0 fuv
0 2t 0
0 0 t
P3 Po U3 Po P1 V3 Po P2
P4 Po U Po P1 VaPo P2
Ps Po Us Poopl Vs Po P2
0
0

which hasto besolvedin aleastsquaresense.
To computethe detail coefcients G v h for a point q with re-

spectto T, we startfrom thecenter u v 3 % andsimpleNew-

=

toniterationsteps u v uv u v withd g Fuv
and

F¥ Fu F¥ Fv u F;d

FuFv FyFy v F,d

quickly corvergeto the point F G ¥ with the detail vectord per
pendicularto the surface F u v. The third coefcient is then
h signd" Fy Fy d.

Althoughthe parameteralues G V canlie outsidethe unit tri-
angle(which occasionallyoccursfor extremelydistortedcon gu-
rations)thedetailcoefcient G V h is still well-de ned andrecon-
structionworks. Notice that the schememight producecounter
intuitive resultsif the maximumdihedralanglebetweenT andone
of its neighborsbecomedargerthan . In this casethe parameter



izationfor p3, ps, andps could be derived by rotationaboutT's
edgednsteadof projection.

Figure2: Vertex labelingfor the constructiorof alocal frame.

Oblviously, thedetailcoefcient G ¥ h is notcodedwith respect
to alocal framein the narrav sense.However, it hasa similar se-
mantics.Recweringthevertex positionq requiresto constructhe
approximatingpolynomialF u v for the possiblymodi ed ver
ticesp;, evaluateat ( ¥ andmove in normaldirectionby h. The
distanceh is ameasurdor the”size” of the detail.

In ourcurrentimplementatioona SGIR10000/193VIHz work-
stationtheanalysisqy 0 V h takesabout20uSwhile the recon-
struction G Vv h g takesapproximately8uS Sinceaprogressie
meshrepresentatioimtroducestwo trianglesper vertex split, this
meanshatfor the reconstructiorof a meshwith 10° triangles the
computationabverheadiueto thelocalframerepresentatiors less
thanhalf asecond.

2.2 Decomposition and reconstruction

To completeour equipmenfor the multi-resolutionset-upwe have
to de ne the decompositiorand reconstructioroperationswhich
separatehe high-frequeng detail from the low-frequeng shape
and eventually recombinethe two to recover the original mesh.
We apply differentstratgiesdependingn whetherdecomposition
generates coarserapproximationof the original geometryor a
smoothemlpproximation.

In eithercasethedecompositiomperato is appliedto theorig-
inal meshM; andthedetailsD; 1 arecodedin local framecoordi-
nateswith respecto M; ;. Sincethereconstructions anextrapo-
lation processit is numericallyunstable To stabilizethe operation
we have to make the detailsassmallaspossiblej.e., whenencod-
ing the spatialpositionof apointq IR we pick thatlocal frame
onM; 1 whichis closesto q.

Usually the computationatompleity of generatinghe detail
coefcients is higherthanthe compleity of the evaluationduring
reconstruction. This is an importantfeaturesincefor interactve
modelingthe (dynamic)reconstructiorhasto be donein real-time
while therequirementsor the (static)decompositiorarenotasde-
manding.

2.2.1 Mesh decimation based decomposition

Whenperforminganincrementameshdecimatioralgorithm,each
reductionstepremores one vertex and retriangulateghe remain-
ing hole [15, 31]. We usea simpli ed versionof the algorithm
describedn [20] thatcontrolsthereductionprocessn orderto op-
timize the fairnessof the coarsemeshwhile keepingthe globalap-
proximationerrorbelow a prescribedolerance.

The basictopologicaloperationis the half edge collapsewhich
shifts onevertex p into an adjacentvertex g andremovesthe two
degeneratdriangles.In [20] afastalgorithmis presentedo deter
minethattriangleT in theneighborhooaf the collapsewhich lies

closestto the removed vertex p. The positionof p is thencoded
with respecto thelocal frameassociatedvith this triangle.

