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Abstract
Whiletraditionalcomputeraideddesign(CAD) is mainlybasedonpiecewisepolynomialsurfacerepresentations,
therecentadvancesin theef�cient handlingof polygonalmesheshavemadeavailablea setof powerfultechniques
which enablesophisticatedmodelingoperationsonfreeformshapes.In thistutorial wearegoingto givea detailed
introductioninto the varioustechniquesthat havebeenproposedover the last years. Thosetechniquesaddress
importantissuessuch assurfacegeneration fromdiscretesamples(e.g. laserscans)or fromcontrol meshes(ab
initio design);complexity control by adjustingthe level of detail of a given3D-modelto thecurrentapplication
or to theavailablehardware resources;advancedmeshoptimizationtechniquesthat are basedon thenumerical
simulationof physicalmaterial (e.g. membranesor thin plates)and �nally the generation and modi�cation of
hierarchical representationswhich enablesophisticatedmultiresolutionmodelingfunctionality.

1. Intr oduction and overview

Theuseof polygonalmeshesfor therepresentationof highly
complex geometricobjectshasbecomethedefactostandard
in mostcomputergraphicsapplications.Especiallytriangle
meshesarepreferreddueto theiralgorithmicsimplicity, nu-
mericalrobustness,andef�cient display. Flexible andeffec-
tive algorithmshave beendevelopedwhich combineresults
from approximationtheory, numericalanalysisanddifferen-
tial geometryandapplythemto thediscretesettingof polyg-
onalmeshes.

To a certain extend most of thesetechniqueswere al-
readyavailable for NURBS–basedsurfacerepresentations
and have recentlybeengeneralizedto unstructuredpolyg-
onal meshessuchthat today splinescan be substitutedby
polygonalmeshesin many applications.The advantageof
switchingto this representationis mainlydueto thefactthat
algorithmsfor polygonalmeshesusually work for shapes
with arbitrary topology and do not suffer from the severe
restrictionswhich stemfrom therigid algebraicstructureof
polynomialpatches.Anotheradvantageof trianglemeshes
is that they canbe usedfor many stagesof the typical pro-
cessingpipeline in geometricdesignapplicationswithout
theneedfor inter–stagedataconversion.Thisacceleratesthe

overall processingtime andreducesthepotentialfor round–
off errors.

The motivation for usingpolygonsto describefreeform
geometryis quiteobvious:while simpleshapescanbechar-
acterizedby manageablefunctional expressions,the com-
plexity of thoseexpressionsexplodesif the shapesarebe-
comingmorecomplicated.Hencepiecewiserepresentations
are preferredsincehigher complexity can be obtainedby
simply using more segments(with constantcomplexity).
Theextremecaseof piecewiserepresentationsarepolygons:
All we needaresamplepointson thegivencurve or surface
andthecorrespondingsurfacedescriptionresultsfrom con-
nectingthesesamplesby linesor triangles.

Representinga given (real or virtual) surfacegeometry
by a polygonalmeshis usuallyan approximationprocess.
Hencethereis no uniquepolygonal3D–modelbut theden-
sity anddistribution of samplepointsandthe speci�c way
how thesesamplesareconnectedby trianglesprovide many
degreesof freedom.For ef�cient storageandmodelingwith
polygonal meshes,we have to choosea speci�c instance
amongthosemany possiblemodels.
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Figure 1: Meshdecimationtakes the original data (left) and computesa coarse approximationwith lessdetail (center).
Re�nementcaneitherre–inserttheremoveddatato reconstructtheoriginal model(topological hierarchy) or it caninsertnew
pointsto generatea smoothmeshwith highcomplexity but low geometricdetail (right, geometricalhierarchy).

Themostimportantcriteriaaccordingto which thediffer-
ent polygonalapproximationsto a freeformsurfacecanbe
rated,are:smoothnessandcomplexity. Herethesmoothness
of a trianglemeshis measuredby somediscretereformula-
tion of conceptsknown from differentialgeometry. Onesim-
ple examplewould be to usetheanglebetweenthe normal
vectorsof adjacenttrianglesto measurethe discretecurva-
ture.More sophisticatedmeasureswill bepresentedin Sec-
tion 3.

The complexity of a triangle meshis measuredby the
numberof verticesor thenumberof faces.It characterizesin
somesensethecomputationalcoststhatarerequiredfor dis-
playing or modifying the mesh.Hencefor computationally
more expensive operations(or on low–performancecom-
puters)a meshwith lesstriangleswould bepreferredwhile
cheapoperationsandhigh–performancecomputersallow for
highercomplexities.

In a typical applicationthe choiceof a polygonalmodel
is constrainedby a minimum smoothnessrequirementand
amaximumcomplexity requirement.Inbetweentheselower
andupperboundsanoptimaltrade–off hasto befoundsince
highersmoothnessincreasesthecomplexity andlowercom-
plexity decreasessmoothness.Themajortechniquesthatare
used to adjust both propertiesare re�nement to increase
smoothnessanddecimationto decreasecomplexity.

Both techniquestogetherenablethe generationof hier-
archical modelswheredifferent levels of the hierarchyare
characterizedby a varying level of detail.Hereit is impor-
tant to understandthe conceptualdifferencebetweentopo-
logical hierarchies(coarse/�ne)andgeometricalhierarchies
(smooth/non–smooth)which refer to the above quality cri-
teriarespectively. While decimationreducescomplexity and
hencealwaysremovesdetailinformation,there�nementcan
be usedto eitherre–insertdetail informationor to increase
smoothnesswithoutaddingdetail(cf. Fig. 1).

The meshprocessingpipeline

This tutorial is organizedaccordingto a (virtual) meshpro-
cessingpipeline. The �rst step in sucha pipeline is usu-
ally thegenerationof ageometricmodelbasedonmeasured
point data.The raw datais obtainedby mechanicalor op-
tical scanningof an object's surface(Section2.1) and the
“point cloud” is subsequentlyconvertedinto a trianglemesh
by connectingnearbysamples(Section2.2). Othersources
for surfacesamplesare volume datasetsor the resultsof
numericalsimulations.

Oncethemeshmodelsexist, wecananalyzetheir surface
quality. This is doneby generalizingquality criteria such
ascurvaturesfrom continuoussmoothsurfacesto discrete
meshes(Section3).

As mentionedabove,theraw trianglemeshdatamightnot
beappropriatefor agivenapplicationin termsof smoothness
or complexity andhencewehaveto applyre�nementor dec-
imation techniquesrespectively. In any casewe enrich the
plain polygonalmeshdataby somehierarchicalsemantics
in termsof increasingsmoothnessor decreasingcomplexity.

Re�nementcanbe consideredasbuilding up the hierar-
chyfromcoarseto �ne whereso–calledsubdivisionschemes
insertnew verticesinto the meshwithout introducinggeo-
metric detail (so that smoothmeshesemerge,Section4.1).
Anotherapproachto generateacoarse–to–�nehierarchyare
remeshingtechniqueswherethenewly insertedverticesdur-
ing re�nementaresampledfrom someoriginal, highly de-
tailed surface(Section4.2). In a remeshingalgorithm the
re�nementalsoaddsgeometricdetailsuchthattheresulting
surfaceis notnecessarilysmoothbut a resampledversionof
theoriginal surface.

Mesh decimationbuilds up the hierarchy from �ne to
coarsesinceverticesareremovedfrom adetailedmeshsuch
thatcoarserandcoarserapproximationsaregenerated(Sec-
tion 5.1). Startingfrom thecoarsestlevel of detail,theorigi-
nalmeshcanbereconstructedincrementallyby re–inserting
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the removedverticesin reverseorder(progressivemeshes).
Alternatively the removed verticescan be re–insertedbut
with their positionalteredin order to increasesmoothness
while suppressingany geometricdetail.Here,thevertex po-
sitions which guaranteeoptimal smoothnesscan be com-
putedby discretefairing techniques(Section5.2). The fol-
lowing tabledepictstherelationbetweenthedifferenttech-
niquespresentedin therespective sections.

smooth non–smooth

coarse–to–�ne Subdivision Remeshing

�ne–to–coarse Discretefairing Meshdecimation

Finally, thepreprocessedmeshmodelscanbemodi�ed by
sophisticatededitingoperations.Freeformmodelingcanbe
implementedbasedonsubdivisionschemesor basedondis-
cretefairing techniques(Section6). Thehierarchicalstruc-
ture further enablesmultiresolutionmodelingwhereglobal
deformationswith preservationof thedetail informationare
possible.
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2. Data acquisition and meshgeneration

Whencreatingacomputermodelof a real–world object,the
�rst taskis to measurethe relevant propertiesof the object
(its geometry, surfacetexture, volumetricdensityinforma-
tion, etc.). This raw datathen serves as a basefor further
processing,for examplereconstructionof theobjectsurface.

