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Abstract

During thelastyearstheconceptof multi-resolutionmodelinghas
gainedspecialattentionin many �elds of computergraphicsand
geometricmodeling. In this paperwe generalizepowerful multi-
resolutiontechniquesto arbitrarytrianglemesheswithoutrequiring
subdivision connectivity. Our majorobservation is that thehierar-
chy of nestedspaceswhich is the structuralcoreelementof most
multi-resolutionalgorithmscanbereplacedby thesequenceof in-
termediatemeshesemerging from the applicationof incremental
meshdecimation.Performingsuchschemeswith local framecod-
ing of thedetailcoef�cients alreadyprovideseffectiveandef�cient
algorithmsto extract multi-resolutioninformation from unstruc-
turedmeshes.In combinationwith discretefairing techniques,i.e.,
theconstrainedminimizationof discreteenergy functionals,weob-
tain very fastmeshsmoothingalgorithmswhich areableto reduce
noisefrom a geometricallyspeci�ed frequency bandin a multi-
resolutiondecomposition.Putting meshhierarchies,local frame
coding and multi-level smoothingtogetherallows us to propose
a �e xible and intuitive paradigmfor interactive detail-preserving
meshmodi�cation. We show examplesgeneratedby our mesh
modelingtool implementationto demonstrateits functionality.

1 Intr oduction

Traditionally, geometricmodelingis basedon piecewise polyno-
mial surfacerepresentations[8, 16]. However, while specialpoly-
nomial basisfunctionsarewell suitedfor describingandmodify-
ing smoothtriangularor quadrilateralpatches, it turns out to be
ratherdif�cult to smoothlyjoin severalpiecesof a compositesur-
facealongcommon(possiblytrimmed)boundarycurves. As �e x-
ible patchlayout is crucial for theconstructionof non-trivial geo-
metricshapes,spline-basedmodelingtoolsdospendmucheffort to
maintaintheglobalsmoothnessof asurface.

Subdivision schemescanbe consideredasan algorithmicgen-
eralizationof classicalspline techniquesenablingcontrol meshes
with arbitrary topology [2, 5, 6, 18, 22, 39]. They provide easy
accessto globallysmoothsurfacesof arbitraryshapeby iteratively
applyingsimplere�nementrulesto thegivencontrolmesh.A se-
quenceof meshesgeneratedby this processquickly convergesto a
smoothlimit surface. For mostpracticalapplications,the re�ned
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meshesarealreadysuf�ciently closeto thesmoothlimit afteronly
a few re�nementsteps.

Within a multi-resolutionframework, subdivision schemespro-
vide a setof basisfunctionsf i � j

� f
�

2i ��� j � which aresuitableto
build acascadeof nestedspacesVi

� span
�
	

f i � j � j � [4, 33]. Sincethe
functionsf i � j arede�ned by uniform re�nementof a givencontrol
meshM0 �

� V0, thespacesVi have to be isomorphicto meshesMi
with subdivisionconnectivity.

While beingmuchmore�e xible thanclassical(tensor-product)
splinetechniques,themulti-resolutionrepresentationbasedon the
uniform re�nementof a polygonalbasemeshis still ratherrigid.
When analyzinga given meshMk, i.e., when decomposingthe
meshinto disjointfrequency bandsWi

� Vi 
 1 �

Vi , wehaveto invert
theuniformre�nementoperationVi �

Vi 
 1. Hence,theinputmesh
alwayshasto betopologicallyisomorphicto an iteratively re�ned
basegrid. In generalthis requiresa global remeshing/resampling
of the input dataprior to the multi-resolutionanalysis[7]. More-
over, if we want to fuseseveral separatelygeneratedsubdivision
meshes(e.g. laserrangescans)into onemodel,restrictivecompat-
ibility conditionshave to besatis�ed. Hence,subdivision schemes
areableto dealwith arbitrarytopology but not with arbitrarycon-
nectivity!

Thescalesof subdivisionbasedmulti-resolutionmeshrepresen-
tationsarede�ned in termsof topologicaldistances.Sinceevery
vertex pi � j on eachlevel of subdivision Mi representsthe weight
coef�cient of a particularbasisfunctionf i � j with �x edsupport,its
region of in�uence is determinedby topologicalneighborhoodin
the meshinsteadof geometricproximity. Being derived from the
regularfunctionalsetting,there�nementrulesof stationarysubdi-
visionschemesonly dependon thevalencesof theverticesbut not
on the lengthof the adjacentedges. Hence,surfaceartifactscan
occurwhenthegivenbasemeshis locally stronglydistorted.

Assumewe have a subdivision connectivity meshandwant to
apply modi�cations on a speci�c scaleVi . The usualway to im-
plementthis operationis to run a decompositionschemeseveral
stepsuntil the desiredresolutionlevel is reached. On this level
the meshMi is modi�ed andthe reconstructionstartingwith M �i
yieldsthe�nal result.Themajordraw-backof thisprocedureis the
fact that coarsebasisfunctionsexist for the coarse-meshvertices
only andhenceall low-frequency modi�cationshave to bealigned
to the grid imposedby the subdivision connectivity. Shiftedlow-
frequency modi�cationscanbefakedby movingagroupof vertices
from a�ner scalesimultaneouslybut thisannihilatesthemathemat-
ical eleganceof multi-resolutionrepresentations.

A standarddemo example for multi-resolution modeling is
pulling the nosetip of a humanheadmodel. Dependingon the
chosenscaleeither the whole faceis affectedor just the noseis
elongated.On uniformly re�ned meshesthis operationonly works
if a coarse-scalecontrol vertex happensto be locatedright at the
nosetip. However, for anautomaticremeshingalgorithmit is very
dif�cult, if not impossible,to placethecoarse-scaleverticesat the
semanticallyrelevantfeaturesof anobject.

In this paper we presentan alternative approachto multi-
resolutionmodelingwhichavoidsthesethreemajordif�culties, i.e.
therestrictionto subdivisionconnectivity meshes,therestrictionto
basisfunctionswith �x ed supportand the alignmentof potential
coarser-scalemodi�cations.



The �rst problem is solved by using meshhierarchieswhich
emergefrom theapplicationof ameshdecimationscheme.In Sec-
tion2 wederivethenecessaryequipmenttoextractmulti-resolution
informationfrom arbitrarymeshesandgeometricallyencodedetail
informationwith respectto local frameswhich adaptto the local
geometryof thecoarserapproximationof theobject.

To overcomethe problemsarising from the �x ed supportand
aligned distribution of subdivision basisfunctions, we drop the
structuralconceptof consideringa surfacein spaceto be a linear
combinationof scalar-valuedbasisfunctions.On eachlevel of de-
tail, the lower-frequency componentsof the geometricshapeare
simplycharacterizedby energy minimization(fairing). In Section3
weoverview thediscretefairingtechnique[19,38] andshow how a
combinationwith thenon-uniformmeshhierarchyleadsto highly
ef�cient meshoptimizationalgorithms.Dueto thelocalsmoothing
propertiesof thefairing operators,we areableto de�ne a geomet-
ric thresholdfor thewavelengthupto whichalow-pass�lter should
remove noise.

With anef�cient hierarchicalmeshsmoothingschemeavailable,
we proposea �e xible meshmodi�cation paradigmin Section4.
Thebasicideais to let thedesignerfreely de�ne the region of in-
�uence andthecharacteristicsof themodi�cation which bothcan
beadaptedto thesurfacegeometryinsteadof beingdeterminedby
theconnectivity. Theselectedregionde�nesthe”frequency” of the
modi�cation sinceit providesthe boundaryconditionsfor a con-
strainedenergy minimization. Neverthelessthedetail information
within theselectedregion is preservedanddoeschangeaccording
to the global modi�cation. Exploiting the ef�cient schemesfrom
Section3 leadsto interactive responsetimesfor moderatelycom-
plex models.

Throughoutthe paper, we considera modelingscenariowhere
a trianglemeshM with arbitraryconnectivity is given(no from-
scratchdesign).All modi�cationsjust alterthepositionof thever-
ticesbut not their adjacency. In particular, we do not considerad
in�nitum subdivision to establishin�nitesimal smoothness.The
given meshM � Mk representsper de�nition the �nest level of
detail.

2 Multi-resolution representations

Mostschemesfor themulti-resolutionrepresentationandmodi�ca-
tionof trianglemeshesemergefromgeneralizingharmonicanalysis
techniqueslike thewavelettransform[1, 23,30, 33]. Sincethefun-
damentalshavebeenderivedin thescalar-valuedfunctionalsetting
IRd

�

IR, dif�culties emerge from thefact thatmanifoldsin space
arein generalnot topologicallyequivalentto simply connectedre-
gionsin IRd.

The philosophybehindmulti-resolutionmodelingon surfaces
is henceto mimic the algorithmic structureof the relatedfunc-
tional transformsand preserve someof the importantproperties
like locality, smoothness,stability or polynomialprecisionwhich
have relatedmeaningin bothsettings[9, 12, 40]. Accordingly, the
nestedsequenceof spacesunderlyingthe decompositioninto dis-
joint frequency bandsis thoughtof beinggeneratedbottom-upfrom
a coarsebasemeshup to �ner and�ner resolutions.This implies
that subdivision connectivity is mandatoryon higherlevels of de-
tail. Not only themeshhasto consistof largeregularregionswith
isolatedextra-ordinaryverticesin between.Additionally, we have
to make surethat the topologicaldistancebetweenthe singulari-
ties is thesamefor every pair of neighboringsingularitiesandthis
topologicaldistancehasto beapowerof 2.

Suchspecialtopologicalrequirementspreventtheschemesfrom
beingapplicableto arbitraryinput meshes.Global remeshingand
resamplingis necessaryto obtaina properhierarchywhich gives
riseto alias-errorsandrequiresinvolvedcomputations[7].

Luckily, the restrictedtopology is not necessaryto de�ne dif-
ferent levels of resolutionor approximationfor a triangle mesh.

In the literatureon meshdecimationwe �nd many examplesfor
hierarchiesbuilt on arbitrarymeshes[11, 15, 20, 24, 27, 31, 35].
The key is alwaysto build the hierarchytop-down by eliminating
verticesfrom thecurrentmesh(incrementalreduction,progressive
meshes). Runninga meshdecimationalgorithm,we canstop,e.g.,
every time a certainpercentageof theverticesis removed. Thein-
termediatemeshescanbe usedas a level-of-detail representation
[15, 23].

In both cases,i.e., the bottom-upor the top-down generation
of nested(vertex-) grids,themulti-resolutionconceptis rigidly at-
tachedto topologicalentities. This makessenseif hierarchiesare
merelyusedto reducethecomplexity of therepresentation.In the
context of multi-resolutionmodeling,however, wewantthehierar-
chynotnecessarilyto ratemeshesaccordingto theircoarsenessbut
ratheraccordingto theirsmoothness(cf. Fig 1).

We will usemulti-resolutionhierarchiesfor two purposes.First
we want to derive highly ef�cient algorithmsfor meshoptimiza-
tion. In Section3 wewill seethattopologicallyreducedmeshesare
thekey to signi�cantly increasetheperformance(levelsof coarse-
ness).On theotherhand,wewantto avoid any restrictionsthatare
imposedby topologicalpeculiarities. In particular, wheninterac-
tively modifying a trianglemesh,we do not want any alignment.
The supportof a modi�cation shouldhave no in�uence on where
thismodi�cation canbeapplied(levelsof smoothness).

To describethe different set-upsfor multi-resolution repre-
sentationuniformly, we de�ne a genericdecompositionscheme
A �

�

AF
�

AY �

T (analysis) asageneralprocedurethattransformsa
givenmeshMi into acoarser/smootheroneMi � 1

� AF Mi plusde-
tail coef�cients Di � 1

� AY Mi. In thestandardwaveletsettingthe
cardinalitiessatisfy#Di � 1 �

#Mi � 1
� #Mi sincedecompositionis

aproperbasistransform.
If a (bi-orthogonal)wavelet basis is not known, we have to

storemore detail information (#Di � 1 �

#Mi � 1 �

#Mi) sincethe
reconstructionoperatorA � 1 might be computationallyexpensive
or not even uniquelyde�ned. Well-known examplesfor this kind
of decompositionwith extra detail coef�cients are the Laplacian-
pyramid type of representationin [40] and the progressive mesh
representation[15].

WhenAF is merelyasmoothingoperatorwhichdoesnotchange
the topologicalmeshstructureof Mi we have AY

� Id � AF and
#Di � 1

� #Mi � 1
� #Mi .

2.1 Local Frames

In amulti-resolutionrepresentationof ageometricobjectM � Mk,
thedetailcoef�cients Di � 1 describethedifferencebetweentwo ap-
proximationsMi � 1 andMi having different levels of detail. For
parametricsurfaces,thedetailcoef�cients, i.e., thespatiallocation
of the verticesin Mi have to be encodedrelative to the local ge-
ometryof thecoarserapproximationMi � 1. This is necessarysince
modi�cationsonthecoarserlevel shouldhaveanintuitiveeffecton
thegeometricfeaturesfrom �ner scales.