Theinverseoperatiorof anedgecollapses thevertex split [15].
Sinceduringreconstructiorthe verticesareinsertedin the reverse
orderof theirremoval, it is guaranteethat,whenp is insertedthe
topologicalneighborhoodooks the sameas whenit was deleted
andhencethe local frameto transformthe detail coefcient for p
backinto world coordinatess well-de ned.

During the iterative decimation,eachintermediatemeshcould
beconsideredsoneindividuallevel of detailapproximation How-
ever, if we wantto de ne disjointfrequeng bandsit is reasonable
to considera whole sub-sequencef edgecollapsesasoneatomic
transformatiorfrom onelevel M; to M; 1.

There are several criteria to determinewhich levels mark the
boundariedetweensuccessie frequeng bands. One possibility
is to simply de ne M; to be the coarsesimeshthat still keepsa
maximumtoleranceof lessthansomeeg; to the original data. Al-
ternatiely we canrequirethe numberof verticesin M; 1 to bea

x ed percentagef the numberof verticesin M;. This simulates
the geometricdecreas®f complity known from classicaimulti-
resolutionschemes We canalsolet the humanuserdecidewhen
a signi cant level of detail is reachedby allowing her to browvse
throughthe sequencef incrementallyreducedneshes.

In order to achieve optimal performancewith the multi-level
smoothingalgorithmdescribedn the next section,we decidedin
ourimplementatiorto distributethecollapse®venly overthemesh:
Whenacollapsep g is performedall verticesadjacento g are
locked for further collapsing(independensetof collapses).If no
morecollapsesarepossiblethe currentmeshde nesthenext level
of detailandall verticesareun-locked. Onepassof this reduction
schemaemaoresabout25%o0f theverticesin average.

2.2.2 Mesh smoothing based decomposition

For multi-resolutionmodelingwe have to separaténigh frequeng
featuresfrom the global shapein orderto modify both individu-
ally. Reducingthe meshcompleity cannothelpin this casesince
coarsermeshegdo no longerhave enoughdegreesof freedomto
be smooth,i.e., to have small anglesbetweenadjacenttriangles.
Hence,the decompositioroperatorAg becomesa meresmooth-
ing operatorthat reduceghe discretebendingenegy in the mesh
withoutchanginghetopology(cf. Section3).

A naturalway to de ne thedetail coefcients would beto store
the differencevectorsbetweenthe original vertex positionq and
the shifted positionq with respectto the local frame de ned at
g . However, in view of numericalstability this choiceis not op-
timal. Dependingon the specialtype of smoothingoperatorAg
theverticescanmove "within” thesurfacesuchthatanotherertex
p M 1 AgM;couldlie closerto g thanq (cf. Fig. 3).

Figure3: Althoughthe bendingenegy minimizing smoothingop-
eratorAr is appliedto aplanetriangulationtheverticesaremoved
within theplanesincelinearoperatoralwaysdothefairingwith re-
spectto aspeci ¢ parameterizatiofcf. Section3).

To stabilizethereconstructioni.e.,to minimizethelengthof the
detailvectors we applya simplelocal searchprocedurdo nd the



nearestvertex p  M; 1 to g and expressthe detail vector with
respecto thelocalframeatp or oneof its adjacentriangles.This
searchingstepdoesnot noticeablyincreasethe computationtime
(which is usuallydominatedby the smoothingoperationAg) but
leadsto muchshorterdetailvectors(cf. Fig 4).
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Figure4: The shortestdetail vectorsare obtainedby representing
the detail coefcients with respecto the nearestocal frame (left)
insteadof attachingthe detail vectorsto the topologically corre-
spondingoriginal vertices.

3 Discrete fairing

FromCAGD it is well-known thatconstraine@negy minimization
isaverypowerfultechniqueo generatdighqualitysurfaceq3, 13,
25, 28, 37]. For efciency, oneusuallyde nes a simplequadratic
enepy functionalE f andsearchesmongthe setof functions
satisfyingprescribednterpolationconstraintsfor that function f
which minimizesE.

Transferringthe continuousconceptof enegy minimizationto
the discretesettingof triangle meshoptimizationleadsto the dis-
cretefairing approact19, 38]. Local polynomialinterpolantsare
usedto estimatederiative information at eachvertex by divided
differenceoperators.Hence,the differentialequationcharacteriz-
ing the functionswith minimumenengy is discretizednto a linear
systentor thevertex positions.

Sincethis systems globalandsparsewe applyiterative solving
algorithmslike the GauB3-Seidel-schem&or suchalgorithmsone
iteration stepmerely consistsin the applicationof a simplelocal
averagingoperator This makesdiscretefairing an easyaccessible
techniquefor meshoptimization.

3.1 The umbrella-algorithm

The mostprominentenegy functionalsthatareusedin the theory
andpracticeof surfacedesignarethemembranenegy

Ew f : 2 f2 2)

which prefersfunctionswith smallersuriaceareaandthethin plate
enegy

Erp f & 215 & ©)

which punishesstrongbending. The variationalcalculusleadsto
simplecharacterizationsf thecorrespondingninimumenegy sur
faces

f fuu fvv 0 (4)

or
2 fuw 2fuw faw O (5)

respectrely. Ohviously, low degreepolynomialssatisfybothdiffer-
entialequation@ndhenceappropriatéDirichlet-) boundarycondi-
tionshave to beimposedwhich male the semi-de nitefunctionals
Ewm andErp positive-de nite.

Thediscretefairing approachliscretizesitherthe enegy func-
tionals (2—3) [19, 38] or the correspondindculerLagrangeequa-
tions (4-5)[17, 36] by replacingthe differentialoperatorswith di-
videddifferenceoperatorsTo constructheseoperatorswe have to
chooseanappropriatgparameterizatiom thevicinity of eachver
tex. In [38] for examplea discreteanalogorto the exponentiaimap
is chosen.n [17] theumbella-algorithmis derived by choosinga
symmetricparameterization

u v oo cosZpln sin2p1n i 0 n 1 (6)

with n beingthe valenceof the centervertex p (cf. Fig 5). This pa-
rameterizatiordoesnot adaptto the local geometricconstellation
but it simpli es the constructionof the correspondinglifference
operatorsvhich areotherwiseobtainedby solvinga Vandermonde
systemfor local polynomialinterpolation.With the specialparam-
eterization(6) thediscreteanalogorof the Laplacian f turnsout
to betheumbrella-operator

11
Up —-ap bp
i 0

]

with p; beingthedirectneighborsof p (cf. Fig. 5). Theumbrella-
operatorcanbeappliedrecursvely leadingto

11
ﬁaUpi Up
i 0

U2p
asadiscretizatiorof  2f.

Pn-l

Figure 5: To computethe discreteLaplacian, we needthe 1-
neighborhooaf avertex p ( umbrella-operator).

The boundaryconditionsare imposedto the discreteproblem
by freezingcertainvertices.Whenminimizing the discreteversion
of Em we hold a closedboundarypolygon x ed and computethe
membranghatis spannedn betweenFor theminimizationof E1p
we needtwo ringsof boundaryertices,.e., we keepa closedstrip
of triangles x ed. Thisimposesa (discrete)C! boundarycondition
to the optimizationproblem(cf. Fig 6). All internalverticescan
be movedfreely to minimizethe globalenegy. The properlycho-
senboundaryconditionsimply positive-de nitenessof the enegy
functionaland guaranteehe conergenceof the iterative solving
algorithm[29].

The characteristi¢linear) systemfor the correspondingincon-
strainedminimizationproblemhasrowsU p; OorU2p; 0
respectiely for the free verticesp;. An iterative solving scheme
approachethe optimalsolutionby solvingeachrow of the system
separatelyandcycling throughthelist of freeverticesuntil a stable
solutionis reachedIn caseof the membranenegy Ey thisleads
to thelocal updaterule

pi pi Up (1)



andfor thethin plateenegy Et1p , we obtain

1
Pi pi HUZ pi 8
with the"diagonalelement”
1, 1
n 1 n—laF

j J

wheren; andn; j arethevalencef the centervertex pj andits jth
neighborespecitiely.

Figure6: A closedpolygonor a closedtriangle strip provide C°
or C! boundaryconditionsfor the discretefairing. On the left the
trianglemeshminimizesEy ontherightit minimizesEtp.

Althoughtherule (8) canbeimplementedecursvely, theperfor
mances optimizedif we useatwo stepproceswhereall umbrella
vectorsU p; arecomputedn a rst passandU2 p; in thesec-
ond. This avoidsdoublecomputatiorbut it alsoforcesusto usein
factaplain Jacobi-soler sincenointermediateipdatesrom neigh-
boring verticescanbe used. Howeverthe n 2 : 2 speed-ugdor
avertex with valencen amortizeghe slower corvergenceof Jacobi
comparedo GauR3-Seidel.

3.2 Connection to Taubin's signal processing ap-
proach

The local updateoperator(7) in the iterative solving schemefor
constrainecenegy minimizationis exactly the Laplacesmoothing
operatomproposedy Taubinin [34] wherehederivedit (alsoin the
contet of meshsmoothing¥roma Iter formalismbasedngener
alizedFourieranalysidor arbitrarypolygonalmeshesin hispaper
Taubinstartswith a matrix versionof the scaledupdaterule (7)
pit L 1TU p
wherel is a dampingfactor and formally rewrites it by usinga
transferfunctionnotation

fk: 11Kk

with respectto the eigenbasiof the (negative) Laplaceoperator
Sinceno properboundaryconditionsare imposed,the continued
Itering by f k leadsto severe shrinkingandhencehe proposes
combinedlters

fk: 1 Ik 1 pk 9)
wherel andp aresetin orderto minimizetheshrinking.A feasible
heuristicis to choosea pass-bandrequency

kep % IJ; 001 01

andsetl andp while observingthe stability of the Iter .

Obviously, theupdaterule for thedifferenceequationd pi 0
which characterizesnesheswith minimummembranesnegy cor-
respondso aspecialow-passlter with transferfunction fy k

1 k. Forthe minimizationof the total curvature,characterized

by U2 p; 0, theiterationrule (8) canbe re-writtenin transfer
functionnotationas
1 1 1
fuz k 1 =K 1 —k 1 —k
n n n

which correspondgo a combinedLaplace lter of the form (9)
with pass-bandrequeng kpg 0. Although this is not optimal
for reducingthe shrinkingeffect, we obsere thatthe transferfunc-
tion happengo have a vanishingdervative atk 0. From sig-
nal processingheoryit is knowvn that this characterizesnaximal
smoothnes{26], i.e., amongthe two stepLaplace lters, the U2-
Iter achievesoptimal smoothingproperties.To stabilizethe Iter

we might wantto introducea dampingfactor0 s %n into the
update-rule

s
pi pi HUZ pi

3.3 Multi-le vel smoothing

A well-known negative result from numerical analysisis that
straightforward iterative solverslike the Gaul3-Seideschemeare
notappropriatefor large sparsgroblemg32]. More sophisticated
solversexploit knowvledgeaboutthe structue of the problem. The
importantclassof multi-grid solvers achieve linear runningtimes
in the numberof degreesof freedomby solving the sameproblem
on grids with differentstepsizesand combiningthe approximate
solutiong[14].

For difference( discretedifferential)equationf elliptic type
theGaul3-Seiddterationmatriceshave aspeciakigenstructuréhat
causedigh frequenciesn the errorto be attenuatedrery quickly
while for lower frequenciesno practically useful rate of corver
gencecanbe obsered. Multi-level schemesencesolve a given
problemonavery coarsescalerst. Thissolutionis usedto predict
initial valuesfor a solutionof the sameproblemon the next re ne-
mentlevel. If thesepredictedvalueshave only small deviations
from the true solution in low-frequeng sub-spacesthen Gaul3-
Seidel performswell in reducingthe high-frequeng error  The
alternatinge nementandsmoothindeadsto highly ef cient varia-
tional subdvision scheme§19] whichgeneratdair high-resolution
meshewith arateof severalthousandrianglespersecondlinear
compleity?!).

As we sav in Section2, the bottom-upway to build multi-
resolutionhierarchiess just one of two possibilities. To get rid
of the restrictionthat the uniform multi-level approachto fairing
cannotbe appliedto arbitrary mesheswe generatethe hierarchy
top-dawvn by incrementameshdecimation.

A completeV-cycle multi-grid solver recursvely appliesopera-
torsF; Y PF; 1RY wherethe rst (right) Y is a generic(pre-
)smoothingoperator— a GaulR-Seidescheman our case.Ris a
restrictionoperatoito go onelevel coarser Thisis wherethemesh
decimationcomesin. On thecoarselevel, the sameschemas ap-
plied recursvely, F; 1, until on the coarsestevel the numberof
degreesof freedomis smallenoughto solve thesystermdirectly (or
ary otherstoppingcriterionis met). On theway back-up the pro-
longationoperatorP insertsthe previously removed verticesto go
onelevel ner again. P canbe consideredasa non-reyular subdi-
vision operatowhich hasto predictthe positionsof the verticesin
thenext level's solution. The re-subdvided meshis anapproxima-
tive solutionwith mostly high frequeng error (Post-)smoothing
by somemoreiterationsY removesthe noiseandyieldsthe nal
solution.

Fig 7 shaws the effect of multi-level smoothing.Ontheleft you
seethe original bunry with about70K triangles.In the centerleft,



Figure7: Four versionsof the Stanfordbunry. Ontheleft the original dataset. In the centerleft the sameobjectafter 200iterationsof the
non-shrinkingLaplace- Iter. Onthe centerright andfar right the original datasetafterapplyingthe multi-level umbrella Iter with threeor

six levelsrespectiely.

we appliedtheLaplace- lter proposedn [34] with| 0 6307and
U 0 6732. Theiterative applicationof the local smoothingop-

erator
pi pi I pUnp (10)

removesthe highestfrequeng noiseafterafew iterationsbut does
nothave enoughmpactto atten outthefur evenafterseveralhun-
drediterations. On the right you seethe meshesafter applyinga
multi-level smoothingwith the following scheduleHierarchylev-
elsaregeneratedyy incrementameshdecimationvhereeachlevel
hasabout50%of thenext ner level'svertices.The pre-smoothing
rule (8) is appliedtwice on every level beforegoing downwards
and ve timesafter comingbackup. On the centerright model
we computeda threelevel V-cycle and on the far right modela
six level V-cycle. Notice thatthe computatiortime of the multi-
level lters (excludingrestrictionandprolongation)correspond$o
about2 5 1 05 052 14 double-step®f the one-
level Laplace-Filter(10).

3.4 Geometric ltering

The bunry examplein Fig. 7 is well suitedfor demonstratinghe
effect of multi-level smoothingbut we did notimposeary bound-
ary conditionsandthuswe appliedthe smoothingasa mere Iter
and not as a solving schemefor a well-posedoptimizationprob-
lem. Thisis the reasorwhy we could usethe numberof levelsto
controltheimpactof the smoothingschemeonthe nal result. For
constrainedptimization,it doesnot make ary senseto stopthe
recursionaftera x ednumberof decimationlevels: we alwaysre-
ducethemeshdown to asmall x ednumberof triangles.Properly
choserboundaryconditionwill ensurethe convergenceto thetrue
solutionandpreventthemeshfrom shrinking.

Neverthelesswe canexploit the effect obseredin Fig. 7 to de-
ne moresophisticatedjeometriclow-pass lters. Sincethe sup-
portof theLaplace- Itersis controlledby theneighborhoodelation
in the underlyingmesh,the smoothingcharacteristicsre de ned
relative to a "topological wavelength”. Noisewhich affectsevery
othervertex is removed very quickly independenfrom the length
of theedgeswhile globaldistortionsaffectingalargersub-mestare
hardlyreduced.For geometric Iters however we would like to set
the pass-bandrequeng in termsof Euclidiandistancesdy postu-
lating thatall geometrideaturesdeingsmallerthansomethreshold
eareconsidereasnoiseandshouldberemoved.

Such lters canbe implementedby usingan appropriatemesh
reductionschemehattendsto generaténtermediatenesheswith
strongcoherencen the lengthof the edges.In [20] we proposea
meshdecimationschemehatratesthe possibleedgecollapsesac-
cordingto somegenericfairnessfunctional. A suitableobjectve
functionfor our applicationis to maximizetheroundnes®f trian-
gles,i.e., theratio of its inner circle radiusto its longestedge. If
the meshdecimationschemeprefersthosecollapseshatimprove
the global roundnessthe resultingmeshegendto have only little

variancen thelengthsof theedgesFor thebunry example wecan
keepthestandardleviationfrom theaverageedgelengthbelor one
percenfor incrementablecimationrdowvn to about5K triangles.

By selectingthe lowestlevel Mg down to which the V-cycle
multi-level Itering iterates,we setthe thresholde e Mg for
detail being removed by the multi-level smoothingscheme. The
thresholdingvorksverywell dueto thestronglocalandpoorglobal
corvergenceof theiterative updaterule (8). Fig. 8 shavs thebase
meshegor themulti-level smoothingduringthe computatiorof the
two right bunniesof Fig. 7.
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Figure8: Basemeshesvherethe V-cycle recursionstoppedvhen
generatingheright modelsin Fig. 7. The nal mesheslonotloose
signi cant detail (watchthe silhouette).Notice how in the left ex-
amplethe fur is removed but the bunry's body presered while in
theright exampletheleg andthe neckstartto disappear

4  Multi-resolution
meshes

modeling on triangle

In this sectionwe describea e xible andintuitive multi-resolution
meshmodelingmetaphomwhich exploits the techniquegpresented
in the lasttwo sections.As we discussedn the introduction,our
goalis to getrid of topologicalrestrictionsfor the meshbut also
to getrid of dif culties emeging from the alignmentof the basis
functionsin ahierarchicakepresentatioandtherigid shapeof the
basisfunction's support.

Fromadesigness pointof view, we have to distinguishthreese-
manticlevelsof detail. Thesdevelsarede nedrelativeto aspeci ¢
modelingoperationsince,of coursejn a multi-resolutionernviron-
mentthe featureghataredetailin a (global) modi cation become
theglobalshapeor a minuteadjustment.

Theglobalshapesthatpartof thegeometrythatis thesubject
of the currentmodi cation. Intuitively, the designerselectsa
pieceof theglobalshapeandappliesa transformatiorto it.

Thestructuial detail arefeatureghataretoo smallto bemod-
i ed by handbut still representictualgeometry This detail
shouldfollow themodi cation appliedto theglobalshapen a



Figure9: ThewoodencatmodelMy (178K triangles,left) is in progressie meshrepresentationThe high resolutionis necessaryo avoid
alias errorsin the displacementexture. The centerleft model M; (23K triangles)is extractedby stoppingthe meshreductionwhen a
prescribeccompleity is reached.On this level interactve meshmodi cation is donewhich yieldsthe modelM; (centerright). The nal
resultM, (right) is obtainedby runningthereconstructioron themodi ed mesh.

geometricallyintuitive manner Thepreserationof structural
detail during interactve modelingis crucial for plausiblevi-

sualfeed-bacKcf. theeyesandearsof thewoodencatmodel
in Fig. 9).

Thetextural detail doesnot really describegeometricshape.
It is necessaryo let the surfaceappeamorerealisticandis

often representetby displacemenmaps[21]. In high qual-
ity meshmodelsit is the sourcefor the explosive increasen

compleity (cf. thewoodtexturein Fig. 9).

Having identi ed thesethreesemantidevelsof detail, we suggest
meshmodelingervironmentwhich provides e xible meshmodi -
cationfunctionalityandallows the userto adapthe meshcomplex-
ity to theavailablehardwareresources.

In an off-line preprocessingtep,anincrementaimeshdecima-
tion algorithmis appliedandthe detail coefcients arestoredwith
respecto local framesasexplainedin Section2.2.1. This trans-
formsthehighly complex inputmodelinto a progressie-mesttype
multi-resolutionrepresentationvithout ary remeshingor resam-
pling. Therepresentatioallows the userto choosean appropriate
numberof trianglesfor generatinggmeshmodelthatis ne enough
to containat leastall the structuraldetail but which is alsocoarse
enoughto be modi ed in realtime. This pre-processemovesthe
textural detail prior to the actualinteractve meshmodi cation.

SupposgheoriginalmeshmodelMy is transformednto thepro-
gressie meshsequenceMy Mg with Mg beingthe coarsest
basemesh.If theuserpicksthe meshM; andappliesmodi cations
thenthis invalidatesthe subsequencéVl; 1 Mp . If thework-
ing resolutionis to bereducedafterwardsto M; (j i) thenthein-
termediateaneshehave to be recomputedy onlinemeshdecima-
tion. Thetexturaldetailencodedn thesubsequencé/y M; 4
however remainsunchangedinceit is storedwith respecto local
framessuchthatreconstructiorstartingfrom a modi ed meshM;
leadsto the intendedresultM, . Fig. 9 shavs an exampleof this
procedure.

4.1 Interactive mesh modeling by discrete fairing

The mostimportantfeaturein the proposedmulti-resolutionmesh
modelingervironmentis themodi cation functionalityitself (mod-
eling metaphoy which hidesthemeshconnectiity to thedesigner
The designerstartsby markingan arbitraryregion on the mesh
M;. In fact,shepicksa sequencef surfacepoints(not necessarily
vertices)onthetrianglemeshandthesepointsareconnectecither
by geodesic®r by projectedines. The strip of trianglesS which
areintersectedy the geodesiqprojected)ooundarypolygonsep-
aratesaninteriorregion M andanexteriorregionM; M S.

Theinteriorregion M is to be affectedby thefollowing modi ca-
tion.

A secondpolygon(not necessarilglosed)is marked within the

rst oneto de ne the handle The semanticsof this arbitrarily
shapedandleis quitesimilarto thehandlemetaphoin [37]: when
the designemaoves or scalesthe virtual tool, the samegeometric
transformations appliedto the rigid handleandthe surrounding
meshM follows accordingto a constrainedenegy minimization
principle.

Thefreedomto de ne theboundanystrip S andthehandlegeom-
etry allows the designetto build "customtailored” basisfunctions
for theintendedmodi cation. Particularlyinterestings thede ni-
tion of a closedhandlepolygonwhich allows to control the char
acteristicsof a bell-shapedient: For the sameregion M , a tiny
ring-shapedhandlein themiddlecausesrathersharppeakwhile a
biggerring causeswiderbubble(cf. Fig 10). Noticethatthemesh
verticesin theinterior of thehandlepolygonmove accordingo the
enegy minimization.

Figurel0: Controllingthecharacteristicef themodi cation by the
sizeof aclosedhandlepolygon.

Sincewe areworking on trianglemeshesthe enegy minimiza-
tion on M is doneby discretefairing techniquegcf. Section3).
The boundarytrianglesS provide the correctC! boundarycondi-
tionsfor minimizing thethin plateenegy functional(3).

The handleimposesadditionalinterpolatoryconstraintson the
location only — derivatives should not be affect by the handle.
Hence,we cannothave trianglesbeing part of the handlegeome-
try. We implementedhe handleconstraintin the following way:
like the boundarypolygon, the handlepolygon de nes a strip of
trianglesbeingintersectedby it. Whetherthe handlepolygonis
openor closedwe nd two polygonsof meshedgeson eitherside
of thatstrip. We take ary oneof the two polygonsandcollectev-
ery othermeshvertex in a setof handlevertices Keepingthese
handlevertices x edduringthe meshoptimizationis theadditional
interpolatoryconstraint.



The reasonfor freezingonly every other handlevertex is that
three x ed verticesdirectly connectedcby two edgesbuild a rigid
constellatiorleaving no freedomto adjustthe anglebetweerthem.
During discreteoptimizationthis would be the sourceof undesired
artifactsin thesmoothmesh.

With the boundaryconditionsproperly setwe performthe thin
plate enegy minimization by using the umbrella algorithm de-
scribedin Section3.1. To obtaininteractve responsdimes, we
exploit the multi-level technique:a meshdecimationalgorithmis
appliedto themeshM  Sto build up a hierarchy Thenstarting
from the coarsestevel, we applythe U2 smoothinglter alternat-
ing with meshre nement. This processs fastenougho obtainser-
eralframesper secondvhenmodelingwith meshesf #M 5K
triangles(SGI R10000/195MHz) Typically, we settheratio of the
compleities betweersuccessie meshesn thehierarchyto 1: 2 or
1: 4 anditeratethesmoothinglter 3to 5timesoneachlevel.

During the interactve meshsmoothingwe do not computethe
full V-cycle algorithm of Sect.3.3. In fact, we omit the pre-
smoothingand always startfrom the coarsestevel. Whena ver-
tex is insertedduring a meshre nementstepwe placeit initially
atits neighbors centerof gravity unlessthevertex is a handlever-
tex. Handleverticesare placedat the location prescribedby the
designess interaction(handleinterpolationconstaint). Hencethe
meshis computedrom scratchin everyiterationinsteadof justup-
datingthe last position. This is very importantfor the modeling
dialog sinceonly the currentposition,orientationandscaleof the
handledetermineshe smoothedneshandnot the whole history of
movements.

For the fastcorvergenceof the optimizationproceduret turns
outto beimportantthattheinterpolationconstraintsmposedoy the
handleverticesshav up alreadyonrathercoarsdevelsin themesh
hierarchy Otherwisetheir impact cannotpropagatefar enough
throughthe meshsuchthat cuspsremainin the smoothedmesh
which canonly be remaved by an excessie numberof smoothing
iterations. This additionalrequirementaneasilybe includedinto
themeshreductionscheméy loweringthe priority rankingof col-
lapsednvolving handlevertices.

4.2 Detall preservation

If the modi ed meshM is merelyde ned by constrainedenegy
minimization, we obviously loose all the detail of the originally
selectedsubmestM . Sinceonly theboundaryandthe handlever
tices put constraintson the mesh,all othergeometricfeaturesare
smoothedut.

To presere the detail, we usethe multi-resolutionrepresenta-
tion explainedin Section2.2.2. After the boundaryS andthe han-
dle polygonarede ned but beforethe handleis moved by the de-
signer we applythe multi-level smoothingschemeonce.Although

theoriginalmeshM andthesmoothedneshM aretopologically
equivalent, they do have differentlevels of (geometric)resolution
and henceconstitutea two-scaledecompositiorbasedon varying
levels of smoothnessWe encodethe differenceD betweenthe
two meshesi.e., the detail coefcients for theverticesp; M by
storingthe displacementectorswith respecto thelocal frameas-

sociatedvith thenearestrianglein M .

When the designermoves the handle, the bottom-up mesh
smoothingis performedto re-adjustthe meshto the new interpo-

lation conditions.On the resultingsmoothmeshM , thedetailD
is addedandthe nal meshM is renderecbn the screen.Dueto
thegeometriccodingof thedetailinformation thisleadgo intuitive
changesn the surfaceshapg(cf. Figs.11,12). The"frequeng” of
the modi cation is determinedby the size of the area,i.e., by the
boundaryconditionsandthe factthatthe supportingmeshis opti-
mal with respecto thethin-platefunctional.

5 Conclusions and future work

We presentedh new approachto multi-resolutionmeshrepresen-
tation and modelingwhich doesnot requirethe underlyingtrian-
gle meshto have subdvision connectiity. By adaptingmulti-level
techniqueknown from numericalanalysisto the non-reyular set-
ting of arbitrary meshhierarchieswe are able to approximately
solve constrainedmeshoptimizationin realtime. Combiningthe
two resultsallows usto presenta e xible metaphoffor interactie
meshmodelingwherethe shapeof the modi cation is controlled
by enegy minimizationwhile thegeometriadetailis preseredand
updatedaccordingo the changeof theglobalshape.

Our currentimplementationof an experimentalmeshmodel-
ing tool alreadyprovides sufcient functionality to apply sophis-
ticatedrealtimemodi cationsto arbitraryinput mesheswith up to
100K triangles.However, all changeslo affect the geometryof the
meshenly. Sofarwe did not considertopolaggical modi cations
of triangle meshes.In the future, when modifying a given mesh,
wewould like new verticesto beinsertedwvherethe meshis locally
stretchedoo muchand,on the otherhand,we would like vertices
to be remored when strongglobal modi cation causedocal self-
intersectiorof thereconstructedetail.
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