We de�ne data acquisitionas the processstartingwith
actuallycapturingthe dataup to the constructionof a con-
sistentmodel from thesesamples.This is describedin de-
tail in Section2.1. Techniquesto createasurfacemeshfrom
theoutputof thedataacquisitionstagearediscussedin Sec-
tion 2.2.

2.1. Data acquisition

2.1.1. Intr oduction

Thereisamultitudeof applicationsthatneedtoacquirereal–
world data,with varying requirementsanddemandson the
measurementprocess.Thefollowing is a collectionof some
popularapplicationdomains:

Reverseengineering: The geometry of a real part is
scannedto createaCAD/CAM representation;thismodel
canthenbe usedfor further editing andintegrationwith
othermodeledparts,aswell as for simulationpurposes.
E.g. in thecarmanufacturingindustry, virtual crashtests
canbeperformedin a non–destructive fashion.

Interr ogation: A realpart is scannedfor comparisonwith
its speci�cations;measureddeviationscanbeusedfor re-
calibrationof themanufacturingprocess.

Pre–surgical planning: To simulatetheimplantationof an
arti�cial limb, both the patientsbody andthe part to be
implantedarescannedandtheoperationcanthenbesim-
ulatedin a virtual environment.For brainsurgery, visual-
izationof a volumescanof thepatientsheadenablesthe
surgeonto planthepathof aprobein advance,in orderto
avoid damageto vulnerabletissue.

Diagnostics: Visualizationof volumescansis animportant
tool in medicaldiagnosticstoday. Shapeandsizeof inter-
nal organscanbe segmentedfrom the volumedata;this
andadditionalinformationderived from the scans(mass
densitydistribution,speedof blood�o w, etc.)canprovide
muchmoreinsight into body–internalstructuresandpro-
cessesthanconventionalexaminationmethods.

Surfacereconstruction: Usingphotogrammetricmethods,
three–dimensionalterraincanbereconstructedfromsatel-
lite images;this alsoappliesto creationof architectural
modelsfrom largebuildings.

Custom �tting: Computer models of generic products
(prosthetics,clothes,carseats)arebuilt andmanipulated
by softwareto �t thecustomer's needs.

E–commerce: With theriseof Internetshopping,modelsof
realobjectsneedto betransmittedto potentialbuyers.

Animation: Modelsof charactersandpropscanbeusedin
�lm productionfor creationof specialeffects.

The generationof a CAD modelof an industrialpart or
a prostheticrequiresvery precisesamplesof theobjectsur-
face;in medicaldiagnosticsoneis mainly interestedin dis-
tinguishingspeci�c typesof body tissues;e–commerceap-
plicationsdon't needhigh precisionasmuchascatchingvi-
sualappearance,i.e. color andtexture.To satisfythesedif-
ferentneeds,a numberof scanningtechniquesexist today.

Apart from mechanicalprobes,which samplea surface
throughphysicalcontact,non–intrusive methodsare more
populartoday. Sincethey do not disturb the physicalenvi-
ronment,it is possibleto get reliable dataeven from soft
materials(e.g.humanskin), andthe scanprocessis gener-
ally faster.

A popularway to acquiresurfacedatais range scanning;
here essentiallythe distancefrom the scanningdevice to
samplepointson theobjectsurfaceis estimated.Thereare
anumberof waysto measuredistances,dependingon range
andapplication:optical triangulation,interferometrictech-
niquesusingcoherentlaserlight or “time of �ight” (radar
principle).

Especiallyin themedicinesector, volumetricdatais mea-
suredby a numberof methods,dependingon the speci�c
typeof matter(tissue,bone,etc.)thatis of interest.Conven-
tionalx–ray imaging canbeusedto reconstructthearrange-
ment of blood vessels(angiography).ComputerTomogra-
phy (CT) alsorelieson x–rays,whereslicesof the human
bodyarescannedusinga rotatingtube.Fromthevariations
in themeasuredx–rayabsorptionthespatialdistribution of
massdensitycanbe reconstructed.In MagneticResonance
Tomography(MRT) high frequency electromagneticpulses
aregeneratedthatalterthespinof protonsin thebody. When
theprotonsre–align,a signalis emittedthat is measuredas
anelectriccurrentin a detectorcoil.

The raw output from theseand other methodstypically
consistsof a three–dimensionalvoxel grid. For furtherpro-
cessing,surfacesneedto be extracted(segmentation). This
type of volume data is very limited in spatial resolution,
andconsequentlymoreaccurate3D surfacedatais oftenac-
quiredusingdifferent techniques(e.g.by rangescanning).
To get morecompleteinformationfor diagnosticpurposes,
datasetsfrom differentscanshave to be mergedandregis-
teredwith eachother.

Thoughin thissectionwewill concentrateonrangescan-
ningdevices,thereconstructionof surfacesfrom volumetric
datasetswill alsobea topic in Section2.2.

3D positionscanalsobereconstructedfrom photographic
images,which hasbeenstudiedalreadyin 191324; this has
led to photogrammetricmodelingmethods,facilitating re-
constructionof geometryfrom a photographedscene15.

In the context of creatingpolygonal representationsof
complex models,rangescanningdevicesbasedon thetrian-
gulationprinciple arethemostpopularonesfor their �e xi-
bility (scanningdevicescomein all sizesfrom pens,portable
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constructionsup to permanentlyinstalledwhole–bodyscan-
ners)andwide rangeof applications.

We arenow going to discusstheprocessof dataacquisi-
tion for rangescannersbasedon thetriangulationprinciple.

2.1.2. Rangescanningprocessoverview

Thescanprocessis dividedinto threebasicsteps:

1. Calibration: Thesystem's parametersareestimatedac-
cording to hardware and environmentalcharacteristics;
this is a prerequisitefor obtaining accuratemeasure-
ments.

2. Scanning:Theobjectsurfaceis sampledfrom oneview,
resultingin adenserangemap.Multiple passeshaveto be
performedto geta setof samplescovering thecomplete
surface.

3. Registration: The acquiredrangescansresidewithin
their own local coordinatesystem.Thus,they have to be
alignedwith eachotherto expressthemin aglobalframe.

Theresultis adensesetof samplepointsrepresentingthe
objectsurface.This “point cloud” canthenbeprocessedto
e.g.producea triangulatedmodel(seeSection2.2).

In thefollowing thesestagesarediscussedin explainthese
stagesin somedetail.

2.1.3. Calibration

The image of an object on the scanner's sensorarray is
dependenton physical parametersof the systemand the
environment.To be able to computeexact distancemea-
surementsfor surfacesamples,propersystemcalibrationis
crucial. This can be an arduoustask, if thereare a lot of
parameters18.

Objectcharacteristicslike shape,color, textureandspec-
tral characteristicsof thesurfacedeterminethewayin which
light is re�ected.Laserlight of a certainwavelengthmaybe
absorbed,subsurfacescatteringcandistort the laserre�ec-
tion, or strongre�ectionsmayleadto wrongreadings18.

Theexternalparameters of thesensorsystemareits pose
(rotationandtranslationof the optical center),the internal
parameters aree.g.sizeof the CCD array, pixel aspectra-
tio, focal length and spectralcharacteristicsof the lenses.
Theseareof courseentirelydependenton thespeci�c scan-
nersetup.

In addition, the lighting conditionsof the environment
have to beconsidered.

It is practicallyimpossibleto exactly determineall of the
abovementionedparameters(or even more),so the calibra-
tion processworkswith amathematicalmodelof thesystem
approximatingits behavior. Thebehavior of therealsystem
is measuredto adjust the parametersof the model, which
might be a simple standardcameramodel as usede.g. in
OpenGL39, but canget arbitrarily complex, re�ecting rigid

transformations,geometricdistortionsin thesamplesaswell
asimagespacecolor distortions20; 18.

A commonprocedureis to usea calibration target, typ-
ically a white boardwith a regular black pattern.Sincethe
objectgeometryandsurfacepropertiesareknown, intrinsic
andexternalcameraparameterscanbecorrectedfor by ana-
lyzing thecapturedimages(color, geometrydistortion)and
scansof theobject(camerapose)35.

Thecalibrationprocessalsoyields informationaboutthe
usablescanvolume, i.e. therangein which samplescanac-
tually be taken within reasonableboundsof samplingreso-
lution anderror. This volumeis oftenquitesmallcompared
to thesizeof theobject,e.g.14cm3 for a largestatue18.

Multiple iterationsof the procedureareoften necessary,
manuallyadjustingsystemparameterswithin thedegreesof
freedom,to achieve a reasonablebalancebetweenresolu-
tion, accuracy and the size of the scanvolume — e.g. by
varying the sensorsetup,or the distancefrom the objectto
thescanner.

2.1.4. Scanning:range fr om stereo

Systemsbasedon optical triangulationwork by generating
distancevaluesfrom stereoinformation.They exist in two
�a vors:active andpassive.

In apassivesystemtwo or moreimagesaretakenby (usu-
ally two or more)cameraswhicharemountedin a�x edspa-
tial relationto eachother. Theimagesareeitheralreadycap-
turedin digital form (CCD camera)or have to bedigitized.
Pixelsin onecameraimagearenow matchedto pixelsin the
imageof anothercamera5. Assumingmatchedpixels really
correspondto the samesurfacepoint, onecancalculatean
estimateof its 3D position.Thefollowing pictureshows the
basicprinciplein 2D:

object

b

b

a

left sensor

(x,z)
right sensor

Light is re�ected off a surfacepoint andprojectedonto
eachcamera's CCD array. Given the length b of the base
line (theline betweenthetwo cameras)andtheanglesa and
b relatedto theraysfrom thepointthroughtheopticalcenter
of eachcamerato thesensor, the intersectionpoint (x;z) of
theserays can be computed.By assigningdepthvaluesto
eachpixel in thesensorarray, a rangemapis createdasthe
resultof a singlescan.
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Successfulmatchingof pixels in a passive stereosystem
relieson distinguishableintensityvariationsof the surface.
This led to developmentof activesystems, wherethe prin-
ciple is alteredby replacingonedetectorwith a controlled
light source suchasa laseror a projectorcastinga grid of
structuredlight22:

a

laser source

deflector

The sensornow detectsthe re�ection of the point(s) on
the object illuminatedby the light source.A laserscanner
tracesthe surfacealong a grid, while other systemsusea
successionof differentstripepatternsor justasinglevertical
stripemoving acrossthesurface31.

Becauseof their increasedrobustness,active systems
are by far dominant in industrial applications.Problems
may still arise,though,e.g. if texturesinterferewith dense
stripepatterns.In general,scanningworksbestwith “well–
behaved” surfaces,thataresmoothandhavelow re�ectance.

Triangulation scannershave the common problem of
shadowing, dueto theseparationof light sourceanddetec-
tor; partsof a non–convex objectmaynot bereachedby the
light from theprojectoror maynot beseenby thedetector,
asshown here:

detector doesn't see lit point point in shadow of projector

Obviously, the longerthe baseline, the moreshadowing
occurs.On the otherhand,a longerbaseline increasesnu-
mericalprecisionof thedistancemeasurements.Sothereis
a tradeoff betweengettingenoughdataandachieving high
accuracy. Someapproachesusemorethanonecamerato get
moredataand to simultaneouslyincreasethe reliability of
thedistanceestimate29; 31.

Relatedto shadowing is the beamlocation error. To lo-
cate the preciseposition of a detectedlight spot or stripe
projectedonto the object surface, it is generallyassumed
that the light beamand its re�ection have Gaussianinten-
sity distribution, with the highestintensityat the centerof
the “bump”. This resultsin problemsin locatingthe stripe,
if thebasicassumptionof a planarsurfaceanda fully visi-
blestripeis violated;�nding thecenterof thestripe(or spot)
fails in this case:

partial occlusion

ideal reflection

partial illumination

A possiblesolutionto thisproblemis so–calledspacetime
analysis13: Insteadof guessingwhere thecenterof thebeam
on thesurfaceis at a giventime, thechangein intensityper
pixel overtimeasthebeamsweepsacrossthesurfaceis con-
sidered.It is assumedthatthebeamis widecomparedto the
stepwidth of thesweep;over time,theintensityof aspeci�c
pixel increases,reachesits maximum,thendecreasesagain.
Thistime–varyingpro�le is alwaysGaussian,soit canbere-
liably estimated,whenthebeamwascenteredon thatpixel.

2.1.5. Registration

When scanningcomplex objects,multiple scansare taken
— whichusuallymeans,thateithertheobjector thescanner
have to be repositioned.After scanning,the rangeimages
aregivenin theirown localcoordinatesystem;thesedatasets
needto beput into onecommonframefor reconstructionof
thesurface.

Theproblemcanbeseenasequivalentto �nding therigid
transformationsof the scansensorbetweenthe individual
scans,which for somesystemsis alreadyknown, e.g.cylin-
drical scanners,wherethe scanheadis moved undersoft-
warecontrol — the relative motion is thus likely to be di-
rectly available.Often,especiallyfor surfaceswith little in-
herentstructure,specialmarkers are appliedto the physi-
cal object; the desiredtransformationis then the one that
matchesa marker in one imageonto its counterpartin the
otherimage.

If no such external information can be used,or if re-
�nement of the solution is necessarydue to lack of preci-
sion,registrationis doneby aniterativeoptimizationprocess
that tries to matchthe point cloudsof individual scansby
minimizing distancesof point pairs.It is generallyassumed
that thescanshave enoughoverlapandarealreadyroughly
aligned(e.g.by interactively pairingprominentsurfacefea-
tures).

For matching multiple range imagesthe standardap-
proachis to register thempair–wiseusinga variantof the
iteratedclosestpointmethod(ICP)9; 12; 40. For two point sets
A andB this roughlyworksasfollows:

1. DeterminestartingtransformationT from A to B.
2. Estimatecorrespondencesbetweensamplepointsin A to

pointsin B (usingthecurrentT), wherethecorrespond-
ing point in B eitheris oneof theoriginal samplesor lies
on thesurfacereconstructedfrom B.
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3. UpdateT with the rigid transformationthat minimizes
the meansquareddistancebetweenthe points of these
pairs.

4. Repeatsteps2 and3 (potentiallyre–pairingpoints)until
convergence.

A andB are locked in placeand anotherscanis added.
Ideally, thetransformationsarecomputedpreciselyandafter
“working your way around”,all scans�t togetherperfectly.
In practicethough,thedatais alreadycontaminated:Surface
pointsmeasuredfrom differentanglesor distancesresultin
slightly differentsampledpositions.Soevenwith agoodop-
timizationprocedure,it is likely thatthen–th scanwon't �t
to the�rst. Multiple iterationsarenecessaryto �nd a global
optimumandto distributetheerrorevenly.

We have to solve two problemsat oncehere:a) Find cor-
respondingpoint pairs;b) �nd the transformationthatmin-
imizes the distance.Sincethe secondstepdependson the
�rst, it is essentialto �nd “good” pointpairs.As wearedeal-
ing with a non–convex optimizationproblem,thealgorithm
cangetstuckin a localminimum,if theinitial startingpoint
is not good(which lowersthe chancesof correctlypairing
points).

Findinggoodpairsis a non–trivial task.Commonheuris-
ticsareto pair eachpointAi :

� with its nearestneighborB j in space;
� with thenearestB j in normaldirection(pointnormalsare

usuallyavailablewith therangedata);
� with the intersectionpoint of the normalandthesurface

reconstructedfrom B.

Whenpairshavebeen�x ed,thetransformationthataligns
themcanbecomputedin closedform37. Findingbetterpoint
pairsbecomeseasierandmorereliablefrom oneiterationto
thenext, sotheprocessconvergesto someminimum.

A A

project point onto plane

BB

match closest neighbor in space

Thesemethodsfor pairingpointsoftenfail, if thesurfaces
arenot smoothenoughor thecurrentregistrationis poor. A
numberof heuristicshave beenproposedto choose“good”
pairsanddiscardtherest;amongtheseare36; 19:

� Only consideroverlappingregions.
� Don't matchpointsif their distanceis too large.
� Only matchpointswith similarpoint normals.
� Don't pair boundaryvertices.
� Only considerthe90%bestmatches.

Searchingclosestpointsin setsof hundredsof thousands
of points in spacecan take considerabletime. The proce-
durecanbe spedup by projectingpointsdirectly from one
rangemapinto another38 andperformingthe pairing there,

reducingtheproblemto 2D. It is alsopossibleto useimage
intensityinformationfor thepairingdecisions31.

The distanceminimization procedurecan lead to prob-
lems,if mostof thepairedpointsareverycloseto eachother
andonly a few arefar apart.Thenthe surfaceis prevented
from moving closerto the correctsolution, sticking to an
unacceptablelocaloptimum:

BA

registration of A and B stuck in local optimum

For this reason,otherapproacheshavebeenproposedthat
donotdirectlyminimizethedistancebetweenpairedpoints.
A detaileddiscussionof thesemethodsis beyondthescope
of this tutorial, so we only give somepointersto the liter-
aturehere:ChenandMedioni12 e.g.minimize the distance
of a point to thetangentplanethroughits peer, Masudaand
Yokoya26 minimize the sum of squareddistancesbetween
all givenpairs.

2.2. Triangulation of point clouds

2.2.1. Intr oduction

After thedataacquisition(including the registration)phase
thenext stepin thesurfacereconstructionprocessis thegen-
erationof a single surfacerepresentation,e.g. one overall
trianglemesh,from theacquireddata.

Dependingon theapplicationandthestructureof the in-
putdatadifferentreconstructionproblemsarise:

Unorganizeddata: We have no additional information
other than the sampledpoints.This is the most general
caseandthereforealsothe computationallymostexpen-
sive one,becausewe do not exploit any additionalinfor-
mationwe might have. Therewasa state–of–the–artre-
port at Eurographics'98 by MenclandMüller28.

Contour data: In medicalapplicationsthe input model is
oftenslicedinto thin layerseachof whichis thendigitized
to a contourline. Hereonecanexploit thefact that these
contoursareclosedpolygonsarrangedin parallelstacks.

Volumetric data: Also in themedicinesectorwe have vol-
umetricdatameasuredby e.g.MRT or CT imaging.Here
we get a 3D–grid asinput dataandbasicallyhave to do
iso–surfaceextraction,e.g.usingthewell–known March-
ing Cubesalgorithm25. But theMarchingCubesalgorithm
doesnotproduceoptimalresults.If theedgelengthof the
voxel grid is too big, aliasingartifactsareclearlyvisible.
Additionally, arbitrarilybadshapedtrianglescanoccurin
the resultingmesh(cf. Fig. 2). The grid size shouldbe
chosencarefullysincethemeshsizegrows quadratically.

Rangedata: Theinput datais a collectionof rangeimages
thatareassumedto be registeredinto a commoncoordi-
natesystem(cf. Section2.1.5). A rangescannertypically
producesarectangulargrid of depthvaluesor 3D–points,
so we have adjacency informationfor the pointsof each
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Figure 2: A modelgeneratedby applyingtheMarching Cubesalgorithm to a volumetricdistancefunction(left). Noticethe
aliasingartifactsat sharpfeature linesandthebadlyshapedtriangles(right).

singlescan.Thedif�culty is the integrationof thediffer-
ent scansinto one single mesh.Another problemis the
hugeamountof data,that is typically generatedby the
uniform(over–) samplingof thescanner.

Regardlessof theunderlyingstructureof thedatawe can
divide the possibleapproachesinto two groups,depending
onwhetherthey producean

interpolation of theinput data:theverticesin theresulting
mesharetheoriginal sampledpoints,or an

approximation to the samplepoints.Especiallyfor range
datawe wantanapproximatingratherthanan interpolat-
ing meshto geta resultof moderatecomplexity.

Theapproachespresentedin this sectioncanbeclassi�ed
asfollows:

Sculpting based: This classof algorithms is usedto re-
constructa surfacefrom anunorganizedpoint cloudand
producesan interpolatingmesh.Thesealgorithmshave
in commonthat they �rst build a tetrahedrization(usu-
ally the3D Delaunaytriangulation30; 6) of thepoint setto
get somekind of global shapeof the object.Afterwards
heuristicsareusedto selecta subsetof the 2–simplices
(i.e. triangles)as the resultingmesh.Theseapproaches
arecapableof reconstructingsurfacesfrom very sparsely
sampleddata.The drawback is the computationalcom-
plexity andmemoryconsumptionfor building the initial
tetrahedrization.

Volumebased: This techniquecanbe usedto reconstruct
a surface from structuredor unstructuredsampledata.
Herean estimateddistancefor eachsampledpoint is in-
sertedinto a voxel or octreestructureandtheresultis ex-
tractedfrom thisstructure,e.g.usingtheMarchingCubes
algorithm.Thereforetheseapproachesproduceapproxi-
mationsto thesampledpoints,andtheedgelengthof the
volumetricgrid controlsthecomplexity of theoutput.

Incr emental/region–growing: This class of algorithms
startswith a seedandincrementallygrows this seedun-
til the whole input data is covered.The seedmay be a
triangle,anedge,the�rst rangeimageor awireframeap-
proximation.

2.2.2. Sculpting basedapproaches

2.2.2.1. Alpha–Shapes EdelsbrunnerandMücke17 gener-
alized the notion of convex hull to the parameterizeda–
shapes. Thea–shapeof a setof pointsin 3–spaceis a poly-
tope that doesnot needto be convex, connectedor a 2–
manifold.A triangle,edgeor vertex belongsto thea–shape
iff it hasa circumsphereof radiusat mosta thatis emptyof
othersamplepoints.For a = 1 , thea–shapeis theconvex
hull of the point set,for a = 0 it is the point set itself. As
a decreasesthea–shapeshrinksby developingcavities (cf.
Fig. 3).

Thea–shapeis relatedto theDelaunaytriangulation(DT,
cf. 30; 6) in thefollowing way:

8 simplex s2 DT 9 as > 0 : s2 as-shape:

Converselyfor 0 � k � 2 everyk–simplex of thea–shapeis
asimplex of theDT andtherefore

f k-simplicesof DTg =
[

0� a�1

f k-simplicesof a-shapeg:

Thea–shapeof apointsetcanbecalculatedby �rst build-
ing theDT andeliminatingall k–simplices,0 � k � 3,whose
minimumenclosingspherehasradiusgreaterthana. Think
of theDT �lled with styrofoamandtheverticesbeingmore
solid.Thenthegeometricintuition behinda–shapesis to use
a sphericalerasertool with radiusa thatcarvesout thesty-
rofoamwherever it canpassbetweenthevertices.

In a laststepthetrianglesthatbelongto theresultingsur-
faceareextractedoutof thea–shapebasedonthefollowing
heuristic:A trianglebelongsto thesurfaceif at leastoneof
the two a–spheresthat interpolatethe triangle's verticesis
emptyof otherpoints.

Thedif�culty with thisapproachis to �nd asuitablevalue
for theglobalparametera. If it is too small,holesandgaps
will occur;if it is too big, cavities maynot bepreserved.In
thepresenceof varyingsamplingdensitythisgetsevenmore
complicated.
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Figure 3: a–shapesfor decreasingvaluesof a. Themodelshavebeencreatedusingthe“Alpha Shapes”software by Edels-
brunneret al. (http://www.alphashapes.org/alpha/ind ex.htm l ).

Pros/Cons:

+ Eleganttheoreticalformulation.
– Globalvariablea hasto befoundexperimentally.
– Problemswith varyingsamplingdensity.
– Computationallyexpensive.

2.2.2.2. Voronoi–Filtering Amentaet al.3; 2 presentanal-
gorithmfor surfacereconstructionfrom agivenpoint cloud.
Theremarkablefeatureis theprovability of their algorithm:
given a “good” sampleof a smooth surface (i.e. twice–
differentiablemanifold)withoutboundarythealgorithmwill
reconstructa surfacethat is topologicallyequivalent to the
original surfaceandwill converge to it both pointwiseand
in surfacenormalasthesamplingdensityincreases.

Theintuition behindthede�nition of a “good” sampleis
that featurelessareascanbereconstructedfrom fewer sam-
ple points,while in detailedregionsthesamplinghasto be
moredense.A setof samplepointsSof asurfaceF is good,
if thesamplingdensityis (up to a factorr) inverselypropor-
tional to thedistanceto themedialaxis(ME) of F:

Sis a “good” sampling :,

8p 2 F : dist( p;S) � r � dist( p;ME(F))

The medialaxis of F is the closureof all pointshaving
morethanoneclosestpointonF andcanbethoughtof asthe
continuousextensionof the Voronoi diagram30. Therefore
this de�nition of a goodsamplerespectsthecurvatureof F
aswell astheproximity of two sheetsof thesurface.Amenta
et al. prove their resultsfor r � 0:06, but alsostatethat in
practicer = 0:5 is generallysuf�cient.

For every samplepoint s 2 S two poles p+
s and p�

s are
de�ned asthe two verticesof the Voronoi cell of s that are
farthestfrom s andon oppositesidesof thesurfaceF. The
observation is that the Voronoi cell of a vertex is long and
thin androughly perpendicularto the surfaceF. Therefore
n+

s := p+
s � s andn�

s := p�
s � s aregoodapproximations

to thesurfacenormalat s (it canbeproven that theangular
erroris linearin r).

Theactualalgorithmis sketchedasfollows:

1. ComputetheVoronoidiagramof S.
2. 8s2 S: computethepolesp+

s andp�
s .

3. ComputetheDelaunaytriangulationof theunionof Sand
all poles.

4. Keepthe triangleswhoseverticesareall samplepoints
(Voronoi �ltering ).

5. Normal�ltering andmanifoldextraction.

After performingsteps1–4 onegetswhat Amentaet al.
call thecrustof thesamplepoints.This is not necessarilya
manifoldandthereforeanormal�ltering stepdiscardstrian-
gleswhosenormalsdiffer too muchfrom n+ or n� . After-
wardsmanifoldextractionkeepsonly theoutsidesurfaceof
theremainingtriangles.

Pros/Cons:

+ Reconstructionfrom point clouds.
+ Provablereconstruction.
+ Adaptive resolution(by adaptive sampling).
– Complexity of O(n2) andhigh memoryneedsbecauseof

theDelaunaytriangulation.
– Problemswith noise,sharpedges,boundaries.

2.2.2.3. Others An approachsimilar to theoneby Amenta
et al. is the “Delaunaysculpting” of Boissonnat10. He also
builds theDelaunaytriangulationin a �rst stepandremoves
tetrahedrausingaheuristicbasedontheircircumspheres.To
overcometheproblemof theglobalparametera in a–shape
basedapproaches,Edelsbrunner16 introducedweighteda–
shapes. TeichmannandCapps34 usevarying valuesof a to
adaptto the local samplingdensity. Bernardiniet al.7 au-
tomaticallydeterminethe optimal value for a and usethe
a–shapeof thepointsetfor theconstructionof a signeddis-
tancefunction.

2.2.3. Volumetric approaches

2.2.3.1. Reconstructionfr omunorganizedpoints Hoppe
etal.21 addresstheissueof reconstructingasurfacefrom un-
organizedpoints.The algorithm consistsof two stages.In
the�rst stagea signeddistancefunctionis constructed.This
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functionmapsapoint in 3–spaceto anestimatedsigneddis-
tanceto the unknown surface.Thereforethe unknown sur-
faceis approximatedby thezero–setof this function,points
outsidetheobjecthave positive, pointsinsidehave negative
distance.In thesecondstagethezero–setis extractedusing
theMarchingCubesalgorithm.

The critical stepis the �rst stage,the estimationof the
signeddistance.To constructit, an orientedtangent plane
is associatedto eachsamplepoint.Thesetangentplanesare
a goodlocal approximationto theunknown surfaceandthe
distanceof a point p 2 IR3 to it is de�ned to be the dis-
tanceto the planeassociatedto thesamplepoint nearestto
p. While the estimationof an unorientedtangentplaneto
a samplepoint s 2 IR3 only requiresa leastsquare�t to s
and its k nearestneighbors,the dif�culty is to establisha
consistentorientationof theseplanes.Considertwo samples
pointssi ; sj that aregeometricallyclose.If the samplingis
denseandthesurfaceis smooth,thenthecorrespondingnor-
mal vectorsat thesepointsareassumedto bealmostparal-
lel, i.e.

�
�nin j

�
� � 1. This would give usanunsigneddistance

function.To geta signedonewe have to ensurethatthetwo
normalsarenotonly almostparallel,but alsopointingin ap-
proximatelythesamedirection,i.e. nin j � + 1. This condi-
tion shouldhold for all samplepoints that are suf�ciently
closeto eachother.

This canbeformulatedasa graphoptimizationproblem.
Thenodesrepresentthetangentplanesandareconnectedby
an edgeif the correspondingsamplepointsaresuf�ciently
close.To decidewhich nodesto connect,an enrichedEu-
clideanMinimumSpanningTreeis constructed.Theorienta-
tion is propagatedalongthis treeby traversingtheminimum
spanningtreewith thecostof edge(si ; sj ) being1�

�
�nin j

�
� ,

thereforefavoring the propagationbetweensampleswith
almostparallel normals.After this orientationstepwe are
now ableto de�ne thesigneddistancefunctionasdescribed
above.

Using a variation of the Marching Cubesalgorithm the
zero–setof the distancefunction is extracted.To alleviate
theproblemof badlyshapedtrianglesHoppeet al. collapse
small edgesin a postprocessingstepusing an aspectratio
criterion.

Pros/Cons:
+ Canhandlelarge,unstructuredpoint clouds.
+ Robustin thepresenceof noisyinputdata.
+ Onecancontrol theoutputsizeby adjustingthegrid size

of theiso–surfaceextractionstep.
– Thereis no adaptive resolution.The verticesin the out-

put areuniformly distributed,regardlessof highly curved
or featurelessareasof the surface.If onedoesnot want
to lose small featuresthis will lead to complex output
meshes.

– As already mentioned,the Marching Cubesalgorithm
canproducepoorly shapedtriangles.This makesa post–
processingstepnecessary.

2.2.3.2. Reconstruction fr om range images The ap-
proachof CurlessandLevoy14 is similar to the methodof
Hoppeet al., but tuned for handlingcomplex rangedata.
They alsobuild a signeddistancefunctionandget their re-
sultby aniso–surfaceextractionstep.Additionally they take
into accountthe specialproblemsandstructuresthat come
with theintegrationof separaterangeimages:

� Range uncertainty: For every sampledpoint of a range
imageonecanderive a reliability value.

� Utilization of all range data, including redundantsam-
plings.

� Incrementalupdating: After eachscana reconstruction
canbedoneandbeimprovedby addinganotherscan.This
shouldbe independentof theorderin which theseparate
scansareprocessed.

� Robustness: The algorithmshouldproducestableresults
evenin thepresenceof noiseandoutliersin thedata.

� Ability to �ll holes: When scanningnon–trivial objects,
therearealwaysregionsthatcannotbecapturedbecause
of self–shadowing (cf. Section2.1.4).

The global distancefunction is generatedby a weighted
averageof thedistancefunctionsof theindividual rangesur-
faces.Theweightingshouldbechosenspeci�c to therange
scanningtechnologyin order to take the rangeuncertainty
into account.In their casethe weightsdependon the dot
productbetweenthe vertex normalandthe scanningdirec-
tion, leadingto greateruncertaintyin regionsmeasuredun-
der a �at angle.The averagingof redundantmeasurements
canreducesensornoise.

The distancefunction of a single range image is con-
structedby triangulatingthesampledpointsusingthepixel–
grid neighborhoodinformation and assigninga weight to
eachvertex. To evaluatethis function at a point v 2 IR3,
this point getsprojectedontotherangemeshalongthesen-
sor's line of sight. If an intersectionx occursat a trianglet
theweightw is computedby barycentricinterpolationof the
weightsof t'sverticesandtheresultis thedistancefrom v to
x weightedby w.

Theglobaldistancefunctionis evaluatedonthevoxel grid
thatis usedfor theiso–surfaceextractionafterwards.When-
ever anadditionalrangeimageis generated,theglobaldis-
tanceandweightingfunctionandtheirvaluesatthegrid ver-
ticesareupdated.

The hole �lling operatesnot on the reconstructedmesh,
but directlyonthevolume.All pointsin thevolumeareclas-
si�ed to oneof threestates:

� Unseen: Theinitial valuefor all voxels.
� Nearthesurface: Thesevoxelstakeonthesigneddistance

andweightingvaluesasdescribedabove.
� Empty: By performinga spacecarving step,i.e. by trac-

ing all lines of sight from a sensorsposition to the ob-
served points in the correspondingrangeimagethe tra-
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versedvoxelsaremarkedasempty. Thistechniqueis very
likely to remove outliers.

Holes in the extractedsurfaceare frontiersbetweenun-
seenandemptyregions.To �ll theseholesthe iso–surface
extraction is not only performedfor the zero–setof the
distancefunction, but also betweenunseenand empty re-
gions.By assigningspeci�c distanceandweightingvalues
to emptyandunseengrid verticesthis canbe donein one
singleextractionstep.

To achieve spaceef�ciency the volume getsrun–length
encoded.To achieve timeef�ciency by fastervolumetraver-
sal eachrangeimageis resampledso that its scanlinesare
alignedto the scanlinesof thevolumegrid. Thereforeboth
therangeimageandthevolumecansimultaneouslybepro-
cessedin scanlineorder. This approachis well suited for
handlinghugeamountsof data,aswasproven in the Dig-
ital Michelangeloproject18.

Pros/Cons:

+ Canhandlehugeamountsof data.
+ Robust(noise,outliers).
+ Outputsizecontrollable.
– No adaptive resolution.
– MarchingCubesproblems.

2.2.3.3. Others Pulli et al.32 presenta methodfor the re-
constructionfrom asequenceof rangemaps.They �rst build
ahierarchicaloctreerepresentationof theobject.Everycube
that is neithercompletelyinsidenor completelyoutsidethe
objectis recursively subdividedup to a maximumlevel. Af-
terwardsa trianglemeshis extractedfrom thevolumedata.
Their approachis able to handlenoiseandoutliersand to
�ll holesat missingdata.Bajaj, BernardiniandXu4 build
a signeddistancefunction by �rst computingthe a–shape
of the object to which they �t implicit Bernstein–Bézier
patches.

2.2.4. Incr ementalapproaches

2.2.4.1. Ball pivoting TheBall–PivotingAlgorithm (BPA)
of Bernardinietal.8 generatesaninterpolatingtrianglemesh
from a givenunstructuredpoint cloud.They assumethatan
orientednormalvectorisavailablefor eachpointandthatthe
samplingdensityhasaglobalminimum.Thenormalvectors
are usedto determinethe surfaceorientationand for con-
sistency checkswhengeneratingtriangles(all threenormals
shouldpoint in roughlythesamedirection).Rangedataau-
tomaticallyful�lls bothrequirements.Otherwisetechniques
like the onesdescribedin 21; 3 canbe usedto estimatethe
normalvectors,but this canbequiteexpensive (orientation
problems,Voronoidiagram).

The basicprinciple of the BPA is very simpleand intu-
itive: we startwith a seedtriangleanda ball of userde�ned
radiusr sitting on this triangle (i.e. interpolatingits three
vertices).This r –ball is pivotedaroundanarbitraryedgeof

thecurrentboundary(initially theedgesof theseedtriangle)
until it touchesanothersamplepoint. This pivoting is basi-
cally a circular movementof the ball's centerin the plane
perpendicularlybi–sectingtheedgewhilst alwaysstayingin
contactwith thetwo edgevertices.If ther –ball hits another
samplepointonitsmovementaroundtheedgeanew triangle
is createdfrom theedgeandthis point.Theboundaryis ad-
justedaccordinglyandthepivoting is continued.Theupdate
of the boundaryfront may changeits topology, e.g.a loop
of edgesmaybesplit, or two loopsmaybemergedinto one.
As theball walkson thesamplepointsthemeshgrows un-
til thewholeconnectedcomponentis reconstructed.If there
aremultiple connectedcomponents,a new seedtriangle is
chosenandtheprocessis repeated.

A nice featureof the BPA is that it is stronglyrelatedto
a–shapes:byconstructioneveryBPA–generatedtrianglehas
an emptycircumsphereof radius� r (cf. Section2.2.2.1).
Thereforeall trianglesresultingfrom pivoting a r –ball are
a subsetof the r –shapeof the point set. Becauseof this
relationshipit canbe proven that for a suf�cient sampling
of a smoothmanifold the BPA producesa homeomorphic
approximationwith an error boundof r . Additionally the
BPA is guaranteedto generate2–manifolds,sono cleaning
up stepis necessary. By usingout–of–core processingtech-
niquesthis algorithmis ableto handlevery largedatasets1.

Pros/Cons:

+ Canhandlelargereal–world scans.
+ Out–of–coretriangulationpossible.
+ Moderatememoryconsumption(no Delaunaytriangula-

tion).
– No adaptive resolution(requiresuniformsampling).

2.2.4.2. Interacti ve approach While the existing tech-
niquesareoff–line algorithms,theapproachof Kobbeltand
Botsch23 incorporatesuserinteractionduring thesurfacere-
construction.Their approachgeneratesa meshapproximat-
ing hybrid inputdata(e.g.points,triangles,or evenNURBS
patches).Resolutionandalignmentof the trianglescanbe
adaptedmanuallyto varyingdetaillevel andquality require-
mentsin differentregionsof theobject(cf. Fig. 4).

Theconceptbehindtheuserinterfaceis to simulatea vir-
tual 3D scanningdevice. The input datais displayedin an
OpenGLwindow, the usercanview it from arbitraryposi-
tionsandangles.In an interactive scanningsessiontheuser
addsone scanafter the other to the previously generated
model.One iterationconsistsof placing,scaling(! reso-
lution) and orienting (! alignment)the object on–screen,
determiningthevalid region of interest,extractingthepatch
andautomaticallystitchingit to thealreadyexistingmesh.

Whenrenderinggeometrywith enableddepth–buffering
a depthvaluefor every pixel is storedin thez–buffer. While
thegraphicssystemusesthis informationto determinemu-
tual occlusion,the virtual scannerreadsthis dataand un–
projectsit back into 3–space.The result is a rangeimage
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Figure4: Theinteractiveapproach providesan intuitive in-
terfaceto locally adapt the meshresolutionto speci�c re-
quirementsfor the resultingmodelby simply zoomingthe
point cloud. Here the ear and the eye havebeenz–buffer
scannedwith a higherdensity.

containinga 3D samplepoint for every pixel. This range
imageis �ltered, a userde�ned maskselectsthe region of
interestandthe remainingverticescanbe trivially triangu-
latedbecauseof theunderlyingpixel–coordinateparameter-
ization. Zooming in on the objectwill result in a �ner tri-
angulation.By rotatingtheobjectsothatgeometricfeatures
arehorizontallyor vertically aligned,theedgesof thetrian-
gulationwill bealignedto thesefeaturesby construction.

Sincethescanningprocessis mainly theoutcomeof one
renderingstepall objectsthatcanberenderedcanalsobez–
scanned.Sothisapproachcanalsobeusedfor theremeshing
of objectswith poor trianglequality. Whenscanningpoint
clouds the sampling is assumedto be suf�ciently dense,
so that the renderedpoints form a connectedareawithout
(large) holeson the screen.Smallerholescan be interpo-
latedby the graphicshardwareby choosinga biggerpoint
size(! nearestneighborinterpolation).

If the acquiredscanoverlapswith the previously gener-
atedmodel,anautomaticquality maskensuresthatonly the
betterpartis kept.This requiresaprojectionof thenew scan
ontotheoldmesh.Thisexpensivequadraticsearchcanbere-
ducedto oneID–renderingstepthatis doneby thegraphics
hardware.Theremainingpatchgetsstitchedinto theexisting

meshusinga modi�cation of themeshzipperingalgorithm
of Turk andLevoy36.

By out–sourcingthe computationallyexpensive tasksto
thegraphicshardware(subsampling,rangeimage,meshpro-
jection) the programstaysinteractive even for large input
data.The amountof input dataonly effects the rendering
speed,the scanningandstitchingonly dependson the size
of the object in screenspace.The memoryconsumptionis
much lower than for most other approaches,sinceno ad-
ditional spacepartitioning structureshave to be generated
(likee.g.Delaunaytriangulation,Voronoidiagramor search
structures).

An extensionof this approachthatusesfeature–sensitive
samplinginsteadof the regular grid of the z–buffer is pre-
sentedin 11. This avoidsaliasingartifactsat curved feature
lines(cf. Fig. 5).

Figure 5: Using feature–sensitivesamplingfor curvedfea-
ture linesenablesoptimalalignmentof themeshto theun-
derlyinggeometry.

Pros/Cons:

+ Interactivity: theusercandirectly in�uence theresult.
+ Adaptive resolutionandadjustablealignment.
+ Fastby usinggraphicshardware.
+ Low memoryconsumption.
– Interactivity: no automaticalgorithm.

2.2.4.3. Others Boissonnat10 startswith theedgeconnect-
ing the two closestsamplepointsandgeneratesan interpo-
lating meshby iteratively addingtrianglesto the boundary
front.MenclandMüller27 build asurfacedescriptiongraph,
i.e. an enhancedEuclideanMinimum SpanningTree,per-
form a featuredetectionstepand�nally �ll this wireframe
modelwith triangles,alsoleadingto an interpolatingmesh.
Thefollowing methodsall do reconstructionfrom rangeim-
ages.Soucy andLaurendeau19 useVenndiagramsto parti-
tion the input datainto non–overlappingregionswhich are
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re–parameterizedandmergedtogether. In asimilarapproach
Turk andLevoy36 incrementallytake scans,erodeoverlap-
ping partsandzipperthemtogether, followed by a consen-
susgeometrystepin order to minimize registrationerrors.
Rutishauseret al.33 merge depthimagesby taking into ac-
counttheerroralongthesensor's line of sightanda retrian-
gulationstepfor theredundantdata.
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3. Discretediffer ential geometry

3.1. Discretecurvature

While differentialgeometryanalyzessurfacesthataresuf�-
cientlyoftendifferentiable– whichdoesnotapplyto meshes
directly – discretedifferentialgeometryis basedon thefact
that meshescan be interpretedas approximationsof such
smoothsurfaces.In the following we will startwith a short
survey on differential geometrywherewe shortly explain
the most importantgeometricintrinsics, i.e. surfaceprop-
erties that purely dependon the geometryand not on its
speci�c parameterization.After thatsurvey we will present
somepopulardiscretizationmethodsfor variousgeometric
invariants.

3.1.1. Geometric intrinsics

Let Sbe a suf�ciently smoothsurfaceandq 2 S be a point
on thatsurface.

Surfacenormal vector
Thenormalvector~n atq is aunit vectorthatis perpendicular
to thesurface.

Normal curvature
The normal curvature k(T) is the curvatureof the planar
curve at q that resultsif oneintersectsthe surfaceS with a
planethatcontainsthesurfacenormaldirection~n. HereT is
a unit vectorinsidethetangentplaneof q, i.e. < ~n;T > = 0,
thatspeci�esthedirectionof thenormalcut.

The tensorof curvature
The tensor of curvature assignsto each q the function
that measuresthe normal curvature k(T) in the direction
determinedby T. As function of the tangentvector T the
normalcurvaturecanbeformulatedas

k(T) =

 
tx
ty

! T

�
�

k11 k12
k21 k22

�
�

 
tx
ty

!

; (1)

wheretx andty arethe coordinatesof T in an arbitraryor-
thonormalbasisof the tangentspaceand k12 = k21. The
maximalnormalcurvaturek1 andthe minimal normalcur-
vaturek2 arecalledprincipal curvatures, theassociatedtan-
gentvectorsT1 andT2 arecalledprincipal directions.

It is always possibleto choosean orthonormalbasisof
the tangentspacebuilt by two principal directionsT1 and
T2. Using sucha basis,equation(1) simpli�es to Eulers's
theorem:

k(q) = k(T) = k1 cos2(q) + k2 sin2(q); (2)

whereq is theanglebetweenT andT1.

Gaussiancurvature
TheGaussiancurvature K is de�ned to be thedeterminant
of the matrix that de�nes the quadraticform (1). If we

changethe orientation of the surface normal vector the
Gaussiancurvature doesnot change.If K > 0 both prin-
cipal curvatureshave the samesign, for K < 0 they have
differentsigns.K canbeexpressedin termsof theprincipal
curvatures:

K = k1k2: (3)

Mean curvature
Themeancurvature H is de�ned to behalf the traceof the
matrix in (1). It canbe expressedin termsof the principal
curvatures:

H =
k1 + k2

2
: (4)

If wechangetheorientationof thesurfacenormalvectorthe
meancurvaturechangesits sign.

The meancurvaturecanbe interpretedasthe averageof
thenormalcurvaturessinceit satis�es

H =
1
p

Z p

0
k(q) dq:

3.1.2. Discretization techniques

Surfacenormal vector
A popularway to discretizethe normal vector~n is to use
an averageof the unit normalsof the triangularfacesthat
surroundthevertex. Variousaveragesoccurin theliterature,
e.g.arithmetic,areaweightedor angleweightedaverage8.

Normal curvature
Givena normalvector~n at a vertex q, we candiscretizethe
normal curvature in the direction given by a unit tangent
vectorTj thatresultsif weprojectavertex q j thatis adjacent
to q into the tangentplanede�ned by~n. A frequentlyused
discretizationfor sucha normal curvature is given by the
formula

k(Tj ) = 2
< q j � q;~n >

< q j � q;q j � q >
: (5)

This equationresults if one discretizesthe mathematical
formula for the continuous case11, but there is also a
geometricexplanation.This equationcanbe interpretedas
interpolatingtheverticesq andq j with acirclewhosecenter
lies on the line de�ned by q and~n andto usethe inverseof
theresultingradiusasnormalcurvature9.

Local polynomials
A popularmethodto discretizegeometricintrinsicsis based
ontheideato interpolateor approximatea localsubmeshby
using polynomials.In practicethe most commontype are
quadraticpolynomials

f (x;y) = a1x2 + a2y2 + a3xy+ a4x+ a5y+ a6:

To beableto usethatapproach,onerequiresaplanarparam-
eter domainand hasto assignplanarcoordinatesto every

c
 TheEurographicsAssociation2000.



GMU MPI Saarbrücken/ GeometricModeling

vertex in a localneighborhoodof q. Thestraightforwardap-
proachis to �rst estimatea surfacenormalvectorata vertex
andthenproject the verticesinto that plane.However, this
requiresthattheestimatednormalis chosenaccurately. The
surface triangulationinducesan ordering on the adjacent
neighborsandthis ordershouldbe preserved in theparam-
eterization.If the normalplaneis badly chosen,this is not
guaranteed.A solutionis to choosetheexponentialmap12 of
the1-neighborhoodaroundq. Thisoperatormapstheneigh-
borhoodontotheplanewhile preservingthedistancesof the
vertex to its neighborsandthe ratio of the adjacentangles.
Thedrawbackis thatthisapproachis moreexpensive to cal-
culatebecauseit requiresthe usageof trigonometricfunc-
tions.

Quadraticinterpolationrequiresthat the vertex has va-
lence5. Therefore,to be ableto useall vertex information
for arbitraryvertex valencesoneusesleastsquareapproxi-
mation.Herethemostef�cient methodto solve theproblem
is to usethenormalequationsapproach5, sincethis mainly
involves to calculatethe inverseof a symmetricmatrix of
low dimension.

Oncethepolynomialis determined,thegeometricinvari-
antsof thepolynomialcanbeusedasdiscretizationvalues.
For the discretecurvaturesthis only requiresto determine
thetensorof curvatureof thepolynomial.

However, problemsoccurif theparametervaluesthatare
assignedto the verticeslie on an algebraiccurve of degree
2. In that casethe leastsquaresapproximationfails and a
specialcasetreatment— e.g. reductionof the numberof
basisfunctions— is necessary12.

Taubin'sapproach
Taubin11 proposedan algorithm to derive the tensor of
curvature.The principal curvatureand principal directions
areobtainedby computingin closedform the eigenvalues
and eigenvectors of certain 3 � 3 symmetric matrices
de�ned by integral formulas, and closely related to the
matrix representationof the tensorof curvature.As input
to his algorithmhe requiresdiscretizednormalvectorsand
discretizednormalcurvatures(equation(5)).

Mor etonand Séquin'sapproach
Another algorithm to estimatethe tensorof curvature at
q is derived by Moreton and Séquin9. The idea behind
this approachis to use the fact that the normal curvature
distribution can't be arbitrary, but is determinedby Euler's
theorem(2). The2� 2 matrix occurringin equation(1) can
beexpressedas

K =
�

ex ey
� ey ex

�
�
�

k1 0
0 k2

�
�
�

ex ey
� ey ex

� � 1

;

whereex andey arethecoordinatesof theprincipaldirection
T1 in the chosenorthonormalbasis.MoretonandSéquin's
idea is to estimatea discretenormal~n andusethe normal

curvaturesgiven by equation(5) to createa linear system.
Solving this systemusing a least squaresalgorithm one
can �nd estimatesfor the unknown principal curvatures
and principal directions.A specialcasetreatmentis only
necessary, if the adjacent vertices project to two lines
intersectingatq.10.

Estimating the Gaussiancurvature
The advantageof the last three methodsis that once the
principal curvaturesare discretized,one can also derive
other important invariants from that information, as the
Gaussiancurvatureor the meancurvatureusingeq. (3) or
(4). If only the Gaussiancurvatureis needed,onecanuse
the spherical image methodor the angle de�cit method.
The ideaof theseapproachesis to discretizea theoremfor
de�ning theGaussiancurvatureonasmoothsurfacederived
from a theoremby Rodrigues(seee.g.3).

Using the angle de�cit method one can discretizethe
Gaussiancurvatureat q with thewell known formula

K =
2p � å j q j

1
3 å j A j

;

whereq j aretheinneranglesadjacentto q andA j thecorre-
spondingtriangleareas.

3.2. Quality control for meshedsurfaces

This sectiongivesa brief overview over techniquesfor rat-
ing thequalityof triangularmeshes.Quality controlmaybe
appliedon the raw dataimmediatelyaftermeshgeneration
or on preprocesseddata(cf. Section2).

The techniquespresentedhereareusedto visualizesur-
face quality in order to detectsurface defects.They can
be implementedin a straightforward way while still being
effective and can be used interactively. The methodsare
adaptedfrom smoothfree-formsurfaces(e.g.NURBS),and
we may take advantageof the previously introducedcon-
ceptsof discretedifferentialgeometry(cf. Section3.1).

3.2.1. What is the quality of a triangle mesh?

The answerto this questiondependson what the meshis
usedfor. Differentapplicationsmayrequiredifferentquality
criteria.We concentrateon thefollowing:

Smoothness:Take a brief look at thesituationwhenusing
NURBSpatches:They have inherentCn smoothness(e.g.
C2 for cubic splines)by constructionandone is usually
interestedin smoothconnectionsacrosspatchboundaries.
Naturally, one would not expect somethinglike “patch
boundaries”insidea trianglemesh.But suchboundaries
mayemergee.g.when�lling holesin a givenmesh.

Fairness: A smoothnesscriterion is not suf�cient for gen-
eratinghighquality, highly aestheticsurfaces.A socalled
fairnesscriterion mustbe added.Usually this is de�ned
aslow variationof curvaturein contrastto continuity of
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Figure 6: Isophotes.Themiddlepart of the surfacewasblendedbetweenthe three tubes,the boundaryconditionsare C1.
Thediscontinuitiesof thecurvature at the joints are hard to detectfromthe �at shadedimage (left), but clearly visualizedby
isophotes(middle)sinceC1 blendscauseC0 isophotes.Theright image sketchestherenderingof isophoteswith a 1D-texture:
Theillumination valuesare calculatedfor theverticesof a triangle fromvertex normalsand the light direction.Thesevalues
are usedastexture coordinates.Thetexeldenotingtheiso-valueis coloredblack. Iso-linesare interpolatedwithin thetriangle.

curvature(smoothness).So,we will usetheresultsof the
previoussectionfor ratingfairness(seealsoSection5.2).

Shapeof triangles: Some applications require “well
shaped”triangles,e.g. simulationsusing Finite Element
Methods(FEM)or ComputationalFluid Dynamics(CFD)
while other applications(e.g. rendering) may neglect
this property. So we needto checkconstraintson shape
parameterssuchasanglesandarea(cf. Section5.1.7).

3.2.2. Visualizing smoothness

Our aim is interactive surfacevisualization;hencewe try to
exploit graphicshardware.Thereforea givensurfaceis tes-
sellatedto asetof trianglesfor rendering(in contrastto non-
interactiverenderingtechniqueslikeray-tracing).As wecan
think of themeshasanaccuratetessellationof e.g.a setof
NURBSpatcheswewill usethesametechniquesfor quality
controlthatareusedfor smoothsurfaces6.

3.2.2.1. Specular shading The simplest visualization
techniqueis to usestandardlighting andshading(Phongil-
luminationmodel,�at- or Gouraudshading)asprovidedby
thegraphicssubsystem4; 13.

Thelocal illuminationof avertex dependson theposition
of the light sources,on thesurfacenormalandon theview
point/direction.

Thisapproachto surfaceinterrogationis themoststraight-
forwardone,but it is dif�cult to �nd minor perturbationsof
a surface(cf. Fig. 6, left).

3.2.2.2. Isophotes Isophotesare lines of constantillumi-
nationonasurface.Here,oneassumesthatthereis only dif-
fuseor Lambertianre�ection. As a consequence,isophotes
areindependentof the view point. For this applicationone

single,in�nitely distantpoint light sourceis assumed.Sothe
illumination IP of a surfacepoint P is givenby

IP = max
�


NP L
�
;0

	
;

whereNP is the surfacenormalat P andL is the direction
of light4. Both vectorsarenormalized,so thevalueof IP is
in the interval [0;1]. Now somevaluesIc; j 2 [0;1] = const
(e.g.Ic; j = j

n ; j = 0; : : :;n) arechosenandtheisophotes/iso-
curvesI = Ic; j arerendered.

Theresultingimagemakesit easierto detectirregularities
on thesurfacecomparedto standardshading.Theusercan
visually tracethe lines, rate their smoothnessand transfer
theseobservationsto thesurface:If thesurfaceisCk contin-
uousthentheisophotesareCk� 1 continuous(cf. Fig. 6).

Thereare two approachesto renderingiso-curves such
as isophotes:The �rst approachis to explicitly extract the
curves or curve segmentsand then display them as lines.
Here,in principlethesamealgorithmsasfor extractingiso-
surfacescanbeapplied(Marching Cubes7, cf. Section2.2).
Fortunatelythesituationfor extractinga curve on a surface
is easier(“marching triangles”).

The secondapproachtakes advantageof the graphics
hardwareandallows direct renderingof isophotesfrom il-
luminationvaluesin theverticesof a trianglemesh:

A one-dimensionaltexture is initialized with a default
color C. Illumination valuesIP are now treatedas texture
coordinates,andfor theisophotevaluesIc; j thecorrespond-
ing texels areset to color Cj 6= C. The illumination values
Ic; j areevaluatedat every vertex andusedas texture coor-
dinates.With this setupthegraphicssubsystemwill linearly
interpolatethe1D texturewithin the trianglesresultingin a
renderedimageof the isophotes(colorsC j ) that aredrawn
ontothesurface(colorC) 13 (cf. Fig. 6).
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The1D textureapproachbene�tsmorefrom thegraphics
hardwarein contrastto explicitly calculatingline segments.
A drawbackis thatthewidth of thecurvesvariesdueto tex-
tureinterpolation.

3.2.2.3. Re�ection lines In contrastto isophotesaspecular
surfaceis assumedfor re�ection lines.As aconsequencere-
�ection lineschangewhenthepointof view ismodi�ed resp.
whentheobjectis rotatedor translated.Thelight sourcecon-
sistsof asetof “light-lines” thatareplacedin 3-spacespace.
Normally, thelight-linesareparallellines(cf. Fig. 7).

Traditionally, re�ection lines have beenusedin the pro-
cessof designingcars.An arrangementof parallel �uores-
centtubesis put in front of thecarmodelto survey thesur-
faceandits re�ection properties.

eye

light sources

lines
reflection

Figure 7: Re�ectionlines.Thelight sourceconsistsof par-
allel lines that are re�ected by the surface. The re�ection
propertyrequiresthatanglesof incidence(light,normal)are
equalto anglesof emission(viewingdirection,normal).

Undertheassumptionthatthelight sourceis in�nitely far
away from the object,environmentmapping13 canbe used
to display re�ection lines in real-time.A texture for envi-
ronmentmappingis generatedonceby ray-tracingthelight
sourcesover a sphere.Thegraphicssubsystemwill thenau-
tomaticallygenerateappropriatetexturecoordinatesfor ev-
eryvertex dependingon its relative positionandnormal.

Re�ection linesareaneffective andintuitive tool for sur-
faceinterrogation.If thesurfaceisCk continuousthenthere-
�ection linesareCk� 1 continuous.Justlike isophotes,they
canbeef�ciently renderedby takingadvantageof graphics
hardwareandthey arealsosensitive to smallsurfacepertur-
bations.In addition,theconceptthata real-world processis
simulatedmakestheirapplicationvery intuitiveevenfor un-
experiencedusers.Fig. 8 shows re�ection lines for C0, C1

andC2 surfaces.Re�ection linesarealsousedto show sur-
facequality in Section5.2.

3.2.3. Smoothnessvs. fair ness

The�rst two qualitycriterialistedabovearesmoothnessand
fairness. Smoothnessdenotesthemathematicalde�nition of
continuousdifferentiability (Cn). While smoothnessis nec-
essaryto guaranteehigh qualitysurfaces,it is not suf�cient.

A surfacemaybesmoothin amathematicalsensebut still
looking awkward from anaestheticalpoint of view. This is
wherefairnesscomesin: fairnessis anaestheticmeasureof
“well-shapedness”,it is thereforemoredif�cult to de�ne in
technicaltermsthan smoothness(distribution vs. variation
of curvature)1:

An important rule is the so called principle of simplest
shapethat is derived from �ne arts.A surfaceis saidto be
well-shapedif it is simplein designandfreeof unessential
features.Soa fair surfacemeetsthemathematicallyde�ned
designgoals(e.g.interpolation,continuity)while beingnice
lookingin thissense.Thereareseveralapproachesto formu-
latethelattertermin a precise,mathematicalway.

Themostcommonