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Abstract

Whiletraditional computeraideddesign(CAD) is mainlybasedon piecavisepolynomialsurfacerepresentations,
therecentadvancesn theefcient handlingof polygonalmeshesiavemadeavailablea setof powerfultechniques
which enablesophisticatednodelingopemationsonfreeformshapesin thistutorial weare goingto givea detailed
introductioninto the varioustecniquesthat havebeenproposedover the last years. Thosetechniquesaddess
importantissuessud as surfacegeneation fromdiscrete sampleqe.g. laser scans)or from contol meshegab
initio design);compleity contol by adjustingthe level of detail of a given3D-modelto the current application
or to the availablehardware resouces;advancedneshoptimizationtechniquesthat are basedon the numerical
simulationof physicalmaterial (e.g. membanesor thin plates)and nally the geneation and modi cation of
hierarchical representationsvhich enablesophisticatednultiresolutionmodelingfunctionality

1. Intr oduction and overview

Theuseof polygonalmeshedor therepresentationf highly

complex geometrimbjectshasbhecomehedefactostandard
in mostcomputergraphicsapplications Especiallytriangle

meshesrepreferreddueto their algorithmicsimplicity, nu-

mericalrobustnessandef cient display Flexible andeffec-

tive algorithmshave beendevelopedwhich combineresults
from approximatiortheory numericalanalysisanddifferen-
tial geometryandapplythemto thediscretesettingof polyg-

onalmeshes.

To a certain extend most of thesetechniqueswere al-
ready available for NURBS-basedsurface representations
and have recentlybeengeneralizedo unstructuredpolyg-
onal meshessuchthat today splinescan be substitutedoy
polygonalmeshedn mary applications.The adwantageof
switchingto thisrepresentatiois mainly dueto thefactthat
algorithmsfor polygonal meshesusually work for shapes
with arbitrary topology and do not suffer from the severe
restrictionswhich stemfrom therigid algebraicstructureof
polynomial patches Another advantageof triangle meshes
is thatthey canbe usedfor mary stagesof the typical pro-
cessingpipeline in geometricdesignapplicationswithout
theneedfor inter-stagedatacorversion.Thisacceleratethe
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overall processindime andreduceghe potentialfor round—
off errors.

The motivation for using polygonsto describefreeform
geometryis quite obvious: while simpleshapesanbechar
acterizedby manageabldunctional expressionsthe com-
plexity of thoseexpressionsexplodesif the shapesare be-
comingmorecomplicatedHencepiecaviserepresentations
are preferredsince higher compleity can be obtainedby
simply using more segments(with constantcompleity).
Theextremecaseof piecaviserepresentationarepolygons:
All we needaresamplepointson thegivencurve or surface
andthe correspondingurfacedescriptionresultsfrom con-
nectingthesesamplesy linesor triangles.

Representing given (real or virtual) surface geometry
by a polygonalmeshis usually an approximationprocess.
Hencethereis no uniquepolygonal3D—modelbut the den-
sity and distribution of samplepoints andthe speci ¢ way
how thesesamplesareconnectedy trianglesprovide mary
degreesof freedom For ef cient storageandmodelingwith
polygonal mesheswe have to choosea speci ¢ instance
amongthosemary possiblemodels.
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Figure 1: Meshdecimationtakes the original data (left) and computesa coarse approximationwith lessdetail (center).
Re nementaneitherre—inserttheremaeddatato reconstructhe original model(topolagical hierarchy) or it caninsertnew
pointsto generte a smoothmeshwith high compleity but low geometricdetail (right, geometricalhierarchy).

Themostimportantcriteriaaccordingto which thediffer-
ent polygonalapproximationgo a freeformsurfacecanbe
rated,are:smoothnesandcompleity. Herethe smoothness
of atrianglemeshis measuredy somediscretereformula-
tion of conceptknown from differentialgeometryOnesim-
ple examplewould be to usethe anglebetweernthe normal
vectorsof adjacentrianglesto measurehe discretecuna-
ture.More sophisticatedneasuresvill be presentedn Sec-
tion 3.

The compleity of a triangle meshis measuredoy the
numberof verticesor thenumberof faceslt characterizem
somesensehecomputationatoststhatarerequiredfor dis-
playing or modifying the mesh.Hencefor computationally
more expensve operations(or on low—performancecom-
puters)a meshwith lesstriangleswould be preferredwhile
cheapoperationandhigh—performanceomputersllow for
highercompleities.

In a typical applicationthe choiceof a polygonalmodel
is constrainedoy a minimum smoothnessequirementand
amaximumcompleity requirementinbetweerthesedower
andupperboundsanoptimaltrade—of hasto befoundsince
highersmoothnessicreaseshe compleity andlower com-
plexity decreasesmoothnessThemajortechniqueshatare
usedto adjustboth propertiesare re nementto increase
smoothnesanddecimationto decreaseomplexity.

Both techniquegogetherenablethe generationof hier-
archical modelswheredifferentlevels of the hierarchyare
characterizedby a varying level of detail. Hereit is impor
tantto understandhe conceptuabifferencebetweentopo-
logical hierarchiegcoarse/ ne)andgeometricahierarchies
(smooth/non—smoothyhich refer to the abore quality cri-
teriarespectiely. While decimatiorreducesompleity and
hencealwaysremovesdetailinformation,there nementcan
be usedto eitherre—insertdetail informationor to increase
smoothneswithout addingdetail (cf. Fig. 1).

The meshprocessingpipeline

This tutorial is organizedaccordingto a (virtual) meshpro-
cessingpipeline. The rst stepin sucha pipelineis usu-
ally thegeneratiorof ageometrianodelbasedon measured
point data.The raw datais obtainedby mechanicabr op-
tical scanningof an objects surface (Section2.1) andthe
“point cloud” is subsequentlgorvertedinto atrianglemesh
by connectingnearbysampleqSection2.2). Othersources
for surface samplesare volume datasetsor the resultsof
numericalsimulations.

Oncethe meshmodelsexist, we cananalyzetheir surface
quality. This is done by generalizingquality criteria such
as cunaturesfrom continuoussmoothsurfacesto discrete
meshegSection3).

As mentionedabove, theraw trianglemeshdatamightnot
beappropriatdor agivenapplicationin termsof smoothness
orcompleity andhencewe haveto applyre nementor dec-
imation techniquesespectiely. In ary casewe enrichthe
plain polygonalmeshdataby somehierarchicalsemantics
in termsof increasingsmoothnessr decreasingompleity.

Re nementcanbe consideredas building up the hierar
chyfromcoarseto ne whereso—calledsubdivisionrschemes
insertnew verticesinto the meshwithout introducinggeo-
metric detail (so that smoothmeshesmege, Section4.1).
Anotherapproacho generate coarse—to— nehierarchyare
remeshingecniqueswvherethenewly insertedverticesdur-
ing re nementare sampledfrom someaoriginal, highly de-
tailed surface (Section4.2). In a remeshingalgorithm the
re nementalsoaddsgeometriadetail suchthattheresulting
surfaceis not necessarilysmoothbut aresampledrersionof
theoriginal surface.

Mesh decimationbuilds up the hierarchyfrom ne to
coarsesinceverticesareremovedfrom adetailedmeshsuch
thatcoarsemndcoarseapproximationsaregeneratedSec-
tion 5.1). Startingfrom the coarseslevel of detail, the origi-
nal meshcanbereconstructethcrementallyby re—inserting
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the removed verticesin reverseorder (progressivemeshes
Alternatively the removed verticescan be re—insertedout
with their position alteredin orderto increasesmoothness
while suppressingry geometricdetail. Here, thevertex po-
sitions which guaranteeoptimal smoothnesgan be com-
putedby discretefairing techniquegSection5.2). Thefol-
lowing tabledepictsthe relationbetweerthe differenttech-
niguespresentedn therespectie sections.

smooth non-smooth

coarse—-to—ne|| Subdvision Remeshing
ne—to—coarse|| Discretefairing | Meshdecimation

Finally, thepreprocessemheshmodelscanbemodi ed by
sophisticateckditing operationsFreeformmodelingcanbe
implementedasedn subdvision schemesr basedn dis-
cretefairing techniquegSection6). The hierarchicalstruc-
ture further enableanultiresolutionmodelingwhereglobal
deformationswith preserationof the detailinformationare
possible.
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2. Data acquisition and meshgeneration

Whencreatinga computemodelof areal-world object,the
rst taskis to measurehe relevant propertiesof the object
(its geometry surfacetexture, volumetric densityinforma-
tion, etc.). This raw datathen senes as a basefor further
processingfor examplereconstructiorof theobjectsurface.

We de ne data acquisitionas the processstartingwith
actually capturingthe dataup to the constructionof a con-
sistentmodelfrom thesesamplesThis is describedn de-
tail in Section2.1 Technigueso createa surfacemeshfrom
the outputof the dataacquisitionstagearediscussedn Sec-
tion2.2

2.1. Data acquisition
2.1.1. Intr oduction

Thereis amultitudeof applicationghatneedo acquirereal—
world data,with varying requirement@nd demandon the
measuremergrocessThefollowing is acollectionof some
popularapplicationdomains:

Reverseengineering: The geometry of a real part is
scannedo createa CAD/CAM representatiorthismodel
canthenbe usedfor further editing and integrationwith

other modeledparts,aswell asfor simulationpurposes.

E.g.in the carmanufcturingindustry virtual crashtests
canbeperformedn anon—destructie fashion.

Interr ogation: A real partis scannedor comparisorwith
its speci cations;measuredleviationscanbe usedfor re-
calibrationof the manuacturingprocess.

Pre—sumgical planning: To simulatetheimplantationof an
arti cial limb, both the patientsbody andthe partto be
implantedarescannedndthe operationcanthenbe sim-
ulatedin avirtual ervironment.For brain sugery, visual-
ization of a volumescanof the patientsheadenableghe
sugeonto planthepathof aprobein advance,in orderto
avoid damageo vulnerabletissue.

Diagnostics: Visualizationof volumescands animportant
tool in medicaldiagnosticsoday Shapeandsizeof inter-
nal organscanbe segmentedfrom the volume data;this
andadditionalinformationderived from the scang(mass
densitydistribution, speedf blood o w, etc.)canprovide
muchmoreinsightinto body—internaktructuresandpro-
cesseshanconventionalexaminationmethods.

Surfacereconstruction: Usingphotogrammetrienethods,
three—dimensionaérraincanbereconstructeérom satel-
lite images;this also appliesto creationof architectural
modelsfrom large buildings.

Custom tting: Computer models of generic products
(prostheticsclothes,car seats)re built andmanipulated
by softwareto t thecustomers needs.

E—-commerce: With theriseof Internetshoppingmodelsof
realobjectsneedto be transmittedo potentialbuyers.

Animation: Modelsof characterandpropscanbe usedin
Im productionfor creationof specialeffects.

The generatiorof a CAD modelof anindustrial part or
a prostheticrequiresvery precisesampleof the objectsur
face;in medicaldiagnosticoneis mainly interestedn dis-
tinguishingspeci c typesof bodytissuese—commerceap-
plicationsdon't needhigh precisionasmuchascatchingvi-
sualappearancd,e. color andtexture. To satisfythesedif-
ferentneedsa numberof scanningechniquesxist today

Apart from mechanicalprobes,which samplea surface
through physical contact,non—intrusie methodsare more
populartoday Sincethey do not disturbthe physicalervi-
ronment,it is possibleto get reliable dataeven from soft
materials(e.g. humanskin), andthe scanprocesss gener
ally faster

A popularway to acquiresurfacedatais range scanning
here essentiallythe distancefrom the scanningdevice to
samplepointson the objectsurfaceis estimatedThereare
anumberof waysto measuralistancesgependingnrange
and application:optical triangulation,interferometrictech-
niguesusing coherentaserlight or “time of ight” (radar
principle).

Especiallyin themedicinesector volumetricdatais mea-
suredby a numberof methods,dependingon the speci ¢
typeof matter(tissue bone,etc.)thatis of interest.Conven-
tional x—ray imaging canbe usedto reconstructhearrange-
mentof blood vessels(angiography)ComputerTomayra-
phy (CT) alsorelies on x—rays,whereslicesof the human
bodyarescannedisinga rotatingtube.Fromthe variations
in the measurec-ray absorptiorthe spatialdistribution of
massdensitycanbe reconstructedlin MagneticResonance
Tomayraphy (MRT) high frequeng electromagnetipulses
aregeneratedhatalterthespinof protonsin thebody When
the protonsre—align,a signalis emittedthatis measureds
anelectriccurrentin adetectorcoil.

The raw outputfrom theseand other methodstypically
consistof a three—dimensionatoxel grid. For further pro-
cessing surfacesneedto be extracted(segmentatiof. This
type of volume datais very limited in spatial resolution,
andconsequentlynoreaccurate8D surfacedatais oftenac-
quired using differenttechniquege.g. by rangescanning).
To getmore completeinformationfor diagnosticpurposes,
datasetdrom differentscanshave to be meiged andregis-
teredwith eachother

Thoughin this sectionwe will concentrat@nrangescan-
ning devices,thereconstructiorof surfacesfrom volumetric
datasetsvill alsobeatopicin Section2.2

3D positionscanalsobereconstructeffom photographic
images which hasbeenstudiedalreadyin 1913#4; this has
led to photogrammetrianodeling methods facilitating re-
constructiorof geometryfrom a photographedcené®.

In the context of creatingpolygonal representationsf
complex models rangescanninglevicesbasedn thetrian-
gulationprinciple arethe mostpopularonesfor their e xi-
bility (scanninglevicescomein all sizesfrom pens portable
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constructionsip to permanentlynstalledwhole—bodyscan-
ners)andwide rangeof applications.

We arenow goingto discusgthe procesof dataacquisi-
tion for rangescannerdasecdbn thetriangulationprinciple.

2.1.2. Rangescanningprocessoverview
Thescanprocesss dividedinto threebasicsteps:

1. Calibration: The systems parametergreestimatedac-
cording to hardware and ernvironmentalcharacteristics;
this is a prerequisitefor obtaining accuratemeasure-
ments.

2. Scanning: The objectsurfaceis sampledrom oneview,
resultingin adenseangemap.Multiple passefaveto be
performedto geta setof samplescovering the complete
surface.

3. Registration: The acquiredrange scansreside within
their own local coordinatesystem.Thus,they have to be
alignedwith eachotherto expresshemin aglobalframe.

Theresultis a densesetof samplepointsrepresentinghe
objectsurface.This “point cloud” canthenbe processedo
e.g.produceatriangulatednodel(seeSection2.2).

In thefollowing thesestagesirediscussedh explainthese
stagesn somedetail.

2.1.3. Calibration

The image of an object on the scannes sensorarray is
dependenbn physical parameterof the systemand the
ervironment. To be able to computeexact distancemea-
surementgor surfacesamplespropersystemcalibrationis
crucial. This can be an arduoustask, if thereare a lot of
parameters.

Objectcharacteristicslike shapecolor, texture andspec-
tral characteristicsf thesurfacedeterminghewayin which
light is re ected. Laserlight of a certainwavelengthmaybe
absorbedsubsuréce scatteringcan distort the laserre ec-
tion, or strongre ections mayleadto wrongreading&®.

The externalparametes of the sensoisystemareits pose
(rotationandtranslationof the optical center),the internal
parametes aree.g.size of the CCD array pixel aspecta-
tio, focal length and spectralcharacteristicof the lenses.
Theseareof courseentirely dependenbn the speci ¢ scan-
nersetup.

In addition, the lighting conditionsof the ervironment
have to beconsidered.

It is practicallyimpossibleto exactly determineall of the
abosementionecharametergor even more),sothe calibra-
tion processvorkswith amathematicamodelof the system
approximatingts behaior. The behaior of thereal system
is measuredo adjustthe parameterf the model, which
might be a simple standardcameramodel as usede.g. in
OpenGL29, but cangetarbitrarily comple, re ecting rigid

¢ TheEurographicsAssociation2000.

transformationsgeometriaistortionsin thesamplesswell
asimagespacecolor distortiong@ 18,

A commonprocedurds to usea calibration target, typ-
ically a white boardwith a regular black pattern.Sincethe
objectgeometryandsurfacepropertiesareknown, intrinsic
andexternalcamergparametersanbecorrectedor by ana-
lyzing the capturedmages(color, geometrydistortion)and
scanof theobject(camergooseys.

The calibrationprocessalsoyieldsinformationaboutthe
usablescanvolume i.e. therangein which samplesanac-
tually be taken within reasonablédoundsof samplingreso-
lution anderror. This volumeis often quite smallcompared
to thesizeof theobject,e.qg. 14cn? for a large statués.

Multiple iterationsof the procedureare often necessaty
manuallyadjustingsystemparametersvithin the degreesof
freedom,to achieve a reasonabléalancebetweenresolu-
tion, accurag andthe size of the scanvolume — e.g. by
varying the sensorsetup,or the distancefrom the objectto
thescanner

2.1.4. Scanning:range from stereo

Systemshasedon optical triangulationwork by generating
distancevaluesfrom stereoinformation. They exist in two
avors:active andpassie.

In apassivesystemtwo or moreimagesaretakenby (usu-
ally two or more)camerasvhicharemountedn a x edspa-
tial relationto eachother Theimagesareeitheralreadycap-
turedin digital form (CCD camera)or have to be digitized.
Pixelsin onecameramagearenon matchedo pixelsin the
imageof anothercamera. Assumingmatchedpixels really
correspondo the samesurface point, one can calculatean
estimateof its 3D position. Thefollowing pictureshavs the
basicprinciplein 2D:

left sensor

W

I a
\

object

right sensor

| b)
I

Light is re ected off a surface point and projectedonto
eachcameras CCD array Given the length b of the base
line (theline betweerthetwo camerasandtheanglesa and
b relatedto theraysfrom thepointthroughtheopticalcenter
of eachcamerato the sensaorthe intersectionpoint (x; z) of
theserays can be computed By assigningdepthvaluesto
eachpixel in the sensorarray arangemapis createdasthe
resultof asinglescan.

(x.2)
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Successfumatchingof pixelsin a passie stereosystem
relieson distinguishablentensity variationsof the surface.
This led to developmentof active systemswherethe prin-
ciple is alteredby replacingone detectorwith a contmolled
light source suchasa laseror a projectorcastinga grid of
structuredight?2;

n laser source

A

deflector N

The sensomow detectsthe re ection of the point(s) on
the objectilluminated by the light source.A laserscanner
tracesthe surfacealong a grid, while other systemsusea
successiownf differentstripepatternsor justasinglevertical
stripemoving acrosghesurfaceé!.

Becauseof their increasedrobustness,active systems
are by far dominantin industrial applications.Problems
may still arise,though,e.g.if texturesinterferewith dense
stripepatternsin general scanningvorks bestwith “well—
behaed” surfacesthataresmoothandhave low re ectance.

Triangulation scannershave the common problem of
shadwving, dueto the separatiorof light sourceanddetec-
tor; partsof a non—comex objectmay notbereachedy the
light from the projectoror may not be seenby the detectoy
asshavn here:

detector doesn't see lit point point in shadow of projector

Olviously, the longerthe baseline, the more shadwing
occurs.On the otherhand,a longerbaseline increasesiu-
mericalprecisionof the distancemeasurementSothereis
atradeof betweengettingenoughdataandachiezing high
accuray. Someapproacheasemorethanonecameréo get
more dataandto simultaneouslyincreasethe reliability of
thedistancesstimaté® 31,

Relatedto shadwing is the beamlocation error. To lo-
cate the preciseposition of a detectedight spot or stripe
projectedonto the object surface, it is generallyassumed
that the light beamandits re ection have Gaussiarinten-
sity distribution, with the highestintensity at the centerof
the “bump”. This resultsin problemsin locatingthe stripe,
if the basicassumptiorof a planarsurfaceanda fully visi-
ble stripeis violated; nding thecenterof thestripe(or spot)
failsin this case:

ideal reflection

partial occlusion partial illumination

A possiblesolutionto this problemis so—calledspacetime
analysis3: Insteadof guessingvhele the centerof thebeam
onthesurfaceis ata giventime, the changen intensityper
pixel overtime asthebeamsweepscrosshesurfaceis con-
sideredlt is assumedhatthebeamis wide comparedo the
stepwidth of the sweeppvertime, theintensityof aspeci ¢
pixel increasesteachests maximum,thendecreaseagain.
Thistime—aryingpro le is alwaysGaussiansoit canbere-
liably estimatedwhenthe beamwascenteredn thatpixel.

2.1.5. Registration

When scanningcomple objects, multiple scansare taken
— whichusuallymeansthateitherthe objector thescanner
have to be repositioned After scanningthe rangeimages
aregivenin theirown local coordinatesystemthesedatasets
needto be putinto onecommonframefor reconstructiorof
thesurface.