First proposedby [10] it hasbecomestandardto derive local
coordinateframesfrom the partial derivative information of the
coarserepresentationMi � 1. Sincewe do not assumetheexistence
of any globalstructureor auxiliary informationin thesequenceof
meshesMi , we have to rely on intrinsic geometricpropertiesof
the trianglesthemselves. Dependingon the intendedapplication
we assignthelocal framesto thetrianglesor theverticesof Mi � 1.
A detail vector is thende�ned by threecoordinatevalues

	

u � v� n
�

plusanindex i identifying theaf�ne frameFi
�

	

pi � Ui � Vi � Ni �

with
respectto which thecoordinatesaregiven.

2.1.1 Vertex-based frames

Wecanuseany heuristictoestimatethenormalvectorNi atavertex
pi in a polygonalmesh,e.g.,takingtheaverageof theadjacenttri-
anglenormals.ThevectorUi

� E �

�

ETNi � Ni is obtainedby pro-



Figure1: Thewell-known Stanford-Bunny. Althoughtheoriginalmeshdoesnothave subdivisionconnectivity, meshdecimationalgorithms
easilygeneratea hierarchyof topologicallysimpli�ed meshes.On the otherhand,multi-resolutionmodelingalsorequireshierarchiesof
differentlysmoothapproximations.Noticethatthemeshesin thelower row have identicalconnectivity.

jectingany adjacentedgeE into thetangentplaneandVi : � Ni
� Ui .

Thedatastructurefor storingthemeshMi � 1 hasto make surethat
E is uniquelyde�ned,e.g.asthe�rst memberin a list of neighbors.

2.1.2 Face-based frames

It is temptingto simply usethe local framewhich is givenby two
triangleedgesandtheircrossproduct.However, thiswill notleadto
convincing detail reconstructionaftermodifying the coarserlevel.
Thereasonfor thisis thatthelocalframeswouldberigidly attached
to onecoarsetriangle. In fact,tracingthedependency over several
levelsof detailshowsthattheoriginalmeshis implicitly partitioned
into sub-meshesbeingassignedto thesamecoarsetriangleT. Ap-
plying atransformationto T impliesthesametransformationfor all
verticesbeingde�nedrelativetoT. Thisobviouslyleadstoartifacts
betweenneighboringsub-meshesin the�ne mesh.

A betterchoiceis to uselocal low orderpolynomialinterpolants
or approximantsthatdependon morethanonesingletriangle.Let
p0, p1, andp2 be the verticesof a triangleT � Mi � 1 andp3, p4,
andp5 be the oppositeverticesof the trianglesadjacentto T (cf.
Fig. 2). To constructaquadraticpolynomial

F
�

u � v�

� f
�

ufu
�

vfv
�

u2

2
fuu

�

uvfuv
�

v2

2
fvv

approximatingthe pi we have to de�ne a parameterization�rst.
Notethattheparticularchoiceof thisparameterizationcontrolsthe
quality of the approximant.Sincewe want to take the geometric
constellationof the pi into account,we de�ne a parameterization
by projectingtheverticesinto thesupportingplaneof T.

Exploiting the invarianceof thepolynomialinterpolantwith re-
spectto af�ne re-parameterizations,we canrequireF

�

0 � 0� : � p0,
F

�

1 � 0� : � p1, andF
�

0 � 1� : � p2 which implies

f � p0

fu � p1
� p0

�

1
2 fuu

fv � p2
� p0

�

1
2 fvv �

(1)

Let theverticesp3, p4, andp5 beprojectedto
�

u3 � v3 � ,
�

u4 � v4 � , and
�

u5 � v5 � accordingto theframe
	

p0 � p1 � p2 �

. To additionallystabilize
theinterpolationscheme,weintroduceatensionparametert �

	

0 � 1
�

which tradesapproximationerrorat p3, p4, andp5 for minimizing
thebendingenergy f2uu �

2f2uv �

f2vv. Using(1) weobtain

��

�

�

�

�

�

�

�

1
2 u3

�

u3
� 1� u3 v3

1
2 v3

�

v3
� 1�

1
2 u4

�

u4
� 1� u4 v4

1
2 v4

�

v4
� 1�

1
2 u5

�

u5
� 1� u5 v5

1
2 v5

�

v5
� 1�

t 0 0
0 2t 0
0 0 t

���

�

�

�

�

�

�

	




fuu
fuv
fvv �

�

�
�

�

�

�

�

�

p3
� p0 �

�

u3
�

p0
� p1 �

�

v3
�

p0
� p2 �

�

p4
� p0 �

�

u4
�

p0
� p1 �

�

v4
�

p0
� p2 �

�

p5
� p0 �

�

u5
�

p0
� p1 �

�

v5
�

p0
� p2 �

0
0
0

�
�

�

�

�

	

whichhasto besolvedin a leastsquaressense.
To computethedetailcoef�cients

	

û � v̂ � h
�

for a point q with re-
spectto T, westartfrom thecenter

�

u � v�

�

� 1
3 �

1
3 � andsimpleNew-

ton iterationsteps
�

u � v�
�

�

u � v�

�

���

u �

�

v� with d � q � F
�

u � v�

and �

FT
u Fu FT

u Fv
FT

u Fv FT
v Fv �

�

�

u
�

v
�

�

�

FT
u d

FT
u d

�

quickly converge to the point F
�

û � v̂� with the detail vectord per-
pendicularto the surface F

�

u � v� . The third coef�cient is then
h � sign

�

dT �

Fu
� Fv � ��� d � .

Althoughtheparametervalues
�

û � v̂� canlie outsidetheunit tri-
angle(which occasionallyoccursfor extremelydistortedcon�gu-
rations)thedetailcoef�cient

	

û � v̂ � h
�

is still well-de�nedandrecon-
structionworks. Notice that the schememight producecounter-
intuitive resultsif themaximumdihedralanglebetweenT andone
of its neighborsbecomeslargerthan p

2 . In this casetheparameter-



ization for p3, p4, andp5 could be derived by rotationaboutT's
edgesinsteadof projection.

P0

P2

P1

P3

P4

P5

Q

Figure2: Vertex labelingfor theconstructionof a local frame.

Obviously, thedetailcoef�cient
	

û � v̂ � h
�

is notcodedwith respect
to a local framein thenarrow sense.However, it hasa similar se-
mantics.Recoveringthevertex positionq � requiresto constructthe
approximatingpolynomialF �

�

u � v� for the possiblymodi�ed ver-
ticesp �i , evaluateat

�

û � v̂� andmove in normaldirectionby h. The
distanceh is ameasurefor the”size” of thedetail.

In ourcurrentimplementationonaSGIR10000/195MHz work-
stationtheanalysisq

�

	

û � v̂ � h
�

takesabout20µSwhile therecon-
struction

	

û � v̂ � h
�

�

q takesapproximately8µS. Sinceaprogressive
meshrepresentationintroducestwo trianglesper vertex split, this
meansthat for thereconstructionof a meshwith 105 triangles,the
computationaloverheaddueto thelocalframerepresentationis less
thanhalf asecond.

2.2 Decomposition and reconstruction

To completeourequipmentfor themulti-resolutionset-upwehave
to de�ne the decompositionand reconstructionoperationswhich
separatethe high-frequency detail from the low-frequency shape
and eventually recombinethe two to recover the original mesh.
Weapplydifferentstrategiesdependingon whetherdecomposition
generatesa coarserapproximationof the original geometryor a
smootherapproximation.

In eithercasethedecompositionoperatorA isappliedto theorig-
inal meshMi andthedetailsDi � 1 arecodedin local framecoordi-
nateswith respectto Mi � 1. Sincethereconstructionis anextrapo-
lationprocess,it is numericallyunstable.To stabilizetheoperation
we have to make thedetailsassmallaspossible,i.e.,whenencod-
ing thespatialpositionof a point q � IR3 we pick that local frame
onMi � 1 which is closestto q.

Usually the computationalcomplexity of generatingthe detail
coef�cients is higherthanthe complexity of theevaluationduring
reconstruction.This is an importantfeaturesincefor interactive
modelingthe(dynamic)reconstructionhasto bedonein real-time
while therequirementsfor the(static)decompositionarenotasde-
manding.

2.2.1 Mesh decimation based decomposition

Whenperforminganincrementalmeshdecimationalgorithm,each
reductionstepremoves onevertex andretriangulatesthe remain-
ing hole [15, 31]. We usea simpli�ed versionof the algorithm
describedin [20] thatcontrolsthereductionprocessin orderto op-
timize thefairnessof thecoarsemeshwhile keepingtheglobalap-
proximationerrorbelow aprescribedtolerance.

Thebasictopologicaloperationis thehalf edge collapsewhich
shiftsonevertex p into an adjacentvertex q andremovesthe two
degeneratetriangles.In [20] a fastalgorithmis presentedto deter-
minethattriangleT in theneighborhoodof thecollapsewhich lies

closestto the removed vertex p. The positionof p is thencoded
with respectto thelocal frameassociatedwith this triangle.

Theinverseoperationof anedgecollapseis thevertex split [15].
Sinceduringreconstructiontheverticesareinsertedin thereverse
orderof their removal, it is guaranteedthat,whenp is inserted,the
topologicalneighborhoodlooks the sameas when it wasdeleted
andhencethe local frameto transformthe detail coef�cient for p
backinto world coordinatesis well-de�ned.

During the iterative decimation,eachintermediatemeshcould
beconsideredasoneindividuallevel of detailapproximation.How-
ever, if we wantto de�ne disjoint frequency bands,it is reasonable
to considera wholesub-sequenceof edgecollapsesasoneatomic
transformationfrom onelevel Mi to Mi � 1.

Thereare several criteria to determinewhich levels mark the
boundariesbetweensuccessive frequency bands. Onepossibility
is to simply de�ne Mi to be the coarsestmeshthat still keepsa
maximumtoleranceof lessthansomeei to the original data. Al-
ternatively we canrequirethe numberof verticesin Mi � 1 to be a
�x ed percentageof the numberof verticesin Mi . This simulates
thegeometricdecreaseof complexity known from classicalmulti-
resolutionschemes.We canalsolet the humanuserdecidewhen
a signi�cant level of detail is reachedby allowing her to browse
throughthesequenceof incrementallyreducedmeshes.

In order to achieve optimal performancewith the multi-level
smoothingalgorithmdescribedin the next section,we decidedin
ourimplementationtodistributethecollapsesevenlyoverthemesh:
Whena collapsep

�

q is performed,all verticesadjacentto q are
locked for furthercollapsing(independentsetof collapses).If no
morecollapsesarepossible,thecurrentmeshde�nesthenext level
of detailandall verticesareun-locked. Onepassof this reduction
schemeremovesabout25%of theverticesin average.

2.2.2 Mesh smoothing based decomposition

For multi-resolutionmodelingwe have to separatehigh frequency
featuresfrom the global shapein order to modify both individu-
ally. Reducingthemeshcomplexity cannothelp in this casesince
coarsermeshesdo no longerhave enoughdegreesof freedomto
be smooth,i.e., to have small anglesbetweenadjacenttriangles.
Hence,the decompositionoperatorAF becomesa meresmooth-
ing operatorthat reducesthe discretebendingenergy in the mesh
withoutchangingthetopology(cf. Section3).

A naturalway to de�ne thedetailcoef�cients would beto store
the differencevectorsbetweenthe original vertex positionq and
the shifted positionq � with respectto the local frame de�ned at
q � . However, in view of numericalstability this choiceis not op-
timal. Dependingon the specialtype of smoothingoperatorAF
theverticescanmove ”within” thesurfacesuchthatanothervertex
p ��� Mi � 1

� AF Mi couldlie closerto q thanq � (cf. Fig. 3).

Figure3: Althoughthebendingenergy minimizing smoothingop-
eratorAF is appliedto aplanetriangulation,theverticesaremoved
within theplanesincelinearoperatorsalwaysdothefairingwith re-
spectto aspeci�c parameterization(cf. Section3).

To stabilizethereconstruction,i.e.,to minimizethelengthof the
detailvectors,we applya simplelocal searchprocedureto �nd the



nearestvertex p � � Mi � 1 to q andexpressthe detail vector with
respectto thelocal frameatp � or oneof its adjacenttriangles.This
searchingstepdoesnot noticeablyincreasethe computationtime
(which is usuallydominatedby the smoothingoperationAF ) but
leadsto muchshorterdetailvectors(cf. Fig 4).

Figure4: The shortestdetail vectorsareobtainedby representing
thedetail coef�cients with respectto thenearestlocal frame(left)
insteadof attachingthe detail vectorsto the topologicallycorre-
spondingoriginalvertices.

3 Discrete fairing

FromCAGDit is well-known thatconstrainedenergy minimization
isaverypowerful techniquetogeneratehighqualitysurfaces[3, 13,
25, 28, 37]. For ef�ciency, oneusuallyde�nes a simplequadratic
energy functionalE

�

f � and searchesamongthe set of functions
satisfyingprescribedinterpolationconstraintsfor that function f
whichminimizesE.

Transferringthe continuousconceptof energy minimizationto
the discretesettingof trianglemeshoptimizationleadsto the dis-
cretefairing approach[19, 38]. Local polynomialinterpolantsare
usedto estimatederivative informationat eachvertex by divided
differenceoperators.Hence,the differentialequationcharacteriz-
ing thefunctionswith minimumenergy is discretizedinto a linear
systemfor thevertex positions.

Sincethissystemis globalandsparse,weapplyiterativesolving
algorithmslike theGauß-Seidel-scheme.For suchalgorithmsone
iterationstepmerelyconsistsin the applicationof a simple local
averagingoperator. This makesdiscretefairing aneasyaccessible
techniquefor meshoptimization.

3.1 The umbrella-algorithm

Themostprominentenergy functionalsthatareusedin thetheory
andpracticeof surfacedesignarethemembraneenergy

EM
�

f � : �

�

f 2
u �

f 2
v (2)

whichprefersfunctionswith smallersurfaceareaandthethin plate
energy

ETP
�

f � : �

�

f 2
uu �

2 f 2
uv �

f 2
vv (3)

which punishesstrongbending. The variationalcalculusleadsto
simplecharacterizationsof thecorrespondingminimumenergy sur-
faces

�

f � fuu
�

fvv
� 0 (4)

or
� 2 f � fuuuu

�

2 fuuvv
�

fvvvv
� 0 (5)

respectively. Obviously, low degreepolynomialssatisfybothdiffer-
entialequationsandhenceappropriate(Dirichlet-)boundarycondi-
tionshave to beimposedwhichmake thesemi-de�nitefunctionals
EM andETP positive-de�nite.

Thediscretefairing approachdiscretizeseithertheenergy func-
tionals(2–3) [19, 38] or the correspondingEuler-Lagrangeequa-
tions(4–5)[17, 36] by replacingthedifferentialoperatorswith di-
videddifferenceoperators.To constructtheseoperators,wehaveto
chooseanappropriateparameterizationin thevicinity of eachver-
tex. In [38] for exampleadiscreteanalogonto theexponentialmap
is chosen.In [17] theumbrella-algorithmis derivedby choosinga
symmetricparameterization

�

ui � vi � : ��� cos
�

2p
i
n

� � sin
�

2p
i
n

��� � i � 0 �

� � �

� n � 1 (6)

with n beingthevalenceof thecentervertex p (cf. Fig 5). Thispa-
rameterizationdoesnot adaptto the local geometricconstellation
but it simpli�es the constructionof the correspondingdifference
operatorswhich areotherwiseobtainedby solvinga Vandermonde
systemfor local polynomialinterpolation.With thespecialparam-
eterization(6) thediscreteanalogonof theLaplacian

�

f turnsout
to betheumbrella-operator

U
�

p �

�

1
n

n � 1

å
i � 0

pi
� p

with pi beingthedirectneighborsof p (cf. Fig. 5). Theumbrella-
operatorcanbeappliedrecursively leadingto

U2 �

p �

�

1
n

n � 1

å
i � 0

U
�

pi �

� U
�

p �

asadiscretizationof
� 2 f .
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P

P

P
P

P

2

1

0

n-1

Figure 5: To computethe discreteLaplacian, we need the 1-
neighborhoodof avertex p (

�

umbrella-operator).

The boundaryconditionsare imposedto the discreteproblem
by freezingcertainvertices.Whenminimizing thediscreteversion
of EM we hold a closedboundarypolygon�x edandcomputethe
membranethatis spannedin between.For theminimizationof ETP
weneedtwo ringsof boundaryvertices,i.e.,wekeepaclosedstrip
of triangles�x ed.This imposesa (discrete)C1 boundarycondition
to the optimizationproblem(cf. Fig 6). All internalverticescan
bemovedfreely to minimizetheglobalenergy. Theproperlycho-
senboundaryconditionsimply positive-de�nitenessof the energy
functionaland guaranteethe convergenceof the iterative solving
algorithm[29].

Thecharacteristic(linear)systemfor the correspondinguncon-
strainedminimizationproblemhasrows U

�

pi �

� 0 or U2 �

pi �

� 0
respectively for the free verticespi . An iterative solving scheme
approachestheoptimalsolutionby solvingeachrow of thesystem
separatelyandcycling throughthelist of freeverticesuntil a stable
solutionis reached.In caseof themembraneenergy EM this leads
to thelocalupdaterule

pi � pi �

U
�

pi � (7)



andfor thethin plateenergy ETP , weobtain

pi � pi
�

1
n

U2 �

pi � (8)

with the”diagonalelement”

n � 1
�

1
ni

å
j

1
ni � j

whereni andni � j arethevalencesof thecentervertex pi andits jth
neighborrespectively.

Figure6: A closedpolygonor a closedtrianglestrip provide C0

or C1 boundaryconditionsfor thediscretefairing. On the left the
trianglemeshminimizesEM on theright it minimizesETP.

Althoughtherule(8) canbeimplementedrecursively, theperfor-
manceis optimizedif weusea two stepprocesswhereall umbrella
vectorsU

�

pi � arecomputedin a �rst passandU2 �

pi � in the sec-
ond. This avoidsdoublecomputationbut it alsoforcesusto usein
factaplainJacobi-solversincenointermediateupdatesfrom neigh-
boringverticescanbeused.However the

�

n
�

2� : 2 speed-upfor
avertex with valencen amortizestheslowerconvergenceof Jacobi
comparedto Gauß-Seidel.

3.2 Connection to Taubin' s signal processing ap-
proach

The local updateoperator(7) in the iterative solving schemefor
constrainedenergy minimizationis exactly theLaplacesmoothing
operatorproposedby Taubinin [34] wherehederivedit (alsoin the
context of meshsmoothing)from a�lter formalismbasedongener-
alizedFourieranalysisfor arbitrarypolygonalmeshes.In hispaper,
Taubinstartswith amatrixversionof thescaledupdaterule (7)

	

p �i �

: �

�

I
�

l U �

	

pi �

wherel is a dampingfactor and formally rewrites it by using a
transferfunctionnotation

f
�

k� : � 1 � l k

with respectto the eigenbasisof the (negative) Laplaceoperator.
Sinceno properboundaryconditionsare imposed,the continued
�ltering by f

�

k� leadsto severeshrinkingandhencehe proposes
combined�lters

f
�

k� : �

�

1 � l k�

�

1 � µk� (9)

wherel andµ aresetin orderto minimizetheshrinking.A feasible
heuristicis to chooseapass-bandfrequency

kPB
�

1
l �

1
µ

�

	

0
�

01
� � �

0
�

1
�

andsetl andµ while observingthestabilityof the�lter .

Obviously, theupdaterulefor thedifferenceequationU
�

pi �

� 0
which characterizesmesheswith minimummembraneenergy cor-
respondsto aspeciallow-pass�lter with transferfunction fU

�

k�

�

�

1 � k� . For theminimizationof the total curvature,characterized
by U2 �

pi �

� 0, the iterationrule (8) canbe re-writtenin transfer
functionnotationas

fU2
�

k �

�

�

1 �

1
n

k2
�

�

�

1
�

1
�

n
k�

�

1 �

1
�

n
k�

which correspondsto a combinedLaplace�lter of the form (9)
with pass-bandfrequency kPB

� 0. Although this is not optimal
for reducingtheshrinkingeffect,weobserve thatthetransferfunc-
tion happensto have a vanishingderivative at k � 0. From sig-
nal processingtheoryit is known that this characterizesmaximal
smoothness[26], i.e., amongthe two stepLaplace�lters, theU2-
�lter achievesoptimalsmoothingproperties.To stabilizethe �lter
we might want to introducea dampingfactor0 � s �

1
2n into the

update-rule

pi � pi
�

s
n

U2 �

pi �

3.3 Multi-le vel smoothing

A well-known negative result from numerical analysis is that
straightforward iterative solvers like the Gauß-Seidelschemeare
not appropriatefor largesparseproblems[32]. More sophisticated
solversexploit knowledgeaboutthestructure of theproblem.The
importantclassof multi-grid solversachieve linear runningtimes
in thenumberof degreesof freedomby solvingthesameproblem
on grids with differentstepsizesandcombiningthe approximate
solutions[14].

For difference( � discretedifferential)equationsof elliptic type
theGauß-Seideliterationmatriceshaveaspecialeigenstructurethat
causeshigh frequenciesin the error to be attenuatedvery quickly
while for lower frequenciesno practically useful rate of conver-
gencecanbe observed. Multi-level schemeshencesolve a given
problemonaverycoarsescale�rst. Thissolutionis usedto predict
initial valuesfor asolutionof thesameproblemon thenext re�ne-
ment level. If thesepredictedvalueshave only small deviations
from the true solution in low-frequency sub-spaces,then Gauß-
Seidelperformswell in reducingthe high-frequency error. The
alternatingre�nementandsmoothingleadstohighlyef�cient varia-
tionalsubdivisionschemes[19] whichgeneratefair high-resolution
mesheswith a rateof several thousandtrianglespersecond(linear
complexity!).

As we saw in Section2, the bottom-upway to build multi-
resolutionhierarchiesis just one of two possibilities. To get rid
of the restrictionthat the uniform multi-level approachto fairing
cannotbe appliedto arbitrarymeshes,we generatethe hierarchy
top-down by incrementalmeshdecimation.

A completeV-cycle multi-grid solver recursively appliesopera-
torsF i

� Y PF i � 1 RY wherethe �rst (right) Y is a generic(pre-
)smoothingoperator— a Gauß-Seidelschemein our case.R is a
restrictionoperatorto go onelevel coarser. This is wherethemesh
decimationcomesin. On thecoarserlevel, thesameschemeis ap-
plied recursively, F i � 1, until on the coarsestlevel the numberof
degreesof freedomis smallenoughto solve thesystemdirectly (or
any otherstoppingcriterionis met). On theway back-up,thepro-
longationoperatorP insertsthepreviously removedverticesto go
onelevel �ner again. P canbeconsideredasa non-regularsubdi-
visionoperatorwhichhasto predictthepositionsof theverticesin
thenext level's solution.There-subdividedmeshis anapproxima-
tive solutionwith mostly high frequency error. (Post-)smoothing
by somemoreiterationsY removesthe noiseandyields the �nal
solution.

Fig 7 shows theeffectof multi-level smoothing.On theleft you
seetheoriginal bunny with about70K triangles.In thecenterleft,



Figure7: Four versionsof theStanfordbunny. On the left theoriginal dataset. In thecenterleft thesameobjectafter200iterationsof the
non-shrinkingLaplace-�lter. On thecenterright andfar right theoriginal datasetafterapplyingthemulti-level umbrella�lter with threeor
six levelsrespectively.

weappliedtheLaplace-�lterproposedin [34] with l � 0
�

6307and
µ �

� 0
�

6732. Theiterative applicationof thelocal smoothingop-
erator

pi � pi �

	

l
�

µ
�

U
�

pi � (10)

removesthehighestfrequency noiseaftera few iterationsbut does
nothaveenoughimpactto �atten out thefur evenafterseveralhun-
drediterations. On the right you seethe meshesafter applyinga
multi-level smoothingwith thefollowing schedule:Hierarchylev-
elsaregeneratedby incrementalmeshdecimationwhereeachlevel
hasabout50%of thenext �ner level'svertices.Thepre-smoothing
rule (8) is appliedtwice on every level beforegoing downwards
and � ve times after coming back up. On the centerright model
we computeda threelevel V-cycle and on the far right model a
six level V-cycle. Notice that the computationtime of the multi-
level �lters (excludingrestrictionandprolongation)correspondsto
about

�

2
�

5�

�

1
�

0
�

5
�

0
�

52
�

� � �

� � 14 double-stepsof the one-
level Laplace-Filter(10).

3.4 Geometric �ltering

The bunny examplein Fig. 7 is well suitedfor demonstratingthe
effect of multi-level smoothingbut we did not imposeany bound-
ary conditionsandthuswe appliedthe smoothingasa mere�lter
andnot as a solving schemefor a well-posedoptimizationprob-
lem. This is the reasonwhy we couldusethenumberof levels to
controltheimpactof thesmoothingschemeon the�nal result.For
constrainedoptimization,it doesnot make any senseto stop the
recursionaftera �x ednumberof decimationlevels: we alwaysre-
ducethemeshdown to a small�x ednumberof triangles.Properly
chosenboundaryconditionwill ensuretheconvergenceto thetrue
solutionandpreventthemeshfrom shrinking.

Nevertheless,we canexploit theeffect observed in Fig. 7 to de-
�ne moresophisticatedgeometriclow-pass�lters. Sincethe sup-
portof theLaplace-�ltersis controlledby theneighborhoodrelation
in the underlyingmesh,the smoothingcharacteristicsarede�ned
relative to a ”topologicalwavelength”. Noisewhich affectsevery
othervertex is removed very quickly independentfrom the length
of theedgeswhile globaldistortionsaffectingalargersub-meshare
hardlyreduced.For geometric�lters however we would like to set
thepass-bandfrequency in termsof Euclidiandistancesby postu-
latingthatall geometricfeaturesbeingsmallerthansomethreshold
eareconsideredasnoiseandshouldberemoved.

Such�lters canbe implementedby usingan appropriatemesh
reductionschemethat tendsto generateintermediatemesheswith
strongcoherencein the lengthof theedges.In [20] we proposea
meshdecimationschemethatratesthepossibleedgecollapsesac-
cordingto somegenericfairnessfunctional. A suitableobjective
functionfor our applicationis to maximizetheroundnessof trian-
gles,i.e., the ratio of its innercircle radiusto its longestedge. If
the meshdecimationschemeprefersthosecollapsesthat improve
theglobal roundness,the resultingmeshestendto have only little

variancein thelengthsof theedges.For thebunny example,wecan
keepthestandarddeviationfrom theaverageedgelengthbelow one
percentfor incrementaldecimationdown to about5K triangles.

By selectingthe lowest level M0 down to which the V-cycle
multi-level �ltering iterates,we set the thresholde � e

�

M0 � for
detail being removed by the multi-level smoothingscheme.The
thresholdingworksverywell dueto thestronglocalandpoorglobal
convergenceof the iterative updaterule (8). Fig. 8 shows thebase
meshesfor themulti-level smoothingduringthecomputationof the
two right bunniesof Fig. 7.

Figure8: BasemesheswheretheV-cycle recursionstoppedwhen
generatingtheright modelsin Fig. 7. The�nal meshesdonot loose
signi�cant detail (watchthesilhouette).Noticehow in the left ex-
amplethe fur is removedbut thebunny's bodypreserved while in
theright exampletheleg andtheneckstartto disappear.

4 Multi-resolution modeling on triangle
meshes

In this sectionwe describea �e xible andintuitive multi-resolution
meshmodelingmetaphorwhich exploits the techniquespresented
in the last two sections.As we discussedin the introduction,our
goal is to get rid of topologicalrestrictionsfor the meshbut also
to get rid of dif�culties emerging from the alignmentof the basis
functionsin ahierarchicalrepresentationandtherigid shapeof the
basisfunction's support.

Fromadesigner's pointof view, wehave to distinguishthreese-
manticlevelsof detail.Theselevelsarede�nedrelativeto aspeci�c
modelingoperationsince,of course,in a multi-resolutionenviron-
mentthefeaturesthataredetail in a (global)modi�cation become
theglobalshapefor aminuteadjustment.

� Theglobalshapeis thatpartof thegeometrythatis thesubject
of thecurrentmodi�cation. Intuitively, thedesignerselectsa
pieceof theglobalshapeandappliesa transformationto it.

� Thestructural detailarefeaturesthataretoosmallto bemod-
i�ed by handbut still representactualgeometry. This detail
shouldfollow themodi�cation appliedto theglobalshapein a



Figure9: ThewoodencatmodelMk (178K triangles,left) is in progressive meshrepresentation.Thehigh resolutionis necessaryto avoid
alias errorsin the displacementtexture. The centerleft model Mi (23K triangles)is extractedby stoppingthe meshreductionwhen a
prescribedcomplexity is reached.On this level interactive meshmodi�cation is donewhich yields themodelM �i (centerright). The �nal
resultM �k (right) is obtainedby runningthereconstructionon themodi�ed mesh.

geometricallyintuitivemanner. Thepreservationof structural
detail during interactive modelingis crucial for plausiblevi-
sualfeed-back(cf. theeyesandearsof thewoodencatmodel
in Fig. 9).

� The textural detail doesnot really describegeometricshape.
It is necessaryto let the surfaceappearmorerealisticandis
often representedby displacementmaps[21]. In high qual-
ity meshmodelsit is thesourcefor theexplosive increasein
complexity (cf. thewoodtexturein Fig. 9).

Having identi�ed thesethreesemanticlevelsof detail,wesuggesta
meshmodelingenvironmentwhich provides�e xible meshmodi�-
cationfunctionalityandallowstheuserto adaptthemeshcomplex-
ity to theavailablehardwareresources.

In an off-line preprocessingstep,an incrementalmeshdecima-
tion algorithmis appliedandthedetailcoef�cients arestoredwith
respectto local framesasexplainedin Section2.2.1. This trans-
formsthehighly complex inputmodelinto aprogressive-meshtype
multi-resolutionrepresentationwithout any remeshingor resam-
pling. Therepresentationallows theuserto chooseanappropriate
numberof trianglesfor generatingameshmodelthatis �ne enough
to containat leastall the structuraldetail but which is alsocoarse
enoughto be modi�ed in realtime. This pre-processremovesthe
texturaldetailprior to theactualinteractivemeshmodi�cation.

SupposetheoriginalmeshmodelMk is transformedinto thepro-
gressive meshsequence

	

Mk �

� � �

� M0 �

with M0 beingthe coarsest
basemesh.If theuserpicksthemeshMi andappliesmodi�cations
thenthis invalidatesthesubsequence

	

Mi � 1 �

� � �

� M0 �

. If thework-
ing resolutionis to bereducedafterwardsto M j ( j � i) thenthein-
termediatemesheshave to berecomputedby onlinemeshdecima-
tion. Thetexturaldetailencodedin thesubsequence

	

Mk �

� � �

� Mi 
 1 �

however remainsunchangedsinceit is storedwith respectto local
framessuchthatreconstructionstartingfrom a modi�ed meshM �i
leadsto the intendedresultM �k. Fig. 9 shows an exampleof this
procedure.

4.1 Interactive mesh modeling by discrete fairing

Themostimportantfeaturein theproposedmulti-resolutionmesh
modelingenvironmentis themodi�cation functionalityitself (mod-
elingmetaphor) whichhidesthemeshconnectivity to thedesigner.

Thedesignerstartsby markinganarbitraryregion on themesh
Mi . In fact,shepicksasequenceof surfacepoints(not necessarily
vertices)on thetrianglemeshandthesepointsareconnectedeither
by geodesicsor by projectedlines. Thestrip of trianglesS which
areintersectedby thegeodesic(projected)boundarypolygonsep-
aratesaninterior region M � andanexterior region Mi �

�

M ��� S� .

Theinterior regionM � is to beaffectedby thefollowing modi�ca-
tion.

A secondpolygon(not necessarilyclosed)is markedwithin the
�rst one to de�ne the handle. The semanticsof this arbitrarily
shapedhandleis quitesimilarto thehandlemetaphorin [37]: when
the designermovesor scalesthe virtual tool, the samegeometric
transformationis appliedto the rigid handleand the surrounding
meshM � follows accordingto a constrainedenergy minimization
principle.

Thefreedomtode�ne theboundarystripSandthehandlegeom-
etry allows thedesignerto build ”customtailored” basisfunctions
for theintendedmodi�cation. Particularlyinterestingis thede�ni-
tion of a closedhandlepolygonwhich allows to control the char-
acteristicsof a bell-shapeddent: For the sameregion M � , a tiny
ring-shapedhandlein themiddlecausesarathersharppeakwhile a
biggerring causesawiderbubble(cf. Fig 10). Noticethatthemesh
verticesin theinteriorof thehandlepolygonmoveaccordingto the
energy minimization.

Figure10: Controllingthecharacteristicsof themodi�cation by the
sizeof aclosedhandlepolygon.

Sincewe areworking on trianglemeshes,theenergy minimiza-
tion on M � is doneby discretefairing techniques(cf. Section3).
The boundarytrianglesS provide the correctC1 boundarycondi-
tionsfor minimizing thethin plateenergy functional(3).

The handleimposesadditionalinterpolatoryconstraintson the
location only — derivatives shouldnot be affect by the handle.
Hence,we cannothave trianglesbeingpart of the handlegeome-
try. We implementedthe handleconstraintin the following way:
like the boundarypolygon, the handlepolygonde�nes a strip of
trianglesbeing intersectedby it. Whetherthe handlepolygon is
openor closed,we �nd two polygonsof meshedgeson eitherside
of thatstrip. We take any oneof the two polygonsandcollectev-
ery othermeshvertex in a setof handlevertices. Keepingthese
handlevertices�x edduringthemeshoptimizationis theadditional
interpolatoryconstraint.



The reasonfor freezingonly every otherhandlevertex is that
three�x ed verticesdirectly connectedby two edgesbuild a rigid
constellationleaving no freedomto adjusttheanglebetweenthem.
Duringdiscreteoptimizationthis wouldbethesourceof undesired
artifactsin thesmoothmesh.

With the boundaryconditionsproperlysetwe performthe thin
plate energy minimization by using the umbrella algorithm de-
scribedin Section3.1. To obtain interactive responsetimes, we
exploit the multi-level technique:a meshdecimationalgorithmis
appliedto themeshM � � S to build up a hierarchy. Thenstarting
from thecoarsestlevel, we applytheU2 smoothing�lter alternat-
ing with meshre�nement.Thisprocessis fastenoughto obtainsev-
eral framespersecondwhenmodelingwith meshesof #M �

� 5K
triangles(SGI R10000/195MHz).Typically, wesettheratio of the
complexitiesbetweensuccessivemeshesin thehierarchyto 1 : 2 or
1 : 4 anditeratethesmoothing�lter 3 to 5 timesoneachlevel.

During the interactive meshsmoothingwe do not computethe
full V-cycle algorithm of Sect. 3.3. In fact, we omit the pre-
smoothingandalwaysstart from the coarsestlevel. Whena ver-
tex is insertedduring a meshre�nementstepwe placeit initially
at its neighbor's centerof gravity unlessthevertex is a handlever-
tex. Handleverticesareplacedat the locationprescribedby the
designer's interaction(handleinterpolationconstraint). Hencethe
meshis computedfrom scratchin every iterationinsteadof justup-
dating the last position. This is very importantfor the modeling
dialogsinceonly thecurrentposition,orientationandscaleof the
handledeterminesthesmoothedmeshandnot thewholehistoryof
movements.

For the fastconvergenceof the optimizationprocedureit turns
outto beimportantthattheinterpolationconstraintsimposedby the
handleverticesshow upalreadyonrathercoarselevelsin themesh
hierarchy. Otherwisetheir impact cannotpropagatefar enough
throughthe meshsuchthat cuspsremainin the smoothedmesh
which canonly beremovedby anexcessive numberof smoothing
iterations.This additionalrequirementcaneasilybe includedinto
themeshreductionschemeby loweringthepriority rankingof col-
lapsesinvolving handlevertices.

4.2 Detail preser vation

If themodi�ed meshM �

� is merelyde�ned by constrainedenergy
minimization, we obviously looseall the detail of the originally
selectedsubmeshM � . Sinceonly theboundaryandthehandlever-
ticesput constraintson the mesh,all othergeometricfeaturesare
smoothedout.

To preserve the detail, we usethe multi-resolutionrepresenta-
tion explainedin Section2.2.2.After theboundarySandthehan-
dle polygonarede�ned but beforethehandleis moved by thede-
signer, weapplythemulti-level smoothingschemeonce.Although

theoriginalmeshM � andthesmoothedmesh
�

M � aretopologically
equivalent, they do have different levels of (geometric)resolution
andhenceconstitutea two-scaledecompositionbasedon varying
levels of smoothness.We encodethe differenceD � betweenthe
two meshes,i.e., thedetailcoef�cients for theverticespi � M � by
storingthedisplacementvectorswith respectto thelocal frameas-

sociatedwith thenearesttrianglein
�

M � .
When the designermoves the handle, the bottom-up mesh

smoothingis performedto re-adjustthe meshto the new interpo-
lation conditions.On theresultingsmoothmesh

�

M �

� , thedetailD �

is addedandthe �nal meshM �

� is renderedon thescreen.Dueto
thegeometriccodingof thedetailinformation,thisleadsto intuitive
changesin thesurfaceshape(cf. Figs.11,12). The”frequency” of
the modi�cation is determinedby the sizeof the area,i.e., by the
boundaryconditionsandthe fact that thesupportingmeshis opti-
malwith respectto thethin-platefunctional.

5 Conc lusions and future work

We presenteda new approachto multi-resolutionmeshrepresen-
tation andmodelingwhich doesnot requirethe underlyingtrian-
glemeshto have subdivision connectivity. By adaptingmulti-level
techniquesknown from numericalanalysisto the non-regular set-
ting of arbitrary meshhierarchies,we are able to approximately
solve constrainedmeshoptimizationin realtime. Combiningthe
two resultsallows us to presenta �e xible metaphorfor interactive
meshmodelingwherethe shapeof the modi�cation is controlled
by energy minimizationwhile thegeometricdetailis preservedand
updatedaccordingto thechangeof theglobalshape.

Our current implementationof an experimentalmeshmodel-
ing tool alreadyprovidessuf�cient functionality to apply sophis-
ticatedrealtimemodi�cationsto arbitraryinput mesheswith up to
100Ktriangles.However, all changesdoaffect thegeometryof the
meshesonly. Sofar we did not considertopological modi�cations
of trianglemeshes.In the future, whenmodifying a given mesh,
wewould likenew verticesto beinsertedwherethemeshis locally
stretchedtoo muchand,on theotherhand,we would like vertices
to be removed whenstrongglobal modi�cation causeslocal self-
intersectionof thereconstructeddetail.
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[32] STOER, J. Einführungin die NumerischeMathematikI. SpringerVerlag,1983.

[33] STOLLNITZ, E., DEROSE, T., AND SALESIN, D. Waveletsfor Computer
Graphics. MorganKaufmannPublishers,1996.

[34] TAUBIN, G. A signalprocessingapproachto fair surfacedesign.In Computer
Graphics(SIGGRAPH95Proceedings)(1995),pp.351–358.

[35] TURK, G. Re-Tiling PolygonalSurfaces. In ComputerGraphics(SIGGRAPH
92 Proceedings)(1992),pp.55–64.

[36] WARREN, J. Subdivisionschemesfor variationalsplines,1997.Preprint.

[37] WELCH, W., AND WITKIN, A. Variationalsurfacemodeling. In Computer
Graphics(SIGGRAPH92Proceedings)(1992),pp.157–166.

[38] WELCH, W., AND WITKIN, A. Free–Formshapedesignusingtriangulatedsur-
faces.In ComputerGraphics(SIGGRAPH94Proceedings)(1994),A. Glassner,
Ed.,pp.247–256.
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