Theproblemcanbeseerasequialentto nding therigid
transformationf the scansensorbetweenthe individual
scanswhich for somesystemss alreadyknown, e.g.cylin-
drical scannerswherethe scanheadis moved undersoft-
ware control — the relative motion is thuslikely to be di-
rectly available.Often, especiallyfor surfaceswith little in-
herentstructure,specialmarkers are appliedto the physi-
cal object; the desiredtransformationis then the one that
matchesa marker in oneimageonto its counterparin the
otherimage.

If no such external information can be used, or if re-
nement of the solutionis necessarylueto lack of preci-
sion,registrationis doneby aniterative optimizationprocess
that tries to matchthe point cloudsof individual scansby
minimizing distance®f point pairs.lt is generallyassumed
thatthe scanshave enoughoverlapandarealreadyroughly
aligned(e.g.by interactiely pairing prominentsurfacefea-
tures).

For matching multiple range imagesthe standardap-
proachis to registerthem pair-wise using a variant of the
iteratedclosesipointmethod(ICP)? 1240, For two pointsets
A andB thisroughlyworksasfollows:

1. Determinestartingtransformatiorl from A to B.

2. Estimatecorrespondencdsetweersamplepointsin A to
pointsin B (usingthe currentT), wherethe correspond-
ing pointin B eitheris oneof theoriginal samplesor lies
onthesurfacereconstructedrom B.

¢ TheEurographic#ssociation2000.



GMU MPI Saarbrigen/ GeometridMlodeling

3. UpdateT with the rigid transformationthat minimizes
the meansquareddistancebetweenthe points of these
pairs.

4. Repeasteps2 and3 (potentiallyre—pairingpoints)until
corvergence.

A andB arelocked in placeand anotherscanis added.
Ideally, thetransformationsirecomputedpreciselyandafter
“working your way around”,all scanst togetherperfectly
In practicethough thedatais alreadycontaminatedSurface
pointsmeasuredrom differentanglesor distancesesultin
slightly differentsamplecpositions. Soevenwith agoodop-
timization procedureit is likely thatthe n—th scanwon't t
to the rst. Multiple iterationsarenecessaryo nd aglobal
optimumandto distributetheerrorevenly.

We have to solve two problemsat oncehere:a) Find cor
respondingpoint pairs;b) nd thetransformatiorthatmin-
imizes the distance Sincethe secondstepdependson the
rst, it isessentiato nd “good” pointpairs.As we aredeal-
ing with anon—corex optimizationproblem,the algorithm
cangetstuckin alocal minimum,if theinitial startingpoint
is not good (which lowersthe chancef correctly pairing
points).

Findinggoodpairsis anon-trvial task. Commonheuris-
ticsareto pair eachpoint A;:

with its nearesheighborB; in space;

with thenearesB| in normaldirection(pointnormalsare
usuallyavailablewith therangedata);

with the intersectionpoint of the normalandthe surface
reconstructedrom B.

Whenpairshave beenx ed,thetransformatiorthataligns
themcanbecomputedn closedform?’. Findingbetterpoint
pairshecomegasierandmorereliablefrom oneiterationto
thenext, sotheprocessorvergesto someminimum.

B B

A A M
match closest neighbor in space project point onto plane

Thesemethoddor pairingpointsoftenfail, if thesurfaces
arenot smoothenoughor the currentregistrationis poor A
numberof heuristicshave beenproposedo choose‘good”
pairsanddiscardthe rest;amongtheseare® 19;

Only consideroverlappingregions.

Don't matchpointsif their distances too large.
Only matchpointswith similar pointnormals.
Don't pair boundaryvertices.

Only considerthe 90%bestmatches.

Searchinglosestpointsin setsof hundredsof thousands
of pointsin spacecantake considerablgime. The proce-
durecanbe spedup by projectingpointsdirectly from one
rangemapinto anothe#® andperformingthe pairing there,
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reducingthe problemto 2D. It is alsopossibleto useimage
intensityinformationfor the pairingdecisiong!.

The distanceminimization procedurecan lead to prob-
lems,if mostof thepairedpointsarevery closeto eachother
andonly a few arefar apart. Thenthe surfaceis prevented
from moving closerto the correctsolution, sticking to an
unacceptabléocal optimum:

A B
M
registration of A and B stuck in local optimum

For thisreasonptherapproachebare beenproposedhat
do notdirectly minimizethedistancebetweerpairedpoints.
A detaileddiscussiorof thesemethodsis beyondthe scope
of this tutorial, so we only give somepointersto the liter-
aturehere:Chenand Medioni*2 e.g. minimize the distance
of apointto thetangentplanethroughits peer Masudaand
Yokoya?® minimize the sum of squareddistancesbetween
all given pairs.

2.2. Triangulation of point clouds
2.2.1. Intr oduction

After the dataacquisition(including the registration)phase
thenext stepin thesurfacereconstructioprocesss thegen-
erationof a single surface representatione.g. one overall

trianglemesh from theacquireddata.

Dependingon the applicationandthe structureof thein-
put datadifferentreconstructiorproblemsarise:

Unorganizeddata: We have no additional information
other than the sampledpoints. This is the most general
caseandthereforealsothe computationallymostexpen-
sive one,becausave do not exploit ary additionalinfor-
mationwe might have. Therewas a state—of-the—arte-
portat Eurographic$98 by MenclandMdiller2s.

Contour data: In medicalapplicationsthe input modelis
oftenslicedinto thin layerseachof whichis thendigitized
to acontourline. Hereonecanexploit thefactthatthese
contoursareclosedpolygonsarrangedn parallelstacks.

Volumetric data: Also in the medicinesectowe have vol-
umetricdatameasuredy e.g.MRT or CT imaging.Here
we geta 3D—grid asinput dataandbasicallyhave to do
iso—surhceextraction,e.g.usingthewell-knavn March-
ing Cubesalgorithn?®, ButtheMarchingCubesalgorithm
doesnot produceoptimalresults If theedgelengthof the
voxel grid is too big, aliasingartifactsare clearly visible.
Additionally, arbitrarily badshapedrianglescanoccurin
the resultingmesh(cf. Fig. 2). The grid size shouldbe
chosercarefully sincethe meshsizegrows quadratically

Rangedata: Theinputdatais acollectionof rangeimages
thatareassumedo be registeredinto a commoncoordi-
natesystem(cf. Section2.1.5. A rangescannetypically
producesarectangulagrid of depthvaluesor 3D—points,
sowe have adjaceng informationfor the pointsof each
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Figure 2: A modelgeneatedby applyingthe Marching Cubesalgorithmto a volumetricdistancefunction (left). Noticethe
aliasingartifactsat sharpfeatue linesandthe badly shapedriangles(right).

singlescan.Thedif culty is theintegrationof the differ-
ent scansinto one single mesh.Another problemis the
hugeamountof data,thatis typically generatechy the
uniform (over-) samplingof the scanner

Regardlesof the underlyingstructureof the datawe can
divide the possibleapproacheito two groups,depending
onwhetherthey producean

interpolation of theinputdata:the verticesin theresulting
mesharethe original sampledpoints,or an

approximation to the samplepoints. Especiallyfor range
datawe wantan approximatingratherthananinterpolat-
ing meshto getaresultof moderatecompleity.

Theapproachepresentedh this sectioncanbeclassi ed
asfollows:

Sculpting based: This classof algorithmsis usedto re-
constructa surfacefrom anunomganizedpoint cloud and
producesan interpolatingmesh. Thesealgorithmshave
in commonthatthey rst build a tetrahedrizatior(usu-
ally the 3D Delaunaytriangulatiori® 6) of the point setto
get somekind of global shapeof the object. Afterwards
heuristicsare usedto selecta subsetof the 2—simplices
(i.e. triangles)as the resulting mesh. Theseapproaches
arecapableof reconstructingurfacesfrom very sparsely
sampleddata. The dravback is the computationalcom-
plexity and memoryconsumptiorfor building the initial
tetrahedrization.

Volume based: This techniquecan be usedto reconstruct
a surface from structuredor unstructuredsampledata.
Herean estimateddistancefor eachsampledpoint is in-
sertedinto avoxel or octreestructureandtheresultis ex-
tractedfrom this structure g.g.usingthe MarchingCubes
algorithm. Thereforetheseapproacheproduceapproxi-
mationsto the sampledpoints,andthe edgelengthof the
volumetricgrid controlsthe compleity of the output.

Incremental/region—gowing: This class of algorithms
startswith a seedandincrementallygrows this seedun-
til the whole input datais covered. The seedmay be a
triangle,anedge the rst rangeimageor awireframeap-
proximation.

2.2.2. Sculpting basedapproaches

2.2.2.1. Alpha—Shapes EdelsbrunneandMuickel” genef

alized the notion of corvex hull to the parameterizech—

shapesThea—shapeof a setof pointsin 3—spacas a poly-

tope that doesnot needto be corvex, connectedor a 2—
manifold. A triangle,edgeor vertex belongsto the a—shape
iff it hasa circumspher®f radiusat mosta thatis emptyof

othersamplepoints.Fora = 1 , thea—shapads the corvex

hull of the point set,for a = 0 it is the point setitself. As

a decreasethe a—shapeshrinksby developingcavities (cf.

Fig. 3).

Thea-shapas relatedto the Delaunaytriangulation(DT,
cf. 306) in thefollowing way:

8simplexs2 DT 9as> 0: s2 as-shape

Corverselyfor0 k 2 everyk—simple of thea—shapés
asimplex of the DT andtherefore

f k-simplicesof DTg = f k-simplicesof a-shapg:

0 a1l

Thea-shapef apointsetcanbecalculatedy rst build-
ingtheDT andeliminatingall k—simplices0 k 3,whose
minimumenclosingspherehasradiusgreaterthana. Think
of theDT lled with styrofoamandthe verticesbeingmore
solid. Thenthegeometridntuition behinda—shapess to use
asphericaleraseitool with radiusa thatcanesout the sty-
rofoamwherever it canpassbetweerthevertices.

In alaststepthetrianglesthatbelongto theresultingsur
faceareextractedout of thea—shapéaseddn thefollowing
heuristic:A trianglebelongsto the surfaceif atleastone of
the two a—sphereghatinterpolatethe triangle's verticesis
emptyof otherpoints.

Thedif culty with thisapproachsto nd asuitablevalue
for the globalparametea. If it is too small,holesandgaps
will occur;if it is too big, cavities may not be presered. In
thepresencef varyingsamplingdensitythis getsevenmore
complicated.

¢ TheEurographic#ssociation2000.
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Figure 3: a—shapedor deceasingvaluesof a. Themodelshavebeencreatedusingthe “Alpha Shapes”softwae by Edels-

brunneretal. (http://www.alphashapes.org/alpha/ind

Pros/Cons:

+ Eleganttheoreticaformulation.

— Globalvariablea hasto befoundexperimentally
— Problemswith varying samplingdensity

— Computationallyexpensve.

2.2.2.2.Voronoi-Filtering Amentaetal.32 presen@anal-
gorithmfor surfacereconstructiorfrom agivenpointcloud.
Theremarkabldeatureis the provability of their algorithm:
given a “good” sampleof a smoothsurface (i.e. twice—
differentiablemanifold)withoutboundarythealgorithmwill
reconstruct surfacethatis topologically equivalentto the
original surfaceandwill converge to it both pointwiseand
in surfacenormalasthe samplingdensityincreases.

Theintuition behindthe de nition of a“good” sampleis
thatfeatureles@reascanbereconstructedrom fewer sam-
ple points,while in detailedregionsthe samplinghasto be
moredenseA setof samplepointsSof asurfaceF is good,
if the samplingdensityis (upto afactorr) inverselypropor
tional to thedistanceto the medialaxis (ME) of F:

Sis a“good” sampling :,
8p2 F: dist(p;S  r dist(p;ME(F))

The medial axis of F is the closureof all pointshaving
morethanoneclosespointon F andcanbethoughtof asthe
continuousextensionof the Voronoi diagranm®?. Therefore
this de nition of a goodsamplerespectshe cunatureof F
aswell astheproximity of two sheetof thesurface. Amenta
et al. prove their resultsfor r  0:06, but also statethatin
practicer = 0:5is generallysufcient.

For every samplepoints2 Stwo polesps andps are
de ned asthe two verticesof the Voronoi cell of s thatare
farthestfrom s andon oppositesidesof the surfaceF. The
obseration is that the Voronoi cell of a vertex is long and
thin androughly perpendiculato the surfaceF. Therefore
né ;= ps sandns := ps s aregoodapproximations
to the surfacenormalat s (it canbe proventhatthe angular
erroris linearinr).

¢ TheEurographicsAssociation2000.

ex.htm ).

Theactualalgorithmis sketchedasfollows:

1. Computethe Voronoidiagramof S.

2. 8s2 S computethepolesps andps .

3. ComputetheDelaunaytriangulationof theunionof Sand
all poles.

4. Keepthe triangleswhoseverticesare all samplepoints
(Voronoi ltering).

5. Normal ltering andmanifoldextraction.

After performingstepsl-4 one getswhat Amentaet al.
call the crust of the samplepoints. This is not necessarilya
manifoldandthereforeanormal Itering stepdiscardgrian-
gleswhosenormalsdiffer too muchfrom n* orn . After-
wardsmanifold extractionkeepsonly the outsidesurfaceof
theremainingtriangles.

Pros/Cons:

+ Reconstructiorfirom point clouds.

+ Provablereconstruction.

+ Adaptive resolution(by adaptve sampling).

— Compleity of O(nz) andhigh memoryneedsecausef
the Delaunaytriangulation.

— Problemswith noise,sharpedgesboundaries.

2.2.2.3.Others An approactsimilarto theoneby Amenta
etal. is the “Delaunaysculpting” of Boissonna®. He also
buildsthe Delaunaytriangulationin a rst stepandremoves
tetrahedraisinga heuristicbasedntheir circumsphereslo

overcomethe problemof the globalparameten in a—shape
basedapproacheskEdelsbrunnéf introducedweighteda—

shapesTeichmanmand Capp$* usevarying valuesof a to

adaptto the local samplingdensity Bernardiniet al.” au-

tomatically determinethe optimal value for a and usethe

a—shapeof the pointsetfor the constructiorof a signeddis-

tancefunction.

2.2.3. Volumetric approaches

2.2.3.1. Reconstructionfr om unorganizedpoints Hoppe
etal 2! addressheissueof reconstructing surfacefrom un-
organizedpoints. The algorithm consistsof two stagesin
the rst stageasigneddistancefunctionis constructedThis
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functionmapsa pointin 3—spaceo anestimatedigneddis-
tanceto the unknawvn surface.Thereforethe unknavn sur
faceis approximatedy the zero—sebdf this function, points
outsidethe objecthave positive, pointsinsidehave negative
distanceln the secondstagethe zero—sets extractedusing
the MarchingCubesalgorithm.

The critical stepis the rst stage,the estimationof the
signeddistance.To constructit, an orientedtangent plane
is associatedio eachsamplepoint. Thesetangentplanesare
agoodlocal approximatiorto the unknavn surfaceandthe
distanceof a point p 2 IR® to it is de ned to be the dis-
tanceto the planeassociatedo the samplepoint nearesto
p. While the estimationof an unorientedtangentplaneto
a samplepoint s 2 IR® only requiresa leastsquaret tos
andits k nearestneighbors the dif culty is to establisha
consistentrientationof theseplanes Considertwo samples
pointss;sj that aregeometricallyclose.If the samplingis
denseandthesurfaceis smooth thenthecorrespondingor
mal vectorsat thesepointsareassumedo be almostparal-
lel,i.e. ninj 1. Thiswould give usanunsigneddistance
function. To getasignedonewe have to ensurethatthe two
normalsarenotonly almostparallel,but alsopointingin ap-
proximatelythe samedirection,i.e. nin;  + 1. This condi-
tion shouldhold for all samplepoints that are sufciently
closeto eachother

This canbe formulatedasa graphoptimizationproblem.
Thenodegepresenthetangenplanesandareconnectedy
an edgeif the correspondingamplepointsare sufciently
close.To decidewhich nodesto connect,an enriched Eu-
clideanMinimumSpannindlreeis constructedT heorienta-
tion is propagatedlongthis treeby traversingthe minimum
spanningreewith the costof edge(s;; sj) beingl  ninj ,
thereforefavoring the propagationbetweensampleswith
almostparallel normals.After this orientationstepwe are
now ableto de ne thesigneddistanceunctionasdescribed
above.

Using a variation of the Marching Cubesalgorithm the
zero—sebf the distancefunction is extracted.To alleviate
the problemof badly shapedrianglesHoppeet al. collapse
small edgesin a postprocessingtepusing an aspectratio
criterion.

Pros/Cons:

+ Canhandlelarge,unstructuregoint clouds.

+ Rolustin thepresenc®f noisyinputdata.

+ Onecancontrolthe outputsizeby adjustingthe grid size
of theiso—suréiceextractionstep.

— Thereis no adaptve resolution.The verticesin the out-
putareuniformly distributed,regardlesof highly curved
or featurelessareasof the surface.If onedoesnot want
to lose small featuresthis will leadto complex output
meshes.

— As already mentioned,the Marching Cubesalgorithm
canproducepoorly shapedriangles.This makesa post—
processingtepnecessary

2.2.3.2. Reconstruction from range images The ap-
proachof Curlessand Levoy* is similar to the methodof
Hoppeet al., but tunedfor handlingcomplex rangedata.
They alsobuild a signeddistancefunction andgettheir re-
sultby aniso—suraiceextractionstep.Additionally they take
into accountthe specialproblemsand structureshat come
with theintegrationof separateangeimages:

Rang uncertainty For every sampledpoint of a range
imageonecanderive areliability value.

Utilization of all range data including redundantsam-
plings.

Incrementalupdating After eachscana reconstruction
canbedoneandbeimprovedby addinganotheiscanThis
shouldbe independenbf the orderin which the separate
scansareprocessed.

RolustnessThe algorithm shouldproducestableresults
evenin the presencef noiseandoutliersin the data.
Ability to Il holes When scanningnon-triial objects,
therearealwaysregionsthat cannotbe capturecbecause
of self-shadwing (cf. Section2.1.4).

The global distancefunction is generatedy a weighted
averageof thedistancdunctionsof theindividual rangesur
faces.Theweightingshouldbe choserspeci c to therange
scanningtechnologyin orderto take the rangeuncertainty
into account.In their casethe weightsdependon the dot
productbetweerthe vertex normalandthe scanningdirec-
tion, leadingto greateruncertaintyin regionsmeasuredin-
dera at angle.The averagingof redundanimeasurements
canreducesensomnoise.

The distancefunction of a single rangeimageis con-
structedby triangulatingthe sampledoointsusingthe pixel—
grid neighborhoodnformation and assigninga weight to
eachvertex. To evaluatethis function at a point v 2 IR3,
this point getsprojectedontothe rangemeshalongthe sen-
sor's line of sight.If anintersectionx occursat a trianglet
theweightw is computedby barycentridnterpolationof the
weightsof t'sverticesandtheresultis thedistancdrom v to
x weightedby w.

Theglobaldistancdunctionis evaluateconthevoxel grid
thatis usedfor theiso—surfceextractionafterwards.When-
ever an additionalrangeimageis generatedthe global dis-
tanceandweightingfunctionandtheirvaluesatthegrid ver-
ticesareupdated.

The hole lling operatesot on the reconstructednesh,
but directly onthevolume.All pointsin thevolumeareclas-
si ed to oneof threestates:

UnseenTheinitial valuefor all voxels.

Nearthesurface Thesevoxelstake onthesigneddistance
andweightingvaluesasdescribedabove.

Empty By performinga spacecarving step,i.e. by trac-
ing all lines of sight from a sensorgpositionto the ob-
sened pointsin the correspondingangeimagethe tra-

¢ TheEurographic#ssociation2000.
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versedvoxelsaremarkedasempty Thistechniques very
likely to remove outliers.

Holesin the extractedsurface are frontiers betweenun-
seenandemptyregions.To Il theseholesthe iso—surce
extraction is not only performedfor the zero—setof the
distancefunction, but also betweenunseenand empty re-
gions.By assigningspeci ¢ distanceandweightingvalues
to empty and unseengrid verticesthis canbe donein one
singleextractionstep.

To achieve spaceefciency the volume getsrun—length
encodedTo achieve time ef ciency by fastervolumetraver
sal eachrangeimageis resampledso that its scanlinesare
alignedto the scanlinesof the volumegrid. Thereforeboth
therangeimageandthe volumecansimultaneoushpe pro-
cessedn scanlineorder This approachis well suited for
handlinghugeamountsof data,aswasproven in the Dig-
ital Michelangeloprojects.

Pros/Cons:

+

Canhandlehugeamountof data.
+ Rolust(noise,outliers).

+ Outputsizecontrollable.

No adaptve resolution.
MarchingCubesproblems.

2.2.3.3.Others Pulli et al.32 presenta methodfor the re-
constructiorfrom asequencef rangemaps.They rst build
ahierarchicabctreerepresentatioof the object.Every cube
thatis neithercompletelyinside nor completelyoutsidethe
objectis recursvely subdvided up to amaximumlevel. Af-
terwardsa triangle meshis extractedfrom the volumedata.
Their approachis ableto handlenoiseand outliersandto
Il holesat missingdata.Bajaj, Bernardiniand Xu# build
a signeddistancefunction by rst computingthe a—shape
of the object to which they t implicit Bernstein—Bézier
patches.

2.2.4. Incrementalapproaches

2.2.4.1. Ball pivoting TheBall-Pioting Algorithm (BPA)
of Bernardinietal 8 generateaninterpolatingtrianglemesh
from a givenunstructuregoint cloud. They assumehatan
orientednormalvectoris availablefor eachpointandthatthe
samplingdensityhasa globalminimum.Thenormalvectors
are usedto determinethe surfaceorientationand for con-
sisteng checkswhengeneratingriangles(all threenormals
shouldpointin roughly the samedirection).Rangedataau-
tomaticallyful lls bothrequirementsOtherwisetechniques
like the onesdescribedn 213 canbe usedto estimatethe
normalvectors,but this canbe quite expensve (orientation
problems\Voronoidiagram).

The basicprinciple of the BPA is very simple andintu-
itive: we startwith a seedtriangleanda ball of userde ned
radiusr sitting on this triangle (i.e. interpolatingits three
vertices).This r —ball is pivotedaroundanarbitraryedgeof

¢ TheEurographicsAssociation2000.

thecurrentboundary(initially theedgeof theseedriangle)
until it touchesanothersamplepoint. This pivoting is basi-
cally a circular movementof the ball's centerin the plane
perpendicularibi—sectinghe edgewhilst alwaysstayingin
contactwith thetwo edgevertices.If ther —ball hits another
samplepointonits movementarounctheedgeanew triangle
is createdrom the edgeandthis point. The boundaryis ad-
justedaccordinglyandthepivoting is continued The update
of the boundaryfront may changeits topology e.g.a loop
of edgesnaybesplit, or two loopsmaybe meigedinto one.
As the ball walks on the samplepointsthe meshgrows un-
til thewhole connectedtomponents reconstructedf there
aremultiple connecteccomponentsa new seedtriangleis
choserandthe processs repeated.

A nice featureof the BPA is thatit is stronglyrelatedto
a—shapesby constructiorevery BPA—generatedrianglehas
an emptycircumspheref radius r (cf. Section2.2.2.].
Thereforeall trianglesresultingfrom pivoting a r —ball are
a subsetof the r —shapeof the point set. Becauseof this
relationshipit canbe proven that for a sufcient sampling
of a smoothmanifold the BPA producesa homeomorphic
approximationwith an error boundof r. Additionally the
BPA is guaranteedo generate2—manifolds,so no cleaning
up stepis necessaryBy usingout—of—coe processingech-
niquesthis algorithmis ableto handlevery large datasets

Pros/Cons:

+ Canhandlelargereal—world scans.

+ Out—of—cordriangulationpossible.

+ Moderatememoryconsumptionno Delaunaytriangula-
tion).

— No adaptve resolution(requiresuniform sampling).

2.2.4.2. Interactive approach While the existing tech-
niguesareoff-line algorithms the approactof Kobbeltand
Botsch? incorporatesiserinteractionduring the surfacere-
constructionTheir approachgenerates meshapproximat-
ing hybridinput data(e.g.points,triangles,or evenNURBS
patches)Resolutionand alignmentof the trianglescan be
adaptednanuallyto varyingdetaillevel andquality require-
mentsin differentregionsof the object(cf. Fig. 4).

The conceptbehindthe userinterfaceis to simulatea vir-
tual 3D scanningdevice Theinput datais displayedin an
OpenGLwindow, the usercanview it from arbitrary posi-
tionsandanglesIn aninteractive scanningsessiorthe user
addsone scanafter the other to the previously generated
model. Oneiteration consistsof placing,scaling(! reso-
lution) and orienting (!  alignment)the objecton-screen,
determiningthe valid region of interest,extractingthe patch
andautomaticallystitchingit to the alreadyexisting mesh.

Whenrenderinggeometrywith enableddepth-hiffering
adepthvaluefor every pixel is storedin the z—tuffer. While
the graphicssystemusesthis informationto determinemu-
tual occlusion,the virtual scannereadsthis dataand un—
projectsit backinto 3—spaceThe resultis a rangeimage
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Figure 4: Theinteractiveappmoad providesanintuitive in-
terfaceto locally adaptthe meshresolutionto speci c re-
quirementsfor the resultingmodelby simply zoomingthe
point cloud. Here the ear and the eye have beenz—-tuffer
scannedvith a higherdensity

containinga 3D samplepoint for every pixel. This range
imageis ltered, a userde ned maskselectsthe region of
interestandthe remainingverticescanbe trivially triangu-
latedbecausef theunderlyingpixel-coordinatgparameter
ization. Zoomingin on the objectwill resultin a ner tri-
angulation By rotatingthe objectsothatgeometricfeatures
arehorizontallyor vertically aligned,the edgesof the trian-
gulationwill bealignedto thesefeaturesby construction.

Sincethe scanningprocesss mainly the outcomeof one
renderingstepall objectsthatcanberenderedcanalsobez—
scannedSothisapproacttanalsobeusedfor theremeshing
of objectswith poor triangle quality. When scanningpoint
clouds the samplingis assumedo be sufciently dense,
so that the renderedpoints form a connectedareawithout
(large) holeson the screen.Smaller holes can be interpo-
lated by the graphicshardware by choosinga bigger point
size(! nearesneighborinterpolation).

If the acquiredscanoverlapswith the previously gener
atedmodel,anautomatioquality maskensureghatonly the
betterpartis kept. This requiresa projectionof thenew scan
ontotheold mesh Thisexpensve quadraticsearcttanbere-
ducedto onelD-renderingstepthatis doneby the graphics
hardware.Theremainingpatchgetsstitchednto theexisting

meshusinga modi cation of the meshzipperingalgorithm
of Turk andLevoy38.

By out—sourcinghe computationallyexpensve tasksto
thegraphicshardware(subsamplingrangeimage meshpro-
jection) the programstaysinteractve even for large input
data. The amountof input dataonly effects the rendering
speedthe scanningand stitching only dependson the size
of the objectin screenspace.The memoryconsumptionis
much lower than for most other approachessince no ad-
ditional spacepartitioning structureshave to be generated
(like e.g.Delaunaytriangulation Voronoidiagramor search
structures).

An extensionof this approachthat usesfeature—sensite
samplinginsteadof the regular grid of the z—tuffer is pre-
sentedn 11, This avoids aliasingartifactsat curved feature
lines(cf. Fig. 5).

Figure 5: Using featue—sensitivesamplingfor curvedfea-
ture lines enablesoptimal alignmentof the meshto the un-
derlyinggeometry

Pros/Cons:

Interactvity: theusercandirectly in uence theresult.
Adaptive resolutionandadjustablealignment.
Fastby usinggraphicshardvare.

Low memoryconsumption.

Interactvity: no automaticalgorithm.

+ o+ + o+

2.2.4.3.Others Boissonnd® startswith theedgeconnect-
ing the two closestsamplepointsandgeneratesn interpo-
lating meshby iteratively addingtrianglesto the boundary
front. MenclandMiuiller?” build a surfacedescriptiongraph
i.e. an enhancectuclideanMinimum SpanningTree, per
form a featuredetectionstepand nally Il this wireframe
modelwith triangles,alsoleadingto aninterpolatingmesh.
Thefollowing methodsall do reconstructioirom rangeim-
ages.Souy andLaurendeal? useVenndiagramsto parti-
tion the input datainto non-werlappingregions which are

¢ TheEurographic#ssociation2000.



GMU MPI Saarbrigen/ GeometridMlodeling

re—parameterizeghdmemgedtogetherin asimilarapproach
Turk and Levoy38 incrementallytake scans.erodeoverlap-
ping partsandzipperthemtogether followed by a consen-
susgeometrystepin orderto minimize registrationerrors.
Rutishauseet al.33 memge depthimagesby takinginto ac-
countthe erroralongthe sensors line of sightandaretrian-
gulationstepfor theredundantlata.

References

1.

10.

11.

12.

13.

J.Abouaf. The orentine pietd:Canvisualizationsolve
the 450-yearold mistery? IEEE ComputerGraphics
andApplications 19:6-10,1999.

N. Amentaand M. Bern. Surfacereconstructiorby
voronoi ltering. In AnnualACM Symposiunon Com-
putationalGeometry 1998.

N. Amenta, M. Bern, and M. Kamvysselis. A new
voronoi-basedsurface reconstructionalgorithm. In
SIGGRAPH98 Confeence Proceedings pages415—
422,1998.

C.L. Bajaj,F. Bernardini,andG. Xu. Automaticrecon-
structionof surfacesand scalar elds from 3D scans.
In SIGGRAPH5 ConfeenceProceedingspagesl09—
118,1995.

S.T. BarnardandM. A. Fischler Computationastereo.
ACM ComputingSurves, 14(4):553-5721982.

M. BernandD. Eppstein Meshgenertionandoptimal
triangulation World Scienti ¢, 1992.

F. Bernardini,C. L. Bajaj,J. Chen,andD. R. Schikore.
Automaticreconstructiorf 3D CAD modelsfrom dig-
ital scans.InternationalJournal of ComputationalGe-
ometryand Applications 9(4&5):327-370,1999.

F. Bernardini J. Mittleman,H. RushmeierC. Silva,and
G. Taubin. The ball-pivoting algorithmfor surfacere-
construction.IEEE Transactionson Visualizationand
ComputerGraphics 5(4):349—-3591999.

P. J.BeslandN. D. McKay. A methodfor registration
of 3-D shapesIEEE Transactionon Pattern Analysis
andMachine Intelligence 14(2):239-2581992.

J.-D. Boissonnat. Geometric structuresfor three—
dimensionalshaperepresentation ACM Transactions
on Graphics 3(4):266—2861984.

M. Botsch,Ch.Rdssl,andL. Kobbelt.Featuresensitve
samplingfor interactive remeshing Preprint, 2000.

Y. ChenandG. Medioni. Objectmodellingby registra-
tion of multiple rangeimages.InternationalJournal of
Image and Vision Computing 10(3):145-1551992.

B. Curlessand M. Levoy. Betteropticaltriangulation
through spacetimeanalysis. TechnicalReportCSL—
TR-95-667,Stanford University ComputerSystems
Laboratory 1995.

¢ TheEurographicsAssociation2000.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

B. Curlessand M. Levoy. A volumetric methodfor
building complex modelsfrom rangeimages. In SIG-
GRAPH96 ConfeenceProceedingspages303-312,
1996.

P. E. Debevec, C. J. Taylor, and J. Malik. Modeling
andrenderingarchitecturédrom photographsA hybrid
geometry-andimage—basedpproach.In SIGGRAPH
96 ConfeenceProceedingspagesl 1-20,1996.

H. EdelsbrunneMVeightedalphashapesTechnicaRe-
port UIUCDCS—-R-92-176Mepartmenbf Computer
Science,University of lllinois, Urbana—Champagne,
IL, 1992.

H. EdelsbrunneandE. P. Miicke. Three—dimensional
alpha shapes. ACM Transactionson Graphics
13(1):43-721994.

M. Levoy etal. The Digital MichelangeloProject:3D
scanningf largestatuesin SIGGRAPH)0Confeence
Proceedingsto appear

H. GagnonM. Soug, R. Bergevin, andD. Laurendeau.
Registrationof multiple rangeviews for automatic3—D
modelbuilding. In Proceedingf the Confeenceon
ComputeMsion and Pattern Rec@nition, pages581—
586,1994.

J. Heikkila and O. Silvén. A four-stepcameracali-
bration procedurewith implicit image correction. In
Proceeding®fthe Confeenceon ComputeMsionand
PatternReca@nition, pagesl106-11121997.

H. Hoppe,T. DeRose,T. Duchamp,J. McDonald,and
W. Stuetzle. Surfacereconstructiorfrom unoiganized
points.In ComputerGraphics(SIGGRAPH2 Confer
enceProceedings)volume26, pagesr1-78,1992.

S.B. Kang,J. A. Webb,C. L. Zitnick, and T. Kanade.
An active multibaselinestereosystemwith active illu-

minationandreal-timeimageacquisition.In Proc. In-

ternationalConfeenceon ComputeiMsion, 1995.

L. KobbeltandM. Botsch. An interactive approacho
pointcloudtriangulation.n ComputeiGraphicsForum
(Proc. Eurographics2000) to appear

E. Kruppa. Zur Ermittlung einesObjecktesauszwei
Perspektienmit innererOrientierung.Sitz.—BerAkad.
Wiss., Wien, Math. Naturw, Kl. Abt. lla, 122:1939-
1948,1913.

W. E. Lorensenand H. E. Cline. Marchingcubes:a
high resolution3D surfaceconstructionalgorithm. In
ComputerGraphics (SIGGRAPH87 ConfeencePro-
ceedings)volume21, pagesl63-170,1987.

T. Masudaand N. Yokoya. A robust method for
registration and segmentationof multiple range im-
ages. ComputerVMsion and Image Undeistanding
61(3):295-3071995.



27.

28.

20.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

GMU MPI Saarbriigen/ GeometridViodeling

R. MenclandH. Muller. Graph-basedurfacerecon-
structionusingstructuresn scatteregbointsets.In Pro-
ceedingof the Confeenceon ComputerGraphicsin-
ternational pages298-311.IEEE ComputerSociety
1998.

R. MenclandH. Miiller. Interpolationandapproxima-
tion of surfacesfrom three—dimensionacatteredlata
points.In Proceeding®f Eurographics'98, Stateofthe
Art Reports1998.

M. Okutomi and T. Kanade. A multiple-baseline
stereolEEE Transactionsn PatternAnalysisandMa-
chineIntelligence 15(4):353—-631993.

F. P. PreparatandM. |. Shamos. Computationalge-
ometry: anintroduction Springer 1985.

K. Pulli. SurfaceReconstructiorand Display from
Rang and Color Data. PhD thesis, University of
Washington;1997.

K. Pulli, T. Duchamp, H. Hoppe, J. McDonald,
L. ShapiroandW. Stuetzle Rolustmeshe$rom multi-
ple rangemaps.In Proc.IEEE Int. Conf on RecenfAd-
vancesn 3-D Digital ImagingandModeling 1997.

M. RutishausemM. Stricker, andM. Trobina. Merging
rangeimagesof arbitrarily shapedbijects.In Proceed-
ingsof the Confeenceon Computenision andPattern
Recagnition, pagess73-580,1994.

M. Teichmannand M. Capps. Surfacereconstruction
with anisotropicdensity—scale@lphashapes.in IEEE
Visualization'98 ConfeenceProceedingspages67—
72,1998.

R. Tsai. A versatilecameracalibrationtechniquefor
high—accurag 3—D machinevision metrology using
off-the—shelfTV camerasand lenses. In L. Wolff,
S. Shafer and G. Healg, editors, Radiometry —
(Physics-Basetfision). JonesandBartlett,1992.

G. Turk andM. Levoy. Zipperedpolygonmeshegrom
rangeimages.In SIGGRAPHA4 ConfeenceProceed-
ings pages311-318,1994.

Z. WangandA. Jepson.A new closed—formsolution
for absoluteorientation. In Proceedingsof the Con-
ferenceon Computer\Vision and Pattern Recanition,
pagesl29-134,1994.

S.Weik. Registrationof 3—d partial surfacemodelsus-
ing luminanceand depthinformation. In Proc. IEEE
Int. Conf on RecentAdvancesn 3-D Digital Imaging
andModeling page€93-100,1997.

M. Woo, J. Neider and T. Davis. OpenGL Pro-
grammingGuide Secondedition. The Of cial Guide
to Learning OpenGL,Version 1.1 Addison—-\éslsy,
1996.

40. Z. Zhang. lterative point matchingfor registrationof

free—formcurves and surfaces. International Journal
of ComputeMision, 13(2):119-1521994.

¢ TheEurographic#ssociation2000.



GMU MPI Saarbrigen/ GeometridMlodeling

3. Discretediffer ential geometry
3.1. Discretecurvature

While differentialgeometryanalyzesurfacesthataresuf-
ciently oftendifferentiable- whichdoesnotapplyto meshes
directly — discretedifferentialgeometryis basedon the fact
that meshescan be interpretedas approximationsof such
smoothsurfaces.In the following we will startwith a short
suney on differential geometrywhere we shortly explain
the mostimportantgeometricintrinsics, i.e. surface prop-
erties that purely dependon the geometryand not on its
speci ¢ parameterizationAfter that surney we will present
somepopulardiscretizationmethodsfor variousgeometric
invariants.

3.1.1. Geometricintrinsics

Let Sbeasufciently smoothsurfaceandq 2 Sbea point
onthatsurface.

Surfacenormal vector
Thenormalvectorn atq is aunit vectorthatis perpendicular
tothesurface.

Normal curvature

The normal curvatue k(T) is the cunature of the planar
cune at g thatresultsif oneintersectghe surfaceS with a
planethatcontainghe surfacenormaldirectionn. HereT is
aunit vectorinsidethetangentplaneof g, i.e.< 1; T >= 0,
thatspeci esthedirectionof thenormalcut.

The tensor of curvature
The tensor of curvatue assignsto each q the function
that measureghe normal curvature k(T) in the direction
determinedby T. As function of the tangentvectorT the
normalcurvaturecanbeformulatedas

s !
tx ki1 Kki2 tx . @

k(T) = ;
(M ty ko1 ka2 ty

wheretx andty arethe coordinatesf T in an arbitrary or-
thonormalbasisof the tangentspaceand k1, = kp1. The
maximalnormal curvaturek, andthe minimal normalcur
vaturek, arecalledprincipal curvatues theassociatedan-
gentvectorsT; andT, arecalledprincipal directions

It is always possibleto choosean orthonormalbasisof
the tangentspacebuilt by two principal directionsT; and
T,. Using sucha basis,equation(1) simpli es to Eulerss
theorem:

k(q) = k(T) = k1 co(q) + kz sin’(q); @)

whereq is theanglebetweenTl andT;.

Gaussiancurvature
The Gaussiancurvatue K is de ned to be the determinant
of the matrix that de nes the quadraticform (1). If we
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changethe orientation of the surface normal vector the
Gaussiancunvature doesnot change.lf K > 0 both prin-
cipal cunatureshave the samesign, for K < 0 they have
differentsigns.K canbe expressedn termsof the principal
cunatures:

K= klkgi (3)

Mean curvature

The meancurvatue H is de ned to be half the traceof the
matrix in (1). It canbe expressedn termsof the principal
cunatures:

ki+ ka,
5 (4)

If we changeheorientationof the surfacenormalvectorthe
meancunaturechangests sign.

H=

The meancurvaturecan be interpretedasthe averageof

thenormalcunaturessinceit satis es
Z

1°0p
H= = k(q) dq:
p o

3.1.2. Discretization techniques

Surfacenormal vector

A popularway to discretizethe normal vector is to use
an averageof the unit normalsof the triangularfacesthat
surroundthevertex. Variousaverageccurin theliterature,
e.g.arithmetic,areaweightedor angleweightedaveragé.

Normal curvature

Givenanormalvectorn at a vertex g, we candiscretizethe
normal cunaturein the direction given by a unit tangent
vectorT; thatresultsif we projectavertex g; thatis adjacent
to g into the tangentplanede ned by 1. A frequentlyused
discretizationfor sucha normal curvatureis given by the
formula

<qg; gA>
<qj qq 9>’
This equationresultsif one discretizesthe mathematical
formula for the continuouscasé?, but there is also a
geometricexplanation.This equationcan be interpretedas
interpolatingthe verticesg andg; with acircle whosecenter

lies ontheline de ned by g anda andto usethe inverseof
theresultingradiusasnormalcunaturé.

k(Tj) =2 (5)

Local polynomials

A popularmethodto discretizegeometridntrinsicsis based
ontheideato interpolateor approximatealocal submestby

using polynomials.In practicethe mostcommontype are
gquadratigpolynomials

f(xy) = apl+ agy’ + agxy+ agx+ asy+

To beableto usethatapproachpnerequiresaplanarparam-
eterdomainand hasto assignplanarcoordinatesto every
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vertex in alocal neighborhooaf g. Thestraightforvard ap-
proachisto rst estimatea surfacenormalvectorata vertex
andthen projectthe verticesinto that plane.However, this
requiresthatthe estimatechormalis choseraccuratelyThe
surface triangulationinducesan ordering on the adjacent
neighborsandthis ordershouldbe presered in the param-
eterization.If the normalplaneis badly chosenthis is not
guaranteedA solutionis to chooseheexponentiaimap? of
the1-neighborhoodroundg. This operatomapstheneigh-
borhoodontothe planewhile preservinghedistance®f the
vertex to its neighborsandthe ratio of the adjacentangles.
Thedrawbackis thatthis approachs moreexpensve to cal-
culatebecauset requiresthe usageof trigpnometricfunc-
tions.

Quadraticinterpolationrequiresthat the vertex hasva-
lenceb5. Therefore to be ableto useall vertex information
for arbitraryvertex valencesone usesleastsquareapproxi-
mation.Herethe mostef cient methodto solve the problem
is to usethe normalequationsapproach, sincethis mainly
involvesto calculatethe inverseof a symmetricmatrix of
low dimension.

Oncethe polynomialis determinedthe geometricnvari-
antsof the polynomialcanbe usedasdiscretizatiorvalues.
For the discretecurvaturesthis only requiresto determine
thetensorof curvatureof the polynomial.

However, problemsoccurif the parametewraluesthatare
assignedo the verticeslie on an algebraiccurve of degree
2. In that casethe leastsquaresapproximationfails and a
specialcasetreatment— e.g. reductionof the numberof
basisfunctions— is necessanif.

Taubin'sapproach

Taubirt! proposedan algorithm to derive the tensor of
cunvature. The principal cunatureand principal directions
are obtainedby computingin closedform the eigervalues
and eigervectors of certain 3 3 symmetric matrices
de ned by integral formulas, and closely related to the
matrix representatiorof the tensorof cunature. As input
to his algorithmhe requiresdiscretizednormalvectorsand
discretizechormalcurvatures(equation(5)).

Mor etonand Séquin'sapproach

Another algorithm to estimatethe tensor of cunature at
g is derived by Moreton and Séquifd. The idea behind
this approachis to usethe fact that the normal cunature
distribution can't be arbitrary but is determinedby Euler's
theorem(2). The2 2 matrix occurringin equation(1) can
beexpresseds

& & 0 k2 & &

whereex andey arethecoordinate®f theprincipaldirection
T1 in the chosenorthonormalbasis.Moreton and Séquins
ideais to estimatea discretenormals and usethe normal

cunaturesgiven by equation(5) to createa linear system.
Solving this systemusing a least squaresalgorithm one
can nd estimatesfor the unknavn principal curvatures
and principal directions.A specialcasetreatmentis only
necessaryif the adjacentvertices project to two lines
intersectingatq.19.

Estimating the Gaussiancurvature

The adwantageof the last three methodsis that oncethe
principal cunaturesare discretized,one can also derive
other important invariants from that information, as the
Gaussiarcurvature or the meancunatureusing eg. (3) or
(4). If only the Gaussiarcurvatureis neededpne canuse
the sphericalimage methodor the angle de cit method.
Theideaof theseapproachess to discretizea theoremfor
de ning theGaussiartunatureon asmoothsurfacederived
from atheoremby Rodriguegseee.g3).

Using the angle de cit method one can discretizethe
Gaussiarcurvatureat g with thewell knowvn formula
K = 2p ajaqj,
la p "’
3ajA
whereq; aretheinneranglesadjacento g andA; thecorre-
spondingriangleareas.

3.2. Quality control for meshedsurfaces

This sectiongivesa brief overview over techniquedor rat-
ing the quality of triangularmeshesQuality controlmay be
appliedon the raw dataimmediatelyafter meshgeneration
or on preprocessedata(cf. Section2).

The techniquegresentedhereare usedto visualizesur
face quality in order to detectsurface defects.They can
be implementedn a straightforvard way while still being
effective and can be usedinteractvely. The methodsare
adaptedrom smoothfree-formsurfaces(e.g.NURBS),and
we may take adwantageof the previously introducedcon-
ceptsof discretedifferentialgeometry(cf. Section3.1).

3.2.1. What is the quality of a triangle mest?

The answerto this questiondependson what the meshis
usedfor. Differentapplicationsmayrequiredifferentquality
criteria. We concentrat®n thefollowing:

Smoothness: Take a brief look at the situationwhenusing
NURBSpatchesThey have inherentC" smoothnesge.g.
C? for cubic splines)by constructionandoneis usually
interestedn smoothconnectionscrosgatchboundaries.
Naturally one would not expect somethinglike “patch
boundaries’inside a triangle mesh.But suchboundaries
mayemegee.g.when lling holesin agivenmesh.

Fairness: A smoothnessriterionis not sufcient for gen-
eratinghigh quality, highly aestheticsurfaces A socalled
fairnesscriterion mustbe added.Usually this is de ned
aslow variation of cunaturein contrastto continuity of
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Figure 6: IsophotesThe middle part of the surfacewas blendedbetweerthe three tubes,the boundaryconditionsare cl.
Thediscontinuitiesof the curvatue at the joints are hard to detectfromthe at shadedmage (left), but clearly visualizedby
isophotegmiddle)sinceC! blendscauseC® isophotesTheright image sketchesthe renderingof isophoteswith a 1D-texture:
Theillumination valuesare calculatedfor the verticesof a triangle fromvertex normalsand thelight direction. Thesevalues
are usedastexture coordinates.Thetexel denotingtheiso-valueis colored black. Iso-linesare interpolatedwithin thetriangle.

cunature(smoothness)so,we will usetheresultsof the
previoussectionfor ratingfairnesqseealsoSection5.2).
Shapeof triangles: Some applications require “well
shapedtriangles,e.g. simulationsusing Finite Element
MethodgFEM) or ComputationaFluid DynamicgCFD)
while other applications(e.g. rendering) may neglect
this property So we needto checkconstraintson shape
parametersuchasanglesandarea(cf. Section5.1.7).

3.2.2. Visualizing smoothness

Ouraim s interactive surfacevisualization;hencewe try to
exploit graphicshardware. Thereforea given surfaceis tes-
sellatedo asetof trianglesfor rendering(in contrasto non-
interactve renderingechniquedik e ray-tracing) As we can
think of the meshasan accuratdessellatiorof e.g.a setof
NURBS patchesve will usethe sametechniquedor quality
controlthatareusedfor smoothsurfaces.

3.2.2.1. Specular shading The simplest visualization
techniqueis to usestandardighting andshading(Phongil-

luminationmodel, at- or Gouraudshading)asprovided by
thegraphicssubsystent 13,

Thelocalillumination of avertex depend®nthe position
of thelight sourcespn the surlacenormalandon the view
point/direction.

Thisapproacho surfaceinterrogatioris themoststraight-
forwardone,but it is dif cult to nd minor perturbationof
asurface(cf. Fig. 6, left).

3.2.2.2. Isophotes Isophotesarelines of constantllumi-
nationonasurface.Here,oneassumeshatthereis only dif-
fuseor Lambertianre ection. As a consequenceasophotes
areindependenbf the view point. For this applicationone
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single,in nitely distantpointlight sourcds assumedSothe
illumination Ip of asurfacepointP is givenby

lp=max Np|L ;0 ;

whereNp is the surfacenormalat P andL is the direction
of light*. Both vectorsarenormalized,sothevalueof Ip is
in the interval [0; 1]. Now somevaluesl;j 2 [0;1] = const

cunesl = I¢;j arerendered.

Theresultingimagemalesit easielto detectirregularities
on the surfacecomparedo standardshading.The usercan
visually tracethe lines, rate their smoothness&nd transfer
theseobsenrationsto thesurface:If the surfaceis CX contin-
uousthentheisophotesalreCk 1 continuoug(cf. Fig. 6).

There are two approacheso renderingiso-cunes such
asisophotesThe rst approachis to explicitly extractthe
cunes or cune segmentsand then display them as lines.
Here,in principle the samealgorithmsasfor extractingiso-
surfacescanbe applied(Marching Cubeg, cf. Section2.2).
Fortunatelythe situationfor extractinga curve on a surface
is easien(“marchingtriangles”).

The secondapproachtakes adwantageof the graphics
hardware and allows direct renderingof isophotesfrom il-
luminationvaluesin theverticesof atrianglemesh:

A one-dimensionatexture is initialized with a default
color C. lllumination valueslp are now treatedas texture
coordinatesandfor theisophotevaluesl;j the correspond-
ing texels are setto color C; & C. Theillumination values
Ic;j areevaluatedat every vertex and usedas texture coor
dinatesWith this setupthe graphicssubsystenwill linearly
interpolatethe 1D texture within the trianglesresultingin a
renderedmageof the isophotegcolorsCj) thataredravn
ontothesurface(colorC) 13 (cf. Fig. 6).
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The 1D textureapproachbene ts morefrom the graphics
hardwarein contrastto explicitly calculatingline segments.
A drawvbackis thatthewidth of the curvesvariesdueto tex-
tureinterpolation.

3.2.2.3. Re ection lines In contrasto isophotesspecular
surfaceis assumedor re ection lines.As aconsequencee-

ection lineschangevhenthepointof view is modi ed resp.
whentheobjectis rotatedor translatedThelight sourcecon-

sistsof asetof “light-lines” thatareplacedin 3-spacespace.
Normally, thelight-linesareparallellines(cf. Fig. 7).

Traditionally, re ection lines have beenusedin the pro-
cessof designingcars.An arrangementf parallel uores-
centtubesis putin front of the carmodelto suney the sur
faceandits re ection properties.

/Q/eye

reflection
lines

N

light sources

Figure 7: Re ectionlines. Thelight source consistsof par-
allel lines that are re ected by the surface The re ection
propertyrequiresthat anglesof incidencg(light,normal)are
equalto anglesof emissionviewing direction,normal).

Undertheassumptiorthatthelight sources in nitely far
away from the object, environmentmapping? canbe used
to displayre ection linesin real-time.A texture for envi-
ronmentmappingis generatednceby ray-tracingthelight
sourcever a sphereThe graphicssubsystenwill thenau-
tomaticallygenerateppropriateexture coordinategor ev-
ery vertex dependingoniits relative positionandnormal.

Re ection linesareaneffective andintuitive tool for sur
faceinterrogation|f thesurfaceis CK continuoughenthere-
ection linesareCX ! continuous.Justlike isophotesthey
canbeefciently renderedby taking adwvantageof graphics
hardwareandthey arealsosensitve to smallsurfacepertur
bations.In addition,the concepthata real-world processs
simulatedmalestheir applicationvery intuitive evenfor un-
experiencedusers.Fig. 8 shaws re ection lines for co ct
andC? surfacesRe ection lines arealsousedto shaw sur

facequality in Section5.2

3.2.3. Smoothnesws. fair ness

The rst two quality criterialistedabore aresmoothnesand
fairness Smoothnesdenoteghe mathematicatle nition of
continuougdifferentiability (C"). While smoothnesss nec-
essanto guarantedigh quality surfacesit is notsufcient.

A surfacemaybesmoothin amathematicasenséut still
looking awkward from an aestheticapoint of view. This is
wherefairnesscomesn: fairnesds anaesthetianeasuref
“well-shapedness'it is thereforemoredif cult to de ne in
technicaltermsthan smoothnesgdistribution vs. variation
of cunvature)?:

An importantrule is the so called principle of simplest
shapethatis derived from ne arts.A surfaceis saidto be
well-shapedf it is simplein designandfree of unessential
featuresSoafair surfacemeetsthe mathematicallyde ned
designgoals(e.g.interpolation continuity)while beingnice
lookingin thissenseThereareseveralapproacheto formu-
latethelattertermin a precise mathematicalvay.

Themostcommonmeasure$or fairnessaremotivatedby
physicalmodelslik e the strainenegy of athin plate
z

k3 + k3dA
or differentialgeometnyik e the variationof curvature
z
T *, ke 2,
ffer fte2

with principalcunatureskj andprincipaldirectionss;.

In general,somesurfaceenegy is de ned that punishes
“bad-shapedness’and cunature is usedto expressthese
termsasit is independentrom the specialparameterization
of asurface.A fair surfaceis thendesignedoy minimizing
theseenepies (cf. Section5.2). Our currentgoal is not to
improve but to checksurfacequality, sowe needto visualize
theseenepies.

Notethattherearealsodifferentcharacterizationef fair-
nesdik e aestheticathapeof isophotes/re ectiodinest4.

3.2.4. Visualizing curvature and fair ness

If fairnesss expressedn termsof cunaturewe have to visu-
alizecunatureto evaluatefairnessWe obtaincurvatureval-
uesin every vertex of atrianglemeshby applyingthetech-
niguespresentedhn the previous section(cf. Section3.1).

3.2.4.1.Curvaturevalues Thetechniquesuggestedh the
following sectionswill visualize arbitrary “curvature val-

ues”.Any usefulscalavalued thatis ameasurdor discrete
cunaturecanbeused(cf. textbookson differentialgeometry
like 8 for detailedexplanations)Herearesomeexamples:

the GaussiarcurvatureK = k1k, thatindicatesthe local
shapeof the surface (elliptic for K > 0, hyperbolicfor
K < 0 andparabolicfor K= 0" H 6 Oresp. at forK =
0~ H = 0). A local changeof the signof K maydenotea
(evenvery small) perturbatiorof the surface.
themeancunatureH = 3 (ky + k)
themaximumcunaturekmax= maxj k1j; jkojg

the total curvaturek? + k3 thatis usedin the previously
mentionedhin plateenepy.
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Figure 8: Re ectionlineson c?, ¢! andC? surfacesOne clearly seesthat the differentiability of the re ection linesis one

orderlower i.e.C %, C%andC! respectively

3.2.4.2. Color coding scalar values We visualize scalar
valuesdirectly onthe surface,i.e. every vertex is assignec

colorvalue.Thegraphicssubsystenwill thenlinearly inter-

polatecolorswithin the triangles.All lighting calculations
mustbe turnedoff for this purpose Therearelots of ways
for color coding,oneof themis thefollowing:

Assumea scalarvalue d; is given for every vertex Vi,
e.g.d; may denoteary type of cunature.Now let dmax :=
maxf dig anddp,i, := minf d;g. Datavaluesarescaledby the

following functionscale: [dmin; dmax ! [ 1; 1] with
d=dnj, :d<O0
. 1 min
scale:d 7! d=dmax ‘d O

Positive and negative valuesare scaledseparatelysuchthat
thezerolevel is presered.Notice thatthe valueO is usually
of specialinterest.Sodnin, 0  dmax is assumedOther
wise, the origin (“greenline”, seebelown) shouldbe shifted
appropriately

The red and blue color componentsare usedto indicate
positive resp.negative datavalues.All verticesandall dis-
playedpixels areto have equalintensity (r+g+b=1).Sothe
greencomponents usedto “ Il up” intensity Assumecolor
componentsangefrom 0t0 Cmax, €.9.Cmax= 255.Thefunc-
tionrgb:[ 1;1]! [O; cmax]3 assigngo eachvaluea RGB
triple with intensityCmax.

. {0 (0;(1+ d9cmax, d%may :d°< 0
rgb :d7 7! 0 X K )
(d"emax; (1 d%Cmax. 0 :d° 0
Fig. 10 shavs the RGB mappingon the right side.Zero
valuesaredisplayedin bright green,dmin anddmax resultin
blueandredrespectiely.

Datavaluesd 2 [dmin; dmax] cannow be mappedo RGB
valuesbhy rgb(scal€d)). Many applicationsneedenhanced
contrastin the vicinity of zeroandlessneardm, anddmax.
Thereforea new parameteg 2 (0;1] is introducedthat ad-
juststhe “contrast” of the visualizeddata.Thenthe valued
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is mappedo a RGB triple by
rgb(scaldd)9

Forg= 1we obtaintheoriginal mapping With decreasing,,
theresolutionincrease$or valuesnear0, i.e. agreaterange
in the color tableis usedfor thosevalues.Fig. 9 illustrates
thecolor codingfor g= 1 andg< 1 onamodelof captured
from a bustof Max Planck.

05 : 4

scale(d)

Figure 10: Color coding Left: d is mappedto [ 1;1] by
scale resolutionnear0 maybeenhancedby usingg< 1, the
transformedalueis thencodedas(r; g; b).

3.2.4.3.Isocurvature lines Isocunaturelines arelines of

constantunatureon asurface.They canbedisplayedsimi-

larly to isophoteslinsteadof illumination valuescurvature
valuesare used.If the surfaceis CK continuousthen the

isocunaturelinesareC® 2 continuoussoisocunaturelines

arealsoevenmoresensitve to discontinuitiegshanisophotes
orre ection lines.

A problemwhen renderingisocunature lines with 1D-
texturesmay be a wide rangeof cunaturevaluesthat may
not map appropriatelyto the [0; 1] intenval of texture coor
dinatesresp.the actualtexels. Onesolutionis to clampthe
curnvaturevaluesto a suitableintenal, the othersolutionis
to explicitly extractthecurvesanddrav themaslines.
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Figure 9: Color coding From left: Gouraud-shadednodelof Max Pland bust; meancurvatue with g= 1; with enhanced

contrastg= 3.

Figure 11: Linesof curvatue. Linesof curvatue are super
imposecbna at shadedmage of a VW Beetlemodel.

3.2.4.4. Lines of curvature Besidesthe scalarprincipal
cunvaturesthe principaldirectionsalsocarryinformationon
thelocal surfacepropertiesThey de ne adiscretedirection
eld on the surface with one tangentialdirection per ver-

tex. By linearly interpolatingdirectionsover trianglesusing
barycentriccoordinates continuouseld canbede ned.

Lines of curvature can then be tracedon this direction
eld. ThetracingalgorithmdoesEulerintegrationstepsin-
sideatriangleuntil anedgeis crossedThena neighboring
triangleis enteredFig. 11 shavs linesof cunature.

The visualizedcurvature o w may give a very goodand
intuitive impressionof the surface. Alternatively texture
basedtechniquedike line integral corvolution (LIC)2 can
alsobeusedon trianglemeshesTracingandconstructinga
hugenumberof lines of curvatureis ratherexpensve com-
paredto the othertechniques.

3.2.5. The shapeof triangles

Someapplicationsieed'well-shaped” roundtrianglesin or-

derto preventthemfrom runninginto numericalproblems.
Thisincludesnumericalsimulationsbasecon FEM or CFD.

For this purpose;round” trianglesareneedede.g.theratio

of theradiusof the circumcircleto the shortesiedgeshould
beassmallaspossible(cf. Fig. 12).

The mostcommonway to inspectthe quality of triangles
is to view a wireframeor hidden-linerenderedmage.This
may not be an option for very complex meshesA straight-
forwardsolutionis acolor codingcriterionbasedntriangle
shapesThis helpsto identify evensingle“badly shaped'tri-
angles.
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Figure 12: triangle meshoptimizedfor smoothappeaance leadingto at triangles(left), andfor triangle shapeleadingto
surfaceartifacts (right).

3.2.6. Summary

The mostimportantissueaboutquality controlis probably
thefactthattechniqueshatarewell known from theinterro-
gationof smoothsurfacescanbeadaptedindusedfor trian-
glemeshes#n astraightforvardway. Discretecunatureanal-
ysisis the key to achieve this result.In additionto smooth-
nessandfairnesgherearecriteriaontriangleshapehatmay
beimportantfor speci ¢ applications.
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4. Coarse—to— nehierarchies

Coarse—to— nehierarchiesare built up by successiely re-
ning acoarsebasemesh(i.e. by insertingnew verticesand
triangles).The resultingdegreesof freedomcanbe usedin
two ways: Subdvision schemegosition the new vertices
suchthat the resultingmeshesecomesmooth— the geo-
metricinformationinherento the basemeshis thereforenot
changedRemeshingnethodntheotherhandpositionthe
verticessuchthatmoreandmoregeometricdetail becomes
visible by samplingpointsfrom the original surface— the
resultingmesheghereforeneednot be smooth.The follow-
ing two sectiongdescribeheseapproaches moredetail.

4.1. Stationary subdivision
4.1.1. Intr oduction

Subdvision schemedave becomeincreasinglypopularin
recentyearsbecausehey provide a uniform and ef cient
way to describesmoothcurves and surfaces.Their beauty
liesin the elegantmathematicaformulationandsimpleim-
plementationGiven an arbitrary control polygon, perform
thefollowing subdvision stepadin nitum (seeFigurel13):

1. Splittingstep:Insertanew vertex atthemidpointof each
edge.

2. Averaging step:Relocatesachvertex accordingto given
re nementrules.

If there nementrulesarechosercarefullytheresultingcon-
trol polygonswill corvergeto asmoothlimit curve. In prac-
ticethealgorithmis stoppedafterasufcient numberof sub-
division stepsandthe resultingcontrol polygonis rendered
asanapproximatiorof thecurve.

Figure 13: Subdivisionstep: original polygon(upperleft),
after splitting step(upperright), after aveiaging step(lower
left) andlimit curve(lower right).

Eventhoughsubdvision schemefave mary applications
in the univariatecase their real strengthsare only revealed
whenlooking at the bivariatecase:they areableto handle
surfacesof arbitrary topologywhile automaticallymaintain-
ing continuity properties.

In the following we give a brief historical overvien
andcite the necessaryeferencesSubdvision methodgfor
cunes) were introducedand mathematicallyanalyzedfor
the rst time by G. de Rhamin 1947.However, only their

re—inventionin 1974by G. M. ChaikirP madethemavailable
for the computergraphicscommunity Chaikin usedthem
to derive a simple algorithmfor the high—speedjeneration
of curves. In 1978the conceptof subdvision was carried
over from curvesto surfaces:CatmullandClark describeda
generalizatiorof bicubictensomproductB—spline$ andDoo
and Sabinintroduceda generalizationof biquadraticten-
sorproductB-splines8. In thefollowing decadesnary new
schemeswere proposedithe Butter y schemé?, the Loop
schem@& andvariationalscheme® (seealsoSection5.2) to
nameonly afew. However, the subdvision rulesof theearly
schemesvereonly “ad hoc” generalizationsf known rules
for regularcasegknotinsertion)andlacked a precisemath-
ematicalanalysiswith respecto corvergencebehaior and
differentiability properties A rst andimportantapproach
wasalreadygivenby DooandSabin:they performedaspec-
tral analysisof the so—calledsubdivisiormatrix to prove the
corvergenceof their schemen extraordinaryvertices.This
approachwasfurther enhancedy Storry andBall2. A sec-
ond way to analyzesubdvision schemesare the so called
geneating functions?: this formalism allows the subdvi-
sion stepto be expressedasa simple multiplication of two
formal power series.However, it was not until 1995when
U. Reifintroducedheconcepbf thecharacteristicmapof a
subdvision schemé thatonewas nally ableto rigorously
prove the continuity propertiesof subdvision scheme¥.

Nowadaysgheresearclis focusingon applicationof sub-
division schemesMethodsto interpolatepointsandcurves
weredeveloped® 27, physicalsimulationshasedon subdvi-
sion methodswere examined. Subdvision techniquesare
usedfor animationsn computergeneratednovies’ aswell
asin raytracingapplicationg?2. New techniqueso ef ciently
handleandrendersubdvision surfaceswere developedand
even implementedin hardware. The modeling power of
subdvision schemeswvas greatly enhancedy introducing
schemesthat are able to model cornersand creaseX: 3.
At presentalmost everything one can do with traditional
NURBS-bhasedystemsanalsobeachisredby subdvision
technique®.

Beforestartingwe, somepreliminarynotions:In the fol-
lowing we aredealingmostly with triangularandquadran-
gularmeshesi.e. the facesaretrianglesor quadranglesie-
spectvely. The numberof edgessmanatingrom avertex is
calledthe valenceof the vertex. A vertex of a quadrangular
meshis saidto beregular, if it is aninnervertex of valence
4 or aboundaryvertex of valence3, otherwiset is calledex-
traordinary. Likewisea vertex of atriangularmeshis called
regular, if it is aninner vertex of valence6 or a boundary
vertex of valence4, andextraordinary otherwise.

4.1.2. Catmull-Clark subdivision

In orderto get a feeling for subdvision schemeswve will
describeone of them in more detail: the Catmull-Clark
scheme,which is widely used becauseits quadrangular
structurets well into existing CAD systems.

¢ TheEurographic#ssociation2000.
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Let s(u;v) = éiéjciij(u)Nf(v) be a bicubic tensor
productB—spline:the ¢jj arethe control pointsarrangedn
aregularquadrilaterabrid (seeFigure14) andtheNi3( ) are
the uniform cubic B—splinesover the knot—ector Z. The
surfaces is built of quadrilateralpolynomial patcheseach
of thembeingdeterminedby aregular4 4 submestof the
original mesh(compactupportof the B—splines!).

Figure 14: B-Splinesubdivision:Eadc patdc of a tensor
productB-Splinesurfaceis fully determinedbya4 4 sub-
meshof the original mesh(left). Knotinsertionyieldsa re-
ned mesh(right).

By insertingknotswe seethats canberewritten asaten-
sor productB-spline over the re ned knot vector%z, i.e.
(V) = &8 dij Ni?’(2u)Nj3(2v). Thecontrolpointsd;j con-
stitutea ner quadrilateramesh(seeFigure14) andareeas-
ily computecby thefollowing masks:

.H.
1° °1

Figure 15: Masksfor knot-insertiorof bicubictensorprod-
uctB-splines.

In thisandthefollowing gures alreadyexistingedgesare
shavn assolid lines while new edgesare dashedTo com-
putethe new positionof the vertex marked by a squareone
hasto take theweightedaverageof thedepictedvertices By
repeatedlyinsertingknotsthe resultingcontrolmesheson-
vergeto thelimit surfaces. Now supposeve have aquadri-
lateralmeshwith extraordinaryvertices;we canstill inter
pretevery4 4 submeslascontrolnetof apolynomialpatch
— but thiswill leave aholein thesurface(seeFigure16).

In orderto carry over the conceptof subdvision to ex-
traordinaryverticesCatmull and Clark extendedthe masks
for theregular caseby a setof nev masks— onemaskfor
eachvalence(seeFigurel?).

Now they were ableto do subdvision asaboe andadd
afurtherring of patchego the surfacethusmakingthe hole
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Figure 16: Catmull-Clark subdivision: Interpreting eat
regular 4 4 submeshas the contol net of a polynomial
patch still leavesholes(left), subdividingthe contol mesh
resultsin a larger regular region and thus gradually lIs
theseholeswith rings of patches(right).

Figure 17: Catmull-Clarksubdivision:maskfor extraordi-
nary verticed4. Thecoefcients dependon the valencen of

thecentervertex: b = Z—ﬁz,g= Tﬁz’a: 1 nb ng

smaller(seeFigure16). Thenenv masksveredesigneduch
that the resulting control meshescorverge to a limit sur
facewhich is C? exceptfor the extraordinaryvertex where
it is C1. Note thatthe choiceof the masksis not unique—
thereexist othervariantswhich alsogeneralizebicubic ten-
sorproductB—splineg2.

4.1.3. Analysis of subdivision schemes

Therearetwo major approacheso mathematicallyanalyze
the propertiesof subdvision schemegcorvergencebeha-

ior, continuity/diferentiability of the limit function, repro-
ductionproperties)generatingunctionsandspectrabnaly-
sisof the subdvision matrix.

Generating functions

Generatindunctionsareusedto analyzeunivariatesubdvi-
sion schemesandthe regular partsof bivariatesubdvision
schemesTo avoid messymulti—indiceswe will restrictour
selesto the univariatecase We startwith ade nition:

LetP= (pj)j=1 ::;1 beanarbitrarysequencehenwe

calltheformalseriesP(2) = & pj 7 thegeneating function
(or thesymbo) of P.
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Figure18: A pongonPi = (pi]-) (solidlines)is mappedo a
re ned polygonP'* ! = (p**) (dashedines).Notethat this
isan interpolatorysdweme:piz"j 1= p']

As an exampleconsiderthe 4—pointschemé! (seeFig-
urel18):

A polygon P' = (p}) is mappedto a re ned polygon
P*1 = (pi"!) by applying the following two subdiision
rules:

ot = Py
i+1 _ 1 i i i iy
Poji1 = E( Pj 1+ 9pj+9pj+1  Pj+2):

In generalucha subdvision stepcanbe compactlywritten
in asingleequation

i+1_

1 .
Pj a ax jpk:

k=1
wherethe aj arecoefcients dependingon the subdvision
rules.Notethattheindex 2k  j alternatinglyselectgheeven
indexeda's or theoddindexeda's. In this casewe have

a:(aj):lie[:::;O;O; 1;0;9;16,9;0; 1;0;0;::1]

After somecomputatiorwe seethatthe subdvision stepcan
be expressedn the generatindunctionformalismasa sim-
ple multiplication of the correspondingymbols:

P*l(2 = a@P'(D):

Note thata(2) is the symbolof the sequence. The basic
ideaof proving convergenceto a continuousimit function
is to shav that the polygonsP' form a Caudy sequence
which follows if thedistancejP'** Pljj1 of two succes-
sive polygonsdecreasesxponentiallyin i. Somecomputa-
tion shawvs that this is the case,if the so—calleddifference
schemewhichis givenby the symbol

z

Oy —
a(7) = 1+ 7z

a(2

exists(i.e.a( 1) = 0) andis contractve. Thisis the casef
)
max §jadj;d jadi+i =aq< i
j j

Sowe have ansimply criterionto checkthe corvergence
of asubdvision schemeo acontinuoudimit function.Like-
wise onecanprove corvergenceto higherordercontinuous
functionsby examininghigherorderdifferenceschemes.

Subdivision matrix formalism

The subdvision matrix formalismis usedto describethe
behaior of bivariate subdvision schemesear extraordi-
nary vertices.The basicideais to keeptrack of a vertex pg
throughdifferentsubdvision levels. To do this, it turnsout
thatit is necessaryot only to keeptrack of pg but also of

thecaseof Loop subdvision thisis the 1-ring of neighbors,
i.e.all verticesadjacento pg (seeFigurel9). In generalthe
sizeof theneighborhoods determinedy the supportof the
subdvision masks.

Figure 19: Subdivisionmatrix formalism: The subdivision
matrix S mapsa neighborhoodf a vertex on level i to the
neighborhoodf the samevertex onleveli + 1.

thereisa(n+ 1) (n+ 1) matrix Ssatisfying
pi+1 - Spi:

This matrix is calledthe subdivisionmatrix of the scheme.
Letlg I3 I n be the eigevalues of S and
Xo;X1;:::;%n the correspondingeigervectors (i.e. Sxj =

we canexpandp’ to
0
P =& xw
j
for some vector-valued coefcients wj. Subdviding the
meshm timesmeansapplyingS™ to p°:
p"= 8" = &3 )™jw; = | Pxowo+ | Praws +
j

Now supposehatl = | > | 1. Thenit is easyto seethat
thelimit positionlimj;  pg of po is given by wy. Similar
formulascanbederivedfor thelimit tangentsn wg. Thusthe

analysisof thesubdvision matrix providesformulas(masks)
for limit positionsandtangentdif they exist).

¢ TheEurographic#ssociation2000.
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However, it turnsoutthattheabove analysiss notenough
to shav thatthelimit surfacein the neighborhoodf anex-
traordinaryvertex is smooth Thismeanghatthederivedfor-
mulasareonly valid, if the corvergenceto a differentiable
function has alreadybeenshavn by someother method.
For this one hasto considera larger neighborhoodof pg
andto analyzethe spectralpropertiesof the corresponding
subdvision matrix. Furthermoreoneneedso analyzetheso
called characteristicmap of the subdvision schemelt can
be shavn thatif this mapis regular andinjective the subdi-
vision schemetself producesc*—continuoussurfacesin the
limit30 34,

4.1.4. Technicalterms

In this sectionwe explain someof the commontechnical
termsusedin the subdvision literature.

Accordingto thewaythey relatethetopologyof theorigi-
nalmeshto thetopologyof thesubdvidedmesh subdvision
schemesreclassi ed (seeFigure20) as

primal or face—splitschemes
dualorvertg—splitschemes
other, e.g.
sectiorit

3—schemehong/comb re nement and bi-

Figure 20: Classi cation of subdivisionschemesfacesplit
schemes— quadrangular (left) and triangular (middle) —
andvertex split schemegright).

Furthermore one distinguishes between interpolatory
(existing vertices are not relocated) and approximating
schemesA subdvision schemds saidto be stationary if
the subdvision rules do not dependon the overall struc-
ture of the meshnor on the subdvision level (all subdvi-
sion schemegpresentedereare stationary) otherwiseit is
callednon-stationaryVariationalschemeg? arean exam-
ple of non-stationargchemesvhich arebasedon optimiza-
tion techniqueso generatesmoothmeshegseealso Sec-
tion 5.2). A subdvision scheméascompacsupport if only
a nite numberof coefcients in the subdvision masksis
non-zero.
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4.1.5. Common subdivision schemes

In this sectionwe presentsomecommonsubdvision sche-
mes.Thefollowing tablegivesa brief overvien of thebasic
properties(notethatck really mean<X almosteverywhee,
i.e. exceptfor the extraordinaryvertices,whereall schemes
areCl).

Doo-Sabif approx. C' quadrilateral  dual
Catmull-Clark approx. C?> quadrilateral primal

Kobbelt® interp. C! quadrilateral primal
Butter y 12 interp. C' triangular  primal
boop28 approx. C°> triangular  primal

321 approx. C? triangular other

We will only give the basicre nementrulesanddiscuss
someof their propertiesFor furtherinformation(re nement
rulesfor boundaryedgesmasksfor limit positions,etc.)the
readeris referredto the literature.Generallyinterpolatory
schemesllow for a moreintuitive control of the limit sur
face(verticesare interpolatedno shrinking effect) andfor
asimplerimplementatiorof mary algorithms However, the
surfacequality is usuallynot asgoodasthatof approximat-
ing schemes.

Doo-Sabinscheme The Doo—Sabin schemé (see Fig-
ure21) generalizegjuadratidensomproductB—splineslts
re nementrulesaregivenin Figure22. It is interpolatory
in thesensdhatthebarycentersf thefacesof theoriginal
meshareinterpolated.

Figure 21: The Doo—Sabinschemeis the mostprominent
exampleof a dual or vertex—split subdivisionscheme Note
that the numberof extraordinary faces(i.e. faceswhich are
notquadrilateral) remainsconstant.

Kobbelt scheme The Kobbeltschemé® is aninterpolatory
schemdor quadrilaterameshesvhichemepgesfrom gen-
eratingthetensormproductof the 4—pointscheme.

(Modi ed) Buttery schemeThis schemewas originally
proposeddy Dyn, Gregory andLevin!2 andmodi ed by
Zorin, Schréderand Swelden# to yield an everywhere
C!—continuoussurface. The re nement rule for the un-
modi ed schemas depictedn Figure23.

Loop scheme The Loop schem#& generalizegjuarticbox-
splines.Its re nementrulesaregivenin Figure24.



GMU MPI Saarbriigen/ GeometridMlodeling

Figure 22: Doo—Sabinscheme:Thee is only onemaskpa-
rameterizedby the numbern of verticesadjacentto the
facd4 ag = %+ %,ai = %ﬂz'pzm fori=1;:::;n L

1 1 1
16 8 16
194

SRS

e
1 1 1
8

Figure 23: Buttery scheme: As this is an interpola-
tory schemewe only needa maskfor the newly inserted
verticed4.

P 3-schemeThis schemewas only recently proposedby
Kobbelgl. It produceslc2 surfacealmosteverywherebut
is not basedon polynomials.It is especiallywell suited
for adaptve subdvision sinceone doesnt needto insert
auxiliarytriangles.n a rst stepevery originaltriangleis
splitin threeby insertinganew vertex atits barycenterin
the secondstepthe original edgesare ipped, yielding a
trianglemeshrotatedby 30 degrees(seeFigure25). The
subdvision masksareshawvn in Figure26.

4.2. Remeshing

Usingthe powerful meansof subdivisiontheprecedingsec-
tion illustrateshow onecande ne a surfaceasthelimit of a
sequencef successiely re ned polyhedralmeshesin this

sectionwe do not dealwith the geometricpart of the sub-
division that leadsto mathematicallysmoothand visually
appealingsurfaces but we focuson the specialconnectvity,

the so called subdivision—connectivitthat emeges,when
iteratively applyingaregularre nementoperatoito acoarse
trianglemesh.A well-knovn re nementoperatoris the 1—
to—4 split that recursvely splits eachtriangularfaceinto 4

subtrianglesy introducing3 new verticeson the edged(cf.

Fig. 20). Sinceevery submestthatcorrespondso onebase
trianglehasthestructureof aregulargrid andthewholehier-

archyis basednanarbitrarycoarsebasemesh(cf. Fig. 27),

theresultingmeshesresaidto be semi-egular.

The implicitly de ned connectiity establishedon a
coarsebasemeshand the direct availability of multireso-
lution semanticsgives rise to mary techniquesexploiting

an
n

s

o]
an
" E

Figure 24: Loop scheme:In caseof a regular meshthis
schemeproducegyuartic boxsplines\We havean = 6—14(40
(3+ 2coq2p=n)) 2) whee n is the valenceof the center
vertees,

Figure 25: P 3-stheme: original mesh(upper left), after
inserting barycentes (uppﬁr_right) and after edge ipping
(lower left). Notethattwo  3—subdivisiorstepsresultin a
tri—sectionof theoriginal triangle edges(lowerright), hence
thenameof thescheme

this convenientrepresentatioasthe following enumeration
shaws.

Compression/piogressie transmission Lounsberry et
al. 8 performamultiresolutionanalysisj.e. they introduce
a wavelet decompositionfor mesheswith subdvision—
connectiity. By suppressingmallwaveletcoefcients, a
compressedpproximatiorwithin a givenerrortolerance
canbeachieved. Moreover sucha waveletrepresentation
caneasilybe transmittedn a progressie fashion.(Send
thebasemeshrst andre ne it with successiely arriving
waveletcoefcients.)

Multir esolutionediting For instance Zorin and co—
workers*® combinesubdvisionandsmoothingechniques
and presentan interactve multiresolutionmeshediting
system, which is basedon semi-rgular meshesand
enablesef cient modi cations of the global shapewhile
preservingletailedfeatures.

Parameterization Eachsubmesh(subdivision—patt) can
be parameterizecdhaturally by assigningbarycentricco-
ordinatedo thevertices.Combiningthelocal parameteri-
zationsof the subdvision—patcheyieldsa global param-
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Figure 27: Mesheswith subdivision—connectivitgre geneatedby uniformly subdividinga coarsebasemeshSy (left). Onthe
re ned meshesve caneasilyidentifyregular submeshegight) which topolagically correspondo a singletriangle of thebase

meshSy (left).

:\g’

::|§’

[

an
n

an
n

P 3-sdeme: This schemehas the maskswith
4 2coq2p=n)
4 zeosap)

Figure 26:

the smallestpossiblesupportt. We havean =
wheee n is thevalenceof the centervertex.

eterization Texturing is just oneapplicationof sucha pa-
rameterization.

Level-of—detailcontrol Standardrendering libraries are
ableto display objectsat variouslevels of detail, thatis
they display a coarseapproximation,if the objectis far
awayandswitchtoa ner one,if theviewerzoomsin. The
differentsubdvision levels naturallysupportthis feature.
In combinationwith multiresolutionanalysis,switching
to ner resolutionscanbe donesmoothlyby fadingin the
waveletcoefcients.

Recentinvestigationshaw, thatcompactandcorvenient
representationfor multiple of theapplicationsabove canbe
derivedwhenusingsemi-rgularmeshe¥ 2518,

However, even if semi—rgular meshesare particularly
corvenientfor varioustypesof applications,in practiceit
is ratherunlikely thata given triangle meshhasthis special
type of connectity (exceptthosemeshesoriginatingfrom
subdvision). Duringthelastyearsacoupleof methodshave
beenpresentedo corvert a manifoldtrianglemeshinto one
having subdvision—connectiity andthushaving accesdo
the powerful methodsdevelopedfor semi—rgular meshes
whenanarbitraryinput meshis given.

Before we give an overvien over three corversion
schemeswe startby establishinghe notationanddescribe
some quality criteria. Let an arbitrary (manifold) triangle
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meshM begiven. Thetaskof remeshingheinput dataM

eachS;, 1 emegesfrom S; by the applicationof a uniform
subdvision operatomwhich performsa 1-to—4spliton every
triangularfaceof S; (cf. Fig. 27). Sincethe S; shouldbedif-
ferently detailedapproximationsof M , the verticesp 2 S;j
have to lie on the continuousgeometryof M but they do
notnecessariljhave to coincidewith M 'svertices.Further
moreit is allowedbut notrequiredthattheverticesof S; are
asubsebf Sj; 1's vertices.

In generalit would be enoughto generatethe mesh
Sm sincethe coarserlevels of detail S; can be extracted
by subsamplingNeverthelessbuilding the whole sequence

multi—level algorithms.

The quality of a subdvision—connectiity meshis mea-
suredin two differentaspectsFirst, we want the resulting
parameterizatiowhich mapspointsfrom the basemeshSg
to the correspondingpointson Sy to be closeto isometrig
i.e. the local distortionof the trianglesshouldbe smalland
evenly distributedover the patch.To achieve this, it is nec-
essaryto adaptthetrianglesin the basemeshS carefullyto
the shapeof the correspondingurfacepatchesn the given
meshM .

The secondquality requirementratesthe basemeshSg
itself accordingto the usual quality criteria for triangle
meshesi.e. uniform sizeandaspectatio of the basetrian-
gles.

As previously stated a globalparameterizatioof M can
easily be derived if Sm is given. This is also possiblethe
otherway around,i.e. a semi-rgular meshcan easily be
constructedif aglobalparameterizatiors available.There-
fore,schemeshatbuild aglobalparameterizatioonM can
alsobeadaptedo ourtaské4 117,

However, this tutorial focuseson the “classical’ schemes
that corvert an input mesh into one with subdvision—
connectvity.



GMU MPI Saarbriigen/ GeometridMlodeling

4.2.1. Eck'sscheme

In 1995Eck etal.13 werethe rst whocameupwith athree—
stepremeshingscheme This canroughly be describedas
follows:

creteVoronoi tiles. The union of thesetiles is dualto a
triangulationwhich is usedasthe basetriangulation.
Parameterization constructsa local parameterizatiorfor
eachsubmestof M that correspondso a basetriangle
andjoinsthemwhichresultsin aglobalparameterization.
Resampling recursvely performsl-to—4splitsonthebase
domaintrianglesin So andmapsthenew verticesinto R3.

In orderto be ableto comparethis schemewith the two
other schemesthat were recently published,we focus on
someaspectof the algorithm.For a completecoveragewe
referto the original paper

Thepartitioningstartswith asingleseed-triangleBy suc-
cessvely addingadjacentriangles the seedgrows to atile.
New seed-triangleareaddedif oneof the restrictionsthat
ensurehatthedualof thetiles builds a propertriangulation,
is violated. The growing procesgerminateswhenthetiles
cover the completesurfaceM andthetiles' dual senesas
the basetriangulation.The verticesare locatedat the cen-
troids of the seed—trianglesThusthe base—erticesarerela-
tively equallyspreadover M . However, the positionsof the
verticeshearily dependnthegrowing processi.e.thealgo-
rithm cannottake the secondjuality criterioninto account.

Using harmonicmaps,a parameterizatioiis constructed
asfollows. At rst, onecomputesa harmonicmapthatcar
ries eachVoronoitile T into a planarpolygonP;. Thein-
versemappingis a parameterizationf T; over P;. This pa-
rameterizatioris evaluatedto getthe triangularsubmeshes
which are dual to the Voronoi tiles T;. Finally, harmonic
mapsare usedto map thesesubmesheso the correspond-
ing trianglein Sp. Thecombinationof thesemappingdeads
to an optimal parameterizatioffor the base—trianglebut it
pro\/idesC0 continuity over the edgesof adjacentriangles
only.

Pros/Cons:

+ Arbitrary manifoldinput-meshes.

+ Parameterizatiolon base—trianglets closeto isometric.
— Only c? continuityacrosghe edgesf base—triangles.
— Base—domai®g notoptimalaccordingo quality criteria.
— Costlycomputationgharmonicmappings).

4.2.2. MAPS

An alternatve approachaddressinghe remeshingproblem
is the MAPS algorithm presentecoy Lee et al. 26 Within
the scopeof this tutorial we sketchthe key featuresof the
schemeFor a moreelaboratediscussionpleasereferto the
original paper The basedomain Sy is found by applying
an incrementalmeshdecimationalgorithm to the original

mesh,cf. Section5.1 for a closerlook at meshdecimation.
Comparedo Eck's schemethis provides more control on
the generatiorof the basemeshsincefeaturelines andlo-
cal cunvatureestimatesanbetakeninto considerationThe
atomicsimpli cation stepis the vertex remwal. Figures28
and29 illustratehow a parameterizatioover Sp canbe de-
rived. This parameterizatiofis, again,not globally smooth
but only locally within eachpatchcorrespondindo a base
triangle. The actualremeshings not doneby samplingthe
initial parameterizatiomt the dyadicbarycentricparameter
valuesasusualbut an additionalsmoothingstepbasedon a
variantof Loop's subdvision schemé? is usedto shift the
samplesiteswithin the parametedomain.

3 space

flattening into parameter plane

T retriangulatione

Figure 28: In order to remwe a verte, its one-ring is
mappedinto the plane (exponentialmap), the vertec is re-
moved,theresultingholeretriangulatedand nally mapped
bad into 3 space( gur e inspired by the original papees).

assign barycentric !
coordinates to old S Y N .= ==
point in new triangle/ " % %"

Figure 29: After retriangulation(cf. Fig. 28), theremaed
vertex (black dot) gets assignedbarycentric coodinates
with respecto the containingtriangle on the coarser level.
Barycentriccoorinatesof previouslyremaedvertices(hol-
low dots) are updatedaccodingly ( gure inspired by the
original papef®).
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Pros/Cons:

+

Arbitrary manifoldinput—-meshes.

Userde ned featurelines.

Parameterizatiolon base—triangles closeto isometric.
Sm smoothover the edgesof Sg.

Without userinput: base—domaiisg not optimal accord-
ing to quality criteria,i.e. it depend®nthe meshdecima-
tion only.

+ + +

4.2.3. Shrink wrapping

A completelydifferentapproacto the remeshingproblem
for genus—zermbijectsis presentedy Kobbeltet al.23. The
physicalmodelbehindthealgorithmis the procesof shrink
wrappingwherea plasticmembrands wrappedaroundan
objectandshrunkeitherby heatingthematerialor by evacu-
atingtheair from thespaceanbetweerthemembraneandthe
objects surface.At the endof the processthe plastic skin
provides an exact imprint of the given geometry To simu-
latethe shrinkwrappingprocessthey approximateheplas-
tic membranedy a semi—rgular meshSm. Two forcesare
appliedto its vertices An attractingforce pullsthemtowards
the surface.A relaxingforceis appliedin orderto optimize
thelocaldistortionenegy andto avoid folding. Thisensures
anevendistribution of the vertices.Theattractingpartis re-
alizedby a projectingoperatorP that simply projectsSm's
verticesonM . Therelaxingis doneby applyinganoperator
U to all verticesin Sm, thatiteratively balanceghe vertex
distribution. Thus, shrink—wrappings an iterative process,
whereonealternateshe operatord? andU.

Neverthelessthe proposedschemeworks slightly dif-
ferentin order to acceleratethe underlying optimization
process.Instead of immediately shriveling up Sm , the
remeshingprocessstartswith an initial corvex mesh Sy
(e.g. anicosahedron)Oncetheiterationconvergeson level
Si, the schemeswitchesto the next re nementlevel Sjy 1.
Hence this multi-level approactyenerategtermediatdev-
els,which arecloseto the nal solution,with relatively low
computationatosts.

Unfortunately the algorithm describedso far works for
simpleinputmeshedv only. Oneof theproblemshatarise
is thatespeciallyfor the coarsemapproximationsthe projec-
tion operatorP might producecounterintuitive results.

For thisreasonthey extendthebasicshrink—wrappingl-
gorithmwith the aid of a parameterizatiofr of M overthe
unitsphereBoth,M (usingF'sinverse)andSg (projection)
aremappedontoa sphereThus,P becomedrivial. There-
laxationoperatorU is adaptedo this in sucha way, thatit
still measureshe geometryon the original surface. This is
doneby associatingrianglesof M to correspondingurface
areasof Sp (whichis trivial, if both meshesare mappedo
a sphere)This guaranteean equaldistribution of Sg's ver-
ticesonM whenevaluatingF (Sg). In areaswherethe sur
facemetricof Sg andM differ considerablywhich would
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leadto severe stretchingin the resultingremeshnew ver
ticesareinsertedinto Sy by performingsimpleedge—splits.
OnceSy is found, successie levels canbe computedoy ei-
therusingthestabilizingparameterizationver thesphereor
directly, if S; andM do notdiffer too much.

Pros/Cons:

+ Custontailoredbase—domaig whichis optimizedwith
respecto bothquality criteria.

— In its basicform the algorithmworks for genus—zermb-
jectsonly.
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5. Fine-to-coarsehierarchies

In the previous sectionmethodswere presentedhat gener
ate meshhierarchiesfrom a coarsebasemeshby re ning

“bottom-up” to a speci ed detail level. In this sectionwe
aregoingto discusswaysto build a hierarchy‘top—davn™:

Givenadetailedmesh acoarsebasemeshis createdy suc-
cessvely remaving detailinformation.

Again, two typesof hierarchiecanbe discernedievels
of compleity arecreatedhroughmeshdecimation(Section
5.1) while levelsof smoothnesareachievedby fairing tech-
niques(Section5.2).

5.1. Meshdecimation
5.1.1. Intr oduction
Theaimsof this sectionare

to provide an overview of the currentbody of literature
that canbe usedasa startingpoint for further investiga-
tions;

to aid in identifying application—speci meedsandpoint
you to commonproblemswith simpli cation algorithms;
to sumup what's involved in “rolling your own” mesh
simpli cation tool.

Firstof all, to give you anideaof whatgeometrysimpli-
cation canbeusedfor, herearesometypical applications:

Oversampledscandata: Meshegyeneratedrom scandata
areusuallyhugeandmostly uniformly sampledtheden-
sity of the meshdoesnt correspondo the detail needed
locally.

Overtesselatedsurfaces: Densemeshesrealsooftengen-
eratedrom othersurfacerepresentations typical exam-
pleis the extractionof iso—suricesusinge.g.the march-
ing cubesalgorithm(seeSection2.2), which sampleghe
surfaceat a x ed detail level. Also parametricsurfaces,
like NURBS patchegasusedin CAD programs)areof-
ten just uniformly sampledin parameteispaceandthus
alsonotadaptedo thedetail actuallyneededo represent
localgeometry

Level-of—detailrendering: To speedup rendering,mary
systemssupportswitching to a lower resolutionmodel
whenthe objectis far away from the viewer. It is desik
able to generatethesesimpli ed modelsautomatically
Also, meshsimpli cation enablesthe display of origi-
nally highly complex modelseven on low—end devices
(seeFig. 31).

Progressve transmission: Transferringa completeobject
descriptiormightnotbefeasibleonlow—bandwidthchan-
nels.With progressie meshesthe basicshapeof anob-
jectis transmittedrst andcanalreadybe viewed; detalil
is subsequentlyransmitteduntil the target resolutionis
reached.

Multir esolutionediting: If an object can be transformed
into a representatiorof varying coarsenesdarge—scale

modi cations can be accomplishedby working on a
coarselevel and automaticallyre—applyingthe detail in-
formation(seeSection6).

Figure 31: Low—polygonapproximation (2k triangles) of
theMax Pland bust( 400ktriangles,seeFigure 9) onthe
PalmPilot PDA

So, how do you go aboutgeometrysimpli cation? As a
rst approachwe could de ne the task at handin loose
terms as “creation of a low—polygon approximationof a
complex modelthatis goodenoughfor the intendedappli-
cation”.

A closeexaminationof this preliminaryde nition already
raisesalot of questions:

Whatarethe propertieof themodelwe have to consider?
Geometrytopology attributesmay or may notbeimpor-
tant.

What exactly is an “approximation”?We have to de ne
theactualerror in someway.

Finally, whatis “good enough™?This is alsoentirely de-
pendenton the application.We probablyhave to specify
quality criteriaonthe model.

As you can see,the abore problem statementis very
vagueand application—dependenivhich might help to ex-
plainwhy therearesomary meshsimpli cation algorithms,
with their own particularstrengthsand weaknessedn the
following sectionwe brie y review themajordevelopments
andapproachethathave beentakenuntil today

5.1.2. A brief history

For domain—speci cgeometricmodelsautomatednethods
to generatdower levels of detail exist sincethe 198089 40,

The rst more generalsimpli cation algorithmsthat were
not tied to a particular applicationand data structureap-

pearedn 1992:
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Turk's re—tiling approackf placesnew verticeson the
existing geometry inserting more points in areasof high
surface cunature, and distributesthem by point repulsion
forces.Most of the existing verticesarethenremoved and
atriangulationis createdrom the remainingsetof vertices.
While the optimizationprocesdeadsto well-shapedrian-
gles, thereis no real way to guide the simpli cation pro-
cessandto boundthesurfaceerrorwith this method asTurk
pointsout himself.

The sameyear anincrementalmethodwas proposedn
the pioneeringwork of Schroedeet al.34; simpli cation of
themeshis accomplishedby remaving a vertex andretrian-
gulatingtheresultinghole.Approximationerroris measured
asthedistanceof theremovedvertex to the (averageesult-
ing planeof the retriangulation.Thereis no boundfor the
deviation from the original mesh.

Rossignacand Borrel introduce vertex clustering® A
spatialgrid is superimposednto the geometryandall ver-
ticesin a cell aremegedinto one,collapsingthe associated
partsof thegeometryThemaximumvertex errorin thiscase
is thesizeof acell. Thealgorithmis simpleandef cient, but
sinceit is purely vertex—basedjt ignorespropertiesof the
surfacesuchascunatureanddoesnot presere the original
topology

In meshoptimizatiorR®, minimizationof an enegy func-
tion is usedto nd an approximationof a triangularmesh
thathasa low numberof vertices,which is achieved by re-
moving and repositioningverticesand ipping edges.The
desiredapproximatiorconstraintaredirectly modeledinto
this function. The work is motivatedby the surfacerecon-
structionproblem but appliesto meshsimpli cation aswell.

Hoppés? later proposesa simpler variant of meshopti-
mization(usingnow only oneoperation the edgecollapse)
to generatdevelsof detailandpresentshe progressivemesh
representatiofior transmittingandstoringa coarseapprox-
imation plus the detail informationfrom which the original
surface canthen be reconstructedThe methodextendsto
scalarsurfaceattributes,suchasvertex colorsandnormals.
Featureedges(herecalled“discontinuity curves”) are sup-
portedaswell. To generatea progressie meshrepresenta-
tion, the history of the appliedsimpli cation operationss
storedtogethemwith theinformationneededo invertthepro-
cess(basicallythe positionsof the removed vertices).Be-
ginning with the coarsebasemesh,the original geometry
cannow be successkely reconstructedWith ef cient data
structure®, this representatiomsuallyconsumesven less
memorythantheoriginal, non—hierarchicanesh Nearlyall
currentmeshsimpli cation algorithmsare ableto support
progressie meshrepresentatioris

A numberof incrementamethodshave beenproposedn
theyearsfollowing, mainly differing in theway the approx-
imation error is estimatedp 2414106 wjth differentconse-
guencesor memoryconsumptiorandrunningtime, respec-
tively. Cignoni et al. have compiled a detailedsurey of

¢ TheEurographicsAssociation2000.

currentmeshdecimationalgorithms. The incrementalap-
proachdominateshe eld of meshdecimationtodayin var
ious re nements; becauseof their modularstructure, e x-
ible choicesin meshdata structure,evaluatedcriteria and
local operationgperformedon the meshare possible thus
enablinga wide rangeof applicationsfor this reasonijn the
following we will concentrat@nincrementamethods.

Most authorsconcentrateon simpli cation within some
geometricerror bound,though mary algorithmsextend to
surfaceattributesaswell. A few authorshave concentrated
onvisualappearancenostnotablyCohenetal .11 whointro-
duceatexture deviation metricto guaranteenupperbound
onthescreen—spacarror. Otherthanin previousalgorithms,
surfaceattributesaredecoupledrom thegeometryby means
of textureandnormalmapswhichleadsto fewerrestrictions
onthesimpli cation of geometryin orderto retainalevel of
visualfaithfulness.

Probablythe biggestcurrentchallengefor meshsimpli -
cationmethoddies in handlingthe ever-increasingamount
of datain anefcient way: Polygonalmodelswith millions
or even billions of verticesare becomingmore and more
commonplaceandef cient aswell aseffective reductionof
thecompleity is oftenaprerequisitdor ary furtherprocess-
ing. Dueto limited main memorycapacitiegshe modelhas
somehwv to beprocesseavithoutever loadingit completely
into memory®.

Nearly all decimation algorithms restrict to triangle
meshesfor anumberof reasons:

Trianglesarealwaysplanar whereser you move a vertex.
Following from this: The surface is pieceavise linear
throughoutthussimplifying evaluations.

Every polygonalsurfacecanbetriangulated.
Constant—sizelatastructurescan be implementedmore
efciently.

In thefollowing, we rst discusssuitablemeshdatastruc-
turesand then explain the generalincrementaldecimation
approachgxisting methodswill be discussedndclassi ed
by notinghow particularsubproblemsrehandled.

5.1.3. Prerequisites:meshdata structur es

A meshdecimationalgorithmusuallyneedsmoreinforma-
tion thanjust vertex positions:the connectiity of the mesh
needsto be accessibldandmutable),in orderto easilyex-
amineandupdatemeshregions.Commonqueriesto sucha
meshdatastructureare:

Which aretheverticesforming a giventriangle?
Whichtrianglesareadjacento agiventriangle?
Whichtrianglesareadjacento agivenvertex?
Is avertex/edgeonaboundary?

Therearea numberof datastructureghatcontainneigh-
borhoodinformation and can be usedin meshdecimation,
for examplewinged—edgkor half-edgedatastructure$ 21,
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Figure 32: Manifold and non—manifoldtriangle con gura-
tions

Thesedatastructurecannotrepresenarbitrarytriangula-
tions,but arebasicallyrestrictedto boundedwo—manifolds
i.e. the surface hasto be topologically disk—like at every
point, or halfdisk—like on boundariesThis rulesout edges
with morethantwo adjacentrianglesor pointswheretwo
trianglesmeetonly at their tips. Figure 32 shaws triangle
con gurations,wherethe left two are legal for a manifold
surface theothersarenot.

This is a common restriction for topology—preserving
mesh decimationalgorithms. A topology—changingalgo-
rithm thoughis allowed to memge disconnectedomponents
of atrianglemesh.To dealwith “real world” mesheswhich
often have somenon—manifoldparts,the offendingvertices
are usually marked as suchandignoredduring simpli ca-
tion.

5.1.4. Incrementalmethodsoutline

This is the outline of a simple incrementaldecimation
algorithrr4:

Repeat:

find region with estimated error < epsilon
remove triangles in region

retriangulate hole

Until  no further reduction possible

The problemwith this naive approachs, thatwe aretry-
ing to solve a global optimizationtask by applying opera-
tionsonly basedn local decisionsA greedyalgorithmlike
this is proneto getstuckin alocal optimumthatmaybefar
away from the globally optimalsolution.

A way to alleviate this problemis to introducea global
rankingfor all candidateperationsEachcurrentlypossible
operationis assignecdh costvalueandthen— if the costis
acceptable— insertednto a priority queue On eachstepof
thealgorithmthe currentleast—cosbperationis appliedand
the priorities for the affected neighborhoods reevaluated
andupdatedlt shouldbenoted thatthisstill doesnt guaran-
teethataglobaloptimumwill befound:No operations ever
performedhatviolatestheprescribedrrorbound,evenif at
alaterstagethe surfacewould lie well within thesebounds.

The improved queuedriven algorithmnow hasaninitial
preprocessinghaseo initialize thequeue:

For all possible regions:
op := operation on region
c := cost of local decimation
if ¢ < epsilon
(op,c) -> queue
Repeat:
Apply least-cost
Update queue
Until  queue empty

operation

Having acloserlook atthelocal simpli cation step,there
arestill openquestions:

Whatexactlyis a“region”?
How shouldit beretriangulated?

Before we can answerthese,we needto decideon the
requiredbehaior of themeshdecimationalgorithm:

Are we allowedto changethe meshtopologyor not?
Doesthesimpli ed meshhaveto consistof asubsetf the
original verticesor do we wantto optimizethe shapeby
shifting verticesaround?

Shouldthe processe invertible for reconstructior(pro-
gressie mesh)?

Whatregion of the meshis affectedby the change{We
needto know thisto computeanerrorestimate.)

The answersto thesequestionsare all connectedo the
choiceof the atomic changeswve apply to the mesh;since
they affecttheconnectiity of themeshthey arecalledtopo-
logical opeiators. Theideais, to have a small setof opera-
tors, or even only one operator that changeghe meshin a
clearlyde nedregionin acomputationallcheapusefuland
well-de ned way; this concepthasbeen rst introducedby
Hoppé?.

Thefollowing sectiongivesan overviev of commonele-
mentaryoperatorsAll thefollowing operationshave a cor
respondingnverseoperationyaryingin theinformationthat
hasto bestoredto performit.

5.1.5. Topologicaloperators

The rst operatotthatmaycometo mindis closeto our def-
inition above: Remave a vertex andretriangulatehe hole.

Vertex Removal

Vertex Insertion

Simple as it is, we still have some degreesof freedom
here, namely how we retriangulatethe hole after remov-

ing the vertex. Optimizing for the bestretriangulationcan
be algorithmicallycumbersoméor specialcaseshave to be
considere#, andcomputationallyexpensve, dependingpn
the valenceof the vertex, i.e. the numberof verticescon-
nectedto the removed vertex by triangle edges As an ad-
ditional drawvback, a lot of informationneedsto be kept to

invertthe operation.
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To reducethe numberof degreesof freedom,avery com-
monoperations theedge collapsé?, wheretwo endvertices
of anedgearememged,effectively removing onevertex and
two triangles.Here, the only degree of freedomleft is the

positionof themeigedvertex.

This operatorcan be restrictedeven further, if we choose
the target position to be at one of the original two vertex

positions.No new vertex positionsare “invented”,the only

choiceleft is into which vertex to collapsethe edge.This

operationis calledrestrictededge collapseor half-edg col-

lapse becauseiving the half-edgecompletelyspeci esthe
operatioR*.

Half Edge Collapse

@ Restricted Vertex Split @

The previous operatorsdo not modify the topology of the
mesh,i.e. no unconnectedegions of the meshwill be con-
nectedand no tearswill disappearor be introduced.In
topology—modifyingalgorithms two verticesareallowedto
memgeevenif they arenot connectedy anedge:

=29

In this operationrwe may againchooseto positionthetamget
vertex freely or restrictto one of the two previous vertex
positions(this variantis shavn in the picture).

Edge Collapse

Edge Split

Vertex Contraction

Vertex Separation

Anothercommonoperatortheedge ip , doesnotchange
the verticesat all, but only the connectiity. This is often
usedasan optimizationstep,becauseipping anedgemay
resultin a betterlocal approximatiorof the surface®.

=4

In the above picturesonly the caseof inner verticesare

Edge Flip

Edge Flip

shawvn. To apply themto boundaryvertices/edges/triangles,

specialcarehasto betakento ensureatopologicallyconsis-
tentmesh.

Evenin the non—boundargase situationsarisewherean
operatorcannotbeapplied,e.g.it maygenerateoplanarttri-
anglesasshavnin Fig. 33. So,whenchoosinganoperation,
therehasto beacheckof thelocaltopology whethetrthisop-
erationcanactuallybeapplied*.

¢ TheEurographicsAssociation2000.

5.1.6. Err or metrics

Now we have clearly speci ed local operationgto perform
on agivenmesh.Giventhatthe operationof choiceis topo-
logically legal, we still have to checkwhetherthe approxi-
mationerrorit introducedies within the givenbounds.The
de nition of this error metricis whereincrementadecima-
tion algorithmsdiffer most. Therearethreemainpointsone
hasto considerfor classifyingthesemetrics:

Measured properties: Topology geometryattributes

Global vs.local: Is the error evaluatedonly from onestep
to thenext, or is therea comparisorto the original geom-
etry?

Inter pretation: To beusefulfor specifyingtheerrorbound,
the metric mustbe intuitive; also,thereshouldnt be too
mary parameterghatthe userhasto adjustmanually

An examplefor alocal measures the distanceto the pre-
vious mesh4. The problemhereis of course thatno useful
statementanbe madeasfor how faithful the simpli ed ge-
ometryis comparedo theoriginal. Evenif oneaccumulates
the error valuesobtainedat eachstep, this resultsonly in
anoverly conserative estimateof theglobalerror, prohibit-
ing high simpli cation rates.Having a tight, reliable upper
boundfor the surfaceerroris crucialin e.g. CAD designor
medicalapplications.

Marny algorithmstry to guaranteean upperboundon the
distanceerror betweenthe original andthe simpli ed sur
face,asin theconceptuallystraightforvard approactby Co-
hen et al.12 inner and outer offset surfacesare computed
andusedby anincrementaprocedureo simplify the mesh
within theseglobalbounds.

A commonway to de ne distanceshetweenmeshess
the Hausdorf distancebetweento shapesA and B, which
is de ned asmaxd(A; B);d(B; A)), whered(X;Y) (theso—
calledone-sidedHausdorf distancg is themaximumof the
distancedrom ary point on X to the closestpointonY. It
shouldbe noted,that the distancefrom shapeA to shapeB
is in generalnot the sameasthe distancefrom B to A (see
Fig. 34).

The Hausdorf distanceis an intuitive global error mea-
sure,but dif cult to computé2. In the caseof scannediata,
onecanarmguethatonly theverticesof theoriginalmeshhold

Figure 33: A collapsealongthearrowwouldcausethedark
trianglesto shae all three verticesand thus causea non-
manifoldcon guration.
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Figure 34: One—sidedHausdorf distanced(A; B) compaed
to d(B; A)

actualinformation, while the triangulationmerely interpo-
latesthesepoints.Fromthis point of view, it is sufcient to
estimatehe one—sidedHausdorf distanceby measuringhe
distancerom the original surfaceverticesto thetrianglesof
thesimpli ed surfacé*.

Measuringheglobalerrorusuallyrequiresto carryalong
somesort of global history during simpli cation, e.g.the
removed verticeg* or information aboutthe currenterror
boundin the form of scalarvalues,error volumesor other
datd4 33,

By preservingglobalvolumeof the shapewith eachlocal
simpli cation ste” 28, no global history needsto be main-
tained,but althoughthe methodyieldsin generalvery good
approximationsno upperboundon the surfaceerrorcanbe
given. Recently error quadricswhere introduced4, which
canbe computedvery fastandin generalgive pleasingre-
sults, but unfortunatelythe interpretationof the surfaceer-
ror is unintuitive (“squareddistanceof vertex to a set of
planes”).lt is not obvious how this measurerelatesto the
Hausdorf distance.

Only a few authors elaborateexplicitly on how sur
face attributes like colors, vertex normals and texture
can be presered, though most methodsextend to these
propertied 1118,

Mesheswith boundaries(as opposedto solids) involve
treatmenbf specialcasesE.qg.if avertex on a boundaryis
removed, thedistanceerrornow needso be measuredrom
that vertex to the boundarypolygon, not a triangle. Some
methodsapply completelydifferentcriteriathanfor simpli-

Figure 35: Situationafter an edg collapse;the dark re-
gion of themeshhaschanged, thusfor eat vertex adjacent
to that region (here shownexemplaryfor one vertex only),
the potential collapses(marked by arrows) needto be re-
evaluated.

cation of innervertices(suchaspreseration of the length
of theboundarypolygoris).

When rejectingremoval of a vertex due to violation of
theerrorbound.,it is importantto re—evaluatethat vertex in
a later stage sinceit may againbecomea candidatedueto
changesn the nearbyregions of the mesh.This is usually
achieed by updatingpriority queueentriesfor the neigh-
borhoodof theremoved vertex (commonlyinvolving all tri-
anglesn the 2—ring of thatvertex, i.e. thetrianglesadjacent
to the changedegions,asshavn in Fig. 35.

For validation of the error boundsthe Metro tool® is a
useful, publically available softwareto comparemeshesn
termsof surfacedistancesndvolumedifference.

5.1.7. Quality metrics

The errormetric explainedin the previous sectionsenesto
selectthevalid candidateoperationdor the next simpli ca-
tion step.But we still needto know, in whatorder theseop-
erationsshouldbe performedto guidethe procesgowards
“better” surfaces.This is achieved by evaluatingthe opera-
tionsusinga quality metric whichis conceptuallyseparate,
butin practiceoftenintertwinedwith the errormetric.

As asimpleexample analgorithmthatreliesonbounding
the distanceerror betweentwo surfacescant detectfold—
overs: A pointmoving in the planecancauseheorientation
of adjacenttrianglesto ip. To generate‘reasonable”ap-
proximationsmorecontrolneedso be exerted(e.g.by dis-
allowing a morethan90 degreechangeof the facenormal).
Also, selfintersectionf a shapecanappearif the opposite
sidesof a modelare closertogetherthanthe boundon the
distanceerror

We cangroupquality criteriaby their domain:

Geometry: Smooth surfacesare usually desirable;apart
from the “triangle ipping” problem,theremaybe user
imposedimits on surfacecurvature.Also, goodpresera-
tion of featurescanbe understoodas controlling quality.
Decimation algorithms often optimize for well-shaped
trianglesemplo/ing somemeasurdor “roundness’(gen-
erally maximizing triangle area with respectto edge
lengths.cf. Section3.2).

Topology: A regularmeshstructurds oftenpreferableln a
topology—changindecimatioralgorithm,onemightwant
to minimizethe numberof separateomponents.

Attrib utes: Commonsurfaceattributesare colors, texture
coordinatesand vertex normals.Faithful reproductionof
the original appearanceequiresminimizing texture dis-
tortion, preservingdiscontinuitiesin surface colors and
minimizing normaldeviation (cf. Fig. 36).

Often, the evaluatedcriteria are usedboth for error and
quality estimation:E.g. we may optimizefor low distortion
of atriangle,given somescalarmeasurebut have a thresh-
old wherewe simply rejectthe operation,f the achiezable
quality is too low.

¢ TheEurographic#ssociation2000.
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Figure 36: Exampleof meshdecimationusingerror metricsfor preservatiorof surfaceattributes;left: original model(400K
triangles); center:decimatedvithoutrespectingolor attributes(5K triangles); right: decimatedpreservingcolor discontinu-
ities (5K triangles).Thealgorithmtradesgeometrypreservatiorfor color preservatiorin this case

5.1.8. Practicalities

Besidesthe core decimationroutines,authoringa general
simpli cation tool often involvesmoreto male it valuable
in practice.Thefollowing list statesn a nutshella few key

pointsto consider;this doesof coursenot claim to be com-
plete,asdomain—speci cdemandsiwayshave to beadded.

Feature preseration: The usershouldbe ableto specify
featureson the surfacethatareretained;this canbe done
completelymanually by selectingindividual verticesor
edges,or semi—automaticallythe programdetectsand
marksfeaturesbasedon user-speci edcriteria).

Con guration: The default parameterdfor error bounds
andquality criteriashouldalreadybe useful;namedpre-
setsareaway to hide complex parametesets(“optimize
for triangleshape”;‘optimize for smoothness”).

Progressve meshgeneration: The decimation algorithm
needgo storetherecordof appliedoperationsalongwith
informationto invertthem.

Robustness: If the decimation algorithm cannot handle
non—manifoldor degeneratemeshregions, theseshould
be detectedand dealtwith in a gracefulway — e.g. by
simply ignoringthem.This alsoin uencesthe meshdata
structureof choice:If a meshcannotevenberepresented
internally; thereis olviously no way to dealwith degen-
eracies.

Speed: The choiceof decimationcriteriahasa greateffect
on speedand scalability of the algorithm. It shouldbe
carefully investigatedwhetherexact error boundsare a
necessity- this can malke the differencebetweena run-
ningtime of afew secondsersusseveralminutesor even
hours.

Memory requirements: When meshesin the rangeof a
few million triangleshave to be simpli ed in—core,eas-
ily hundredsof megabytesof RAM areconsumedEf -
cient datastructuresare very importanthere,and again
the choice of error boundsplays a role, becausemem-

¢ TheEurographicsAssociation2000.

ory usageis higher if e.g. a global history hasto be
maintained?®

5.2. Discretefairing

Besidestechnicalrequirementshigh quality surfacesusu-
ally have to satisfy aestheticatequirementaswell. While
thenotionof aestheti@ppearancis alwayssubjectve (if not
emotional),it is neverthelespossibleto formulatea mathe-
maticalprincipleto quantifysurfacefairnesstheprinciple of
the simplestshapé. Generallyspeakinga shapeshouldbe
free of unnecessargetailssuchasnoiseor oscillations(cf.
Section3.2). In the context of discretesurfacerepresenta-
tions, discretefairing techniquesreatemesheghatarefree
of unwanteddetailbecaus¢hey minimizesomebendingen-
emgy functional.Sinceshapeoptimizationis a computation-
ally expensve task,sophisticatednultigrid algorithmsbased
on meshdecimation(cf. Section5.1) areoftenintegratedin
thefairing algorithms?3,

Therearetwo majorsetupsvheremeshfairingalgorithms
areapplied.In onecasewe areinterestedn smoothingout
the high frequeng details(noise)of an existing meshwith
the constraintto presere the low frequeny components
(global shape).Typical elds of applicationare smoothing
of polyhedralsurfaceslik e thoseextractedfrom volumetric
medicaldataor thoseresultingfrom 3D laserrangescan-
ners.Due to the hugemeshsizein suchapplicationsit is
especiallyimportantto run fastalgorithmshere.The other
setupis freeform surface modelingfrom scratch.Here the
problemis to createand modify awell de ned smoothsur
facethatis fair. Tightly connectedo this applicationis mul-
tiresolutioneditingwherefairing algorithmsareneededhat
locally presere thecharacteristicsf thetriangulationto en-
ablesimpledetailencodingln this contet topologicalhier
archiegesultingfrom meshdecimationin combinationwith
discretefairing are usedto generategeometrichierarchies
(cf. Section6).
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When quantifying the quality of a meshwe have to dis-
tinguishtwo differentfairnesdypes,namelyouterandinner
fairnessTheouterfairnessneasurethefairnesof themesh
geometryi.e. the quality of the shapethatis approximated
by themesh.Theinnerfairnessaddressethe parameteriza-
tion of the meshvertices,i.e. their distribution over the sur
face(cf. Fig. 37). Figure12 demonstratethatboth fairness
typescannotalwaysbe optimizedsimultaneously

Mostmeshfairing schemesirebasedn linearfairing op-
erators.Thesealgorithmscannotstrictly separatethe outer
andinnerfairnesssincethe parameterizatioentersthe def-
inition of the operatorsHence,the inner fairnessstratey
greatly affectsthe outerfairnessandthereforethe shapeof
the resulting mesh.Other importantfactorssuch as mesh
size and connectiity also have strongimpact on the re-
sult (cf. Fig. 37). In contrast,non-linearapproachesvhich
dependon intrinsic surfacepropertiesonly, usuallyleadto
signi cantly bettershapesNon-linearfairing operatorscan
be formulatedpurely geometricsuchthatalteringthe mesh
size,themeshconnecityity, or theinnerfairnesriteriaonly
producesanotherdiscretizationof the samesmoothsurface
(cf. Fig. 37).

However, linear approachesave someimportantadwan-
tagescomparedo their nonlinearcounterpartsThe result-
ing algorithmsare simple and enablea fast implementa-
tion. Anotherimportantpropertyis thatlinearschemesrein
generalmathematicallywell understoodlt is known under
which conditionsa solutionexists andthe constructiorpro-
cesscorverges.Intrinsic fairing is a non-linearproblemand
often considerablymore involved. For mary standardfair-
ing functionalsit is still unknavn if a solutionalwaysexists
within speci ¢ smoothnesslassegalthoughin practicethey
work perfectly ne).

5.2.1. Linear methods

Energy minimization

The standardapproachfor fair surface constructionis
basedon the ideato minimize a fairnessmetric, punishing
unintendedsurface featuresthat are inconsistentwith the
principle of simplestshape.Sincethis leadsto non-linear
functionalsin general,a standardechniqueto simplify the
computationis to give up the parameteindependenceand
to approximatethe geometricinvariantswith higher order
derivatives. For some important fairnessfunctionals this
resultsin algorithmsthat computethe optimal surface by
solvingalinearsystends.

Diffusion ow

A very effective methodfor smoothingpolyhedralsurfaces
is the discretediffusion ow3> where eachvertex q; is
iteratively updatedby addinga displacementector which
is ascaleddiscretelLaplacian.

g = g+ tDy ©®)

Assigninga scalamweightl jj to every vertex g; thatis adja-
centto g; with theconstraintd ; | ij = 1, thediscreteLapla-
cianDg; is de ned as

Dg) = & lijg; o
a;2 N(a)

whereN(q;) denoteghesetof all verticesadjacento g;. The

coefcients | jj aredeterminecbasedon a local parameteri-
zationor someotherheuristic.For stability reasonshescale
factort hasto beapositive numbersatisfying0< t < 1. This

approachcanbe interpretedasforward Euler discretization
of the diffusion equation.Using backward Euler discretiza-
tion, Desbrunet al.13 shaved that it is possibleto develop

adiffusion o w thatis unconditionallystableandhenceen-

ableslargerscalingfactorst.

The main purposeof the diffusion ow is to smoothout
thehigh frequenciesn noisy meshesSincethe equilibrium
surfaceof the o w only allows for co boundaryconditions,
it is of limited usein freeform surface design.To enable
smoothboundaryconditionsone hasto considerdiffusion
equationsof higher order Taubir?® proposedto combine
two suchsmoothingstepswith positive and negative scale
factors and developed an algorithm that satis es various
interpolationconstraints Anotherideathat enablessmooth
boundaryconditionswould be to usehigherpowers of the
Laplacianin the diffusion ow. A good trade-of between
efciency and quality is the bilaplacian ow, enabling
C! boundary conditions. This ow also results if we
choosescalingfactorsof equalabsolutevalue in Taubins
algorithn?>.

Laplacian smoothing
A specialcaseof the diffusion o w is known asLaplacian
smoothing.Heretheideais quite simple: Eachvertex g is
replacedsuchthatD(q;) = 0 is satis ed locally, thatmeans
we have
o
g = a lijaq:
0i2 N(q)

Ohviously this equationresultsfrom (6) by settingt = 1.

Although this valueis outsidethe speci ed rangeallowed

for the diffusion ow, convergenceis guaranteedf proper
boundaryconditionsare speci ed. Thereare two principal

methodgo updatethe verticesq; simultaneousndsequen-
tial Laplaciansmoothing’. In the rst casewe updatethe

verticesin a Jacobi like manney in the secondcasewe

perform a Gauss-Seidetype algorithm where previously

computed intermediate results are used. Although the

simultaneousrersionneedsmore storagespacefor the old

positionsof g, it is computationallylessexpensve.

PDE discretization
Another mesh fairing approachis basedon the idea to
discretizethe PDE approactof Bloor andWilson?. Kobbelt

¢ TheEurographic#ssociation2000.
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(d)

(b)
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®

Figure 37: a) - c¢) showexamplesof meshfairing basedon discretizing the equationD?f = 0. The boundarycondition s
determinedby 3 cylindess that are arranged symmetricallyIn a) and b) we seethe resultsfor two different meshsizes,if a
local uniform parameterizatioris assumedin c) we useda discretizationof a Laplacianthat locally preserveghe shapeof
thetriangles.We canseethat the meshsizeandthe local parameterizatiorstrategy strongly affecttheresults.Therectangular
patch introducedin the original meshleadsto local as well as global shapedistortionsand preventsa symmetricsolution.
d) - f) showexamplesof an intrinsic fairing opemtor, whoseouterfairnessis basedon the non-linearPDE DgH = 0. We can
seethat thechoseninner fairnessopemator andthe meshstructuie haveonly maminal in uence onthe shape Thein uence of

themeshsizeis alsomud wealer thanin thelinear setting

etal.?> proposedo discretize

D’f=0 )
to createtrianglemeshesatisfyingprescribedc® boundary
conditions.This equationresultsif one appliesvariational
calculusto the minimizationof thethin plateenegy

ZZ
f+ 2f3+ f3,dxdy.

In practiceequation(7) is discretizedandthe resultinglin-
earsystemis solved usinganiterative multigrid solver. The

multigrid approacttonsiderablyspeedsip thecomputation.

In this formulationit is fastenoughto be usedin interactve
freeformmeshmodeling®. Thehierarchiegor the multigrid
approachare generatedisinga meshdecimationalgorithm
(seeSection5.1.2.

¢ TheEurographicsAssociation2000.

The fairing schemesamentionedabore can be classi ed
into threecateyories,dependingon whetherfairing is based
on somekind of diffusion ow, enegy minimization or
whetherthey discretizea PDE thatcharacterizethe smooth
solution.All threeapproachearetightly connectedFor ex-
amplethe two diffusion o w algorithmscanbe seenasper
forming somestepsof aJacobior Gauss-Seidedolveronthe
linear systemthatis derived from the equationDf = 0. On
the otherhandwe cancomputethe surfacethatis given by
the PDE (7) usingthefactthatthebilaplaciandiffusion o w
corvergesto an equilibrumthat solvesthis equation.In all
threecaseghediscretizatiorof the Laplacianplaysacentral
role. Consequentlyduring the lastyearsvariouslinear dis-
cretizationsof the Laplacianhave beenproposeép: 251317
differingin how thegeometryof themeshin uencesthedis-
cretization.The speci ¢ discretizationdetermineghe inner
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fairnesshut it alsogreatlyaffectsthe outergeometryof the
resultingmesh(cf. Fig. 37).

5.2.2. Nonlinear methods

Energy minimization

A commonmethodto createfair surfacesis basedon the
ideato minimize a fairnesametricthat punishesunaesthetic
surfacefeaturesWelch and Witkin38 proposeca meshfair-
ing algorithmthatenabless* boundaryconditionsbasecbn
theideato minimizethzetotal cunature

k§+ k% dA;

thus preferring small curvatures. The intrinsic cunature
values are estimatedbasedon quadratic approximations
over local planarparameterizationg he parametedomains
are constructedby using an exponential map of the 1-
neighborhoodaroundeachverte, i.e. the neighborhoodf
a vertex is mappedonto a planewhile preservingthe dis-
tanceof thevertex to its neighborsandtheratio of theadja-
centangles Thequadratigpolynomialsarethenconstructed
usingleastsquarespproximationlf theleastsquaregprob-
lemis underdeterminedhenumberof basisfunctionsis re-
duced,makingthe discretizatiorprocessliscontinuousand
thusleadingto potentialinstabilitiesin the meshfairing al-
gorithm. To overcomethat problem,WelchandWitkin pro-
poseto optimize someauxiliary norm in the underdeter
mined caseswhich requiresan orthogonalmatrix decom-
position.

qj-l
93 a

q
j+1 .
Figure 38: Themeancurvatue vectorat the vertex g; can

bediscretizedby usingthe 1-disk.

Diffusion ow

An intrinsic diffusion operatorthatis the non-linearanalo-
gonto (6) waspresentedy Desbrunet al.13 usingthe dis-
cretemeancunature o w

o’ = g+l He

whereH is themeancurvatureandn is theouterunit surface
normal. They shavedthatthe meancunaturevectorcanbe
discretizedoy

1
Hn= — a
A g2n)

(cotaj+ cotbj)(ai  g;);

whereA is thesumof thetriangleareaof the 1-diskaround
gi andaj andbj arethetriangleanglesshavn in gure 38.
Assumingthat changesnducedin eachtime stepwill be
small,it canbe handledquite analogouslyto thelinear dif-
fusion equation(6) andit is also possibleto formulatean
unconditionallystable o w.

While this fairing algorithmis mainly designedto opti-
mize the outerfairnessOhtale et al.2® combinedthis algo-
rithm with an inner fairnesscriterion which leadsto more
regularmeshesTo achieve this result,they proposeto move
the verticesin the direction de ned by the linear diffusion

o w usinglocal uniform parameterizatiomut with a speed
equalto a properlychoserfunction of the true meancurva-
ture.

Theseintrinsic diffusion operatorsare appropriatefor
smoothingnoisy meshesbut since thesealgorithmscon-
verge to a discrete minimum surface satisfyingH = 0,
they only enableC® boundary conditions which doesnt
allow for globally smoothsurfacedesign.Justlike for the
linear diffusion o w algorithms,a solutionwould be to use
cunature o ws of higherorderasfor examplethe Laplacian
of curvature o w5,

PDE discretization

A fairing algorithm for arbitrary triangle mesheswhich
enablesG! boundaryconditions (prescribedvertices and
unit normals)andwhich allows the designerto completely
separateouter and inner fairness criteria was proposed
by Schneideret al.32, To achieve this, the outer fairness
functionalis basedntheintrinsic PDE

DgH = O (8)

which canbeinterpretedasonepossiblenonlinearanalogon
to thin plate splines(7). Here Dg is the Laplace Beltrami

operatorandH is the meancunature.The equationcharac-
terizestheequilibriumstateof theLaplacianof thecunature
o w°. ThePDE only depend®n geometridntrinsicsandis

a relatively simplefourth orderequation.Due to the mean
valuepropertyof the Laplacian,it is guaranteedhatthe ex-

tremal meancurvature valuesof a solution of (8) will be
obtainedatthe boundaryandthattherearenolocal extrema
in the interiorl. Thusit satis es the principle of simplest
shape Sincesurfaceswith constantmeancurvature satisfy
this equationjmportantbasicshapedik e sphereandcylin-

derscanbereconstructed.

Figure37 shavs thata coarsameshalreadyapproximates
very well the shapeof the smoothsurfacethat is de ned
by the PDE. Hence,increasingthe meshsize mainly im-
provesthe smoothnessf the approximatiorbut not the ac-
tual shape.This property is exploited to improve the ef-
ciency of the constructionalgorithm by using multigrid
methodsfor arbitrary meshe®. The necessaryneshhier
archiesare createdusing progressie meshrepresentations
asintroducedoy Hoppés.

¢ TheEurographic#ssociation2000.
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() (b)

©

Figure 39: 6 circleswith ct boundary—conditionare usedto de ne a “tetr a thing”. Dueto thesymmetrythe nal solutionis
actually G? continuousn this case which is indicatedin ¢) by the smoothre ection lines. The picturesare constructedising
anintrinsic fairing operator whoseouterfairnessis basedon DgH = 0.

To further speedup the constructionschemethe fourth

orderPDEis factorizednto two secondrderproblems We

rst computemeancunaturevaluesH; for eachvertex g; by
solving the outersecondorderproblemDgH; = 0 andthen
we computevertex positionssuchthatthe given meancur-
vaturevaluesareinterpolatedH(q;) = H;. Figure 39 shavs
anexamplesurfacegeneratedy this technique.
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6. Geometric modeling basedon polygonal meshes

Finally we cometo thelaststagen ourvirtual meshprocess-
ing pipeline.Until nov we presentednary powerful meth-
odsto efciently processpolygonalmeshesHaving all the
meansathand we areableto focuson (interactve) multires-
olution modeling,wherea designemodi es agivensurface
using sophisticatedediting operations We distinguishbe-
tweentwo differentapproachesFreeformmodelingis the
procesf modifying subrgionsof the surfacein a smooth
mannemwhereaghe notion of multiresolutionmodelingde-
scribeseditswherewe canadditionally presere little geo-
metricfeatures.

Traditionally geometricmodeling is basedon polyno-
mial surface representatiods” 10, However, while special
polynomial basisfunctions are well suited for describing
andmodifying smoothtriangularor quadrilaterapatces it
turnsoutto beratherdif cult to smoothlyjoin severalpieces
of a compositesurface along common(possibly trimmed)
boundarycures.As e xible patchlayoutis crucial for the
constructionof non—trvial geometricshapesspline-based
modelingtools spendmucheffort on maintainingthe global
smoothnessef asurface.Thesituationis simplerfor triangle
mesheskor thisreasongconsiderableesearctiasbeendone
to extendthesetraditionalmethodgo polygonalmeshes.

Justlike in the two previous sections(wherewe carried
mary of the advantageoudeaturesof parametricsurfaces
overto polygonalsurfaceswhile gettingrid of theseverere-
strictionsinherentto them)this sectiondiscusseapproaches
that male freeformand multiresolutionmodelingavailable
for triangle meshesOpposedo splines,wherethe control
verticesprovide a convenientway to smoothlyedit the sur
face,this is a challengingtask, sinceplain triangle meshes
do not have ary reasonable&ontrol mechanismBeforewe
describen detail, how intuitive modelingmetaphorgor tri-
anglemeshesanbe accomplishedwe describethe general
requirements modelingtool shouldsatisfy

Intuiti ve l.e. editing the overall shapewith an easyto use
control mechanism(cf. control verticesof splines)in a
broad,smoothmannemwhile preservindittle featurese-
sidingon the surfaceshouldbe possible.

Independent Theeditinginterfaceshouldabstracfrom the
underlying meshrepresentationsince in generala de-
signeris notinterestedn how the surfaceis actuallyrep-
resented.

Interactive Thisis crucial,sinceadesigneheaily depends
on immediatevisual feedbackwhen performing further
edits.

This part of the tutorial is organizedasfollows. At rst
we will dealwith freeformmodeling.This canbe donewith
thehelpof discretefairing or subdivisiorrespectrely. Since
we explainedthesemethodsin previous sections(cf. Sec-
tions 5.2, 4.1), we restrict oursehes to describe,howv an
efcient control mechanism(similar to the control—points
of spline—basednethods)can be derived. In the second

¢ TheEurographicsAssociation2000.

partwe will shav, how to build a hierarchicalstructurefor
semi—rgular andfor unstructuredmeshesCombinedwith
freeformmodi cations, this enablesisto performmultires-
olution modeling.Finally we will brie y discusssomespe-
ci ¢ modelingschemesthat were proposediuring the last
years.

6.1. Freebrm modeling

Subdvision schemesan be consideredas the algorithmic
generalizatiorof classicalspline techniquesnablingcon-
trol meshewwith arbitrarytopology They provide easyac-
cessto globally smoothsurfacesof arbitraryshapeby itera-
tively applyingsimplere nementrulesto the given control
mesh.A coarse—to— nehierarchyof meshegeneratedy
this procesgjuickly corvergesto a smoothlimit surface.For
mostpracticalapplications the re ned meshesare already
sufciently closeto thesmoothlimit afteronly afew re ne-
mentstepsLetsassumave aregivena semi—regular mesh
M n, whichwasgeneratedtby applyingsomesubdvisionop-
eratorS to a basemeshM g, andwe wantto modify M n
with speci ¢ support.The usualway to implementthis op-
erationis to run a decompositiorschemeseveral stepsuntil
thedesiredresolutionlevel correspondingo themeshM j is
reachedIn our setting,this cansimply be doneby subsam-
pling, i.e. we just switchto M ;. Onthis level themeshM ;
is edited Applying Sto themodi ed meshM io(n i)—times
yieldsthe nal result.This operationcanbeperformedquite
efciently dueto thesimplicity andnumericalrobustnesof
S. (Fig. 40illustratesthevarying supportof modi cations at
differentlevels). Themajordravbackof thisprocedures the
fact,thateditsarerestrictedo verticesresidingonaspeci ¢
level. However, one canfake low—frequeng modi cations
by moving a group of verticesfrom a ner level simulta-
neously But besidedeingcumbersomethis annihilateshe
mathematica¢leganceof themultiresolutionrepresentation.

In orderto apply globalandsmoothmodi cations to ar-
bitrary (manifold) triangle meshesve make useof acom-
pletelydifferentapproachin Sec.5.2we introducecthe no-
tion of discretefairing that provides elegantmeansfor our
purposesThekey ideais relatively simpleandcanroughly
be statedasfollows:

De ne the edit by imposingboundaryconditions
to themesh chooseanappropriatdairing scheme
and solve the correspondingoptimization prob-
lem.

Fig. 41 shavs a corvenientway how boundarycondi-
tions can be de ned by the user However, more sophisti-
catedmethodscaneasilybederived. Thefollowing sections
shav haw to applydiscretefairing in the context of interac-
tive modeling.
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Figure40: A simplesubdivision—surfacfeft) is modi ed by moving the verticesof correspondingcontiol meshesEditing the
coarsecontol meshieadsto a wide“bump” (middle)whereasaltering a vertex ona ner level affectsa smallerarea(right).

Figure 41: Freeformeditsfor unstructued meshesThe dark line indicatesthe area which is subjectto the modi cation.
Thebright line de nesthe handlegeometrywhich canbe movedby the designer{middleright). Bothboundariescanhavean
arbitrary shapeand hencethey can, e.g. be alignedto geometricfeatuesin the mesh.The dark and the bright line impose
ct andC® boundaryconditionsto the meshrespectivelyand the modi ed smoothversion is found by discrete fairing while
preservingheseconditions Notice thatthe designercanapplyarbitrary modi cationsto the handlepolygonand shedoesnot

haveto take the meshconnectivityinto account.

Sinceinteractvity is crucial, an efcient solver for the
chosenfairing schemehasto be available.Linear methods
(cf. Sec.5.2) leadto large sparsdinear problemsand nu-
mericalanalysisshavs,thatstraightforwarditerative solvers
(Jacobi/Gaul3—Seidedyenotappropriatén thiscaseNever-
thelessmoresophisticatedolversexploit knovledgeabout
thestructureof theproblem,e.g.thelargeclassof multi—grid
schemesolwe the problemhierarchicallyandthusachiee
linear runningtimesin the numberof degreesof freedom.
Thesemulti—level schemessolve the problemon a coarse
level rst andusethis solutionto predictinitial valuesfor a
solutiononthenext re nementlevel. In our casewe canuse
incrementaimeshdecimation(cf. Sec.5.1) to build a ne—
to—coarséierarchyof themeshin suchaway thatinterme-
diatemeshesanbe usedto solve the optimizationproblem
(OP. Thisis donein thefollowing way.

go to coarsest level
solve OP directly
Repeat:
reinsert some vertices
solve OP in vicinity of new vertices
Until  mesh is reconstructed

Discretefairing adjustsfor vertex positionsonly, which
might be insufcient for certain boundary conditions,
e.g. extremely large or distortedtrianglescan occur For-
tunately another degree of freedom inherentto triangle
meshescan be exploited. In other words the connectyity
can be changedto getrid of badly shapedtriangles.This
cane.g.be doneby prescribinga maximal/minimaledge—
length 6. Long edgesare removed by inserting nev ver-
ticesat their center(the two trianglesadjacento this edge
aresplitinto four subtriangles)Subsequentla simplelocal
optimizationprocedurebalancegshe vertices'valenceghus
stronglydistortedtrianglescanbe avoided.

6.2. Multir esolutionmodeling

Theprevioussectionshavs how to performfreeformmodel-
ing ontrianglemeshesLet usnowx assumeve wantto mod-
ify the faceof the bust model (seeFig. 43) andwe would
e.g.like to shift its nose.This could be accomplishedvith

the above methodshut the facewould loseits featuredike
eyes and mouth sincethis detail informationwould be re-
moved by the optimizationprocessin orderto enablesuch

¢ TheEurographic#ssociation2000.
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Figure 42: A exible metaphorfor multiresolutionedits. On the left, the original meshis shown.The smoothversion of the
original meshis foundby applyingdiscretefairing while observinghe boundaryconstaints (dark andbright line, cf. Fig. 41).

Thecenterleft showstheresultof the curvatue minimization. Thegeometricdifferencebetweerthetwo left meshess storedas
detailinformationwith respecto local framesNowthe designercan move the handlepolygonandthis changesthe boundary
constaintsfor thecurvatue minimization Hencethe discretefairing geneatesa modi ed smoothmesh(centerright). Adding
the previously stored detail information yields the nal resulton the right. Sincewe can apply fast multi-level smoothing
whensolvingthe optimizationproblem,the modi ed meshcanbeupdatedwith several framesper secondduring the modeling

opemtion. Noticethatall four meshe$iavethe sameconnectivity

typesof edits,we have to extendfreeformmodelingto Mul-
tiresolutiormodelingwhichmeanghatwe haveto beableto
distinguishbetweenhigh—frequeng detail informationthat
hasto bepreseredandthelow—frequeng shapeve wantto
edit. Thisis wheremultiresolutionrepresentationfor trian-
gle meshesomein. In the courseof this tutorial we already
gotto know two differentwaysto build hierarchiegcoarse—
to— ne and ne-to—coarse)ln thecontext of multiresolution
modelinghowever, we do not want hierarchiesof different
coarsenessi.e. with varying triangle countbut of different
smoothnessNeverthelessit will turnout, thatbothtypesof
hierarchiesarecloselyrelated.

Given an arbitrary surface Sm, a multiresolutiondecom-
position consistsof a sequencef topologically equivalent

detail. The differenceD; = Sj+1 Sj betweentwo suc-
cessve surfacesis the detail on level i which is added
or removed when switching betweenthe two approxima-
tions. The reconstructionSm = Sj+ Dj + :::+ Dy, 1 of
the original surface Sm canstarton ary level of detail S;.
Multiresolution modelingmeansthat on somelevel of de-
tail, the surface S; is replacedby Sio. This operationdoes

face S for the reconstructiorof SQ. In orderto guarantee
theintuitive preseration of the shapecharacteristicaftera
modi cation on somelower level of detail, this basicsetting
hasto be extendedin the sensethat the detail information
D; is encodedwith respecto local frames Theseframesare
alignedto the surfacegeometryof S; 32711, Section6.2.1
will elaborateonthis.

For semi-rgularmeshedasedn subdvision therecon-
struction opemtor is given by the underlying subdvision
scheme We transformthe meshS; to the next re nement

¢ TheEurographicsAssociation2000.

level Si(l 1 = SS; by applyingthe stationarysubdvision op-
eratorS and move the obtainedcontrol verticesby adding
the associatedetail vectors: Sj+1 = Siqu + Dj. In order
to generatea smoothlow—frequenyg approximationof S,
we simply suppresghe detail reconstructiorstartingfrom
someintermediatdevel j (D; = 0;i  j). The decomposi-
tion opetor hasto be the inverseof the subdvision oper
ator, i.e. givena ne meshS;;; we haveto nd a meshS;
suchthatS;y1 SS;. In this casethe detail vectorshecome
assmallaspossiblé.

If we build the hierarchyby usingan incrementalmesh
decimationschemethe decompositioropemator D applies
to arbitrarymeshesGivena ne meshSi.; we nd S =
DSi+ 1, e.g. by applyinga numberof edgecollapseopera-
tions (cf. Sec.5.1). However, it is not clearhow to de ne
the detail coefcients, sinceinversemeshdecimation(pro-
gressivemeshegsalwaysreconstructshe original meshand
thereis no canonicalway to generatesmoothlow frequeny
geometryby suppressinghe detail information during re-
construction.To solve this problemwe split eachstep of
theprogressie meshre nementinto atopologicaloperation
(vertex insertion) and a geometricoperationwhich places
the re—insertedvertex at the original position. In analogy
to the plain subdvision operatorwithout detail reconstruc-
tion we have to gure out a heuristicwhich placesthe new
verticessuchthat they lie on a smoothsurface (insteadof
their original position). This can be doneby discretefair-
ing (see.Sec.5.2). The differencebetweerthis “predicted”
position and the original location canthen be usedasthe
associatedetailvector

6.2.1. Detail encoding

In orderto guaranteéntuitive detailpreserationundermod-
i cation of the globalshapewe cannotsimply storethede-
tail vectorswith respecto aglobalcoordinatesystembut we
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Figure 43: Multiresolutionediting of a bust(62ktriangles,left). Thehandlelies aroundthe nose thewholefaceis marked as
theareaof in uence Theeditswhele achievedby scalingandtranslatingthe nose(fromleft to right).

have to de ne themwith respecto local frameswhich are
alignedto the low—frequeng geometryUsually, the associ-
atedlocal framefor eachvertex hasits origin atthe location
predictecby thereconstructioroperatowith suppressede-
tail. However, in mary caseghis canleadto ratherlong de-
tail vectorswith asigni cant componenwithin thelocaltan-
gentplane.Sincewe prefershortdetailvectorsto guarantee
intuitive reconstructionsye useadifferentorigin for thelo-
cal frame. In fact, the optimal choiceis to nd that point
onthelow—frequenyg surface,whosenormalpointsdirectly
to the original vertex. In this casethe detail is not givenin
(x,y,z)—coordinatesut ratherby the basepoint p = p(u; V)
onthelow—frequeng geometryplusascalarvalueh for the
offsetin normaldirection.

Thegenerakettingfor detailcomputationis thatwe have
given two meshesS;,; and Siqr 1 WhereS;j. 1 is the origi-
naldatawhile S$, ; is reconstructefrom thelow—frequeng
approximationS; with suppressedetail,i.e. for coarse—to—

ne hierarchiesthe meshSﬁr 1 is generatedy applyinga
stationarysubdvision schemeandfor ne—to—coarsehier-

archiesSiQ,l is optimal with respectto someglobal bend-
ing enegy functional.Encodingthedifferencebetweerboth
meshesequiresusto associateachvertex p of S+ 1 with a
correspondindpasepoint g on Si(l 1 suchthatthedifference
vectorp qis parallelto thenormalvectoratq. Any pointq

on Sf_{ 1 canbespeci edby atriangleindex i andbarycentric
coordinatesvithin thereferredtriangle.

To actuallycomputethedetailcoefcients, we haveto de-
ne anormal eld onthemeshSY ;. Themostsimpleway
to dorthisis to usethe normalvectorsof thetriangularfaces
for thede nition of a piecavise constanhormal eld. How-
ever, sincetheorthogonaprismsspannedy atrianglemesh
donotcompletelycover thevicinity of themeshwe haveto

acceptnegative barycentriccoordinatesif Si(l 1 is not suf-
ciently smooth.This may leadto “unnatural” detail recon-
structionif thelow—frequeng geometryis modi ed.

Wethereforeproposea differentapproach wherethenor-
mal vectorsare estimatedat the verticesand a continuous
normal eld for the interior of thetrianglesis computecby
linearly blendingthe vertex normals.

6.3. Modeling tools basedon triangle meshes
6.3.1. Semi-regular meshes

In 1997 Zorin etal. cameup with a modelingtool for semi—
regular mesheX. It implementsthe control mechanisnwe
describedin the context of freeform modeling for semi—
regularmeshesandit usesa decompositioroperatorsimilar
to theonewe sketchedn Section6.2

Pros/Cons:

+ Intuitive modi cations (detail preservinglarge scaleed-
its).

+ Fastandstabledueto simpleanalysis/synthesigperators.

— Restrictedo semi-rgularinputmeshes.

— Topological hierarchypinpoints degreesof freedomfor
editson differentscales.

6.3.2. Unstructur ed meshes

Kobbeltetal.” generalizednultiresolutiontechniquego ar-
bitrary triangle meshes(cf. Fig. 42). They introducedthe
ne—to—coarsegeometrichierarchyby usingthesimpleUm-
brella algorithm(cf. Equation(7) in Sec.5.2) to generat¢he
low—frequeng versionof the input mesh.In 8 they extend
thetwo stagehierarchyto multiple geometrichierarchiesA
similar approachasbeeninvestigatedby Guslov4.

Pros/Cons:

+ Intuitive modi cations (detail preservinglarge scaleed-
its).

+ Unstructurednput meshes.

+ Flexible modelingmetaphoi(arbitraryarea/handle).

— Fixedmesh—connedtity.

¢ TheEurographic#ssociation2000.
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6.3.3. Dynamic vertex connectvity

In 6 Kobbeltet al. introducedthe notion of multiresolution
modelingfor mesheswith dynamic connectiity. They no
longerrequirea global hierarchicalstructurethat links the
differentdetail levels, but they representhe detailinforma-
tion implicitly by the differencebetweenindependensur
faces.Sincedescribingthe schemein detail would go be-
yondthe scopeof this tutorial, we referto the original paper
in the proceedings.

Pros/Cons:

+ Unstructurednput meshes.

+ Adaptive connectiity.

— No exible/intuitive modelingmetaphor(modelingwith
ellipsoids).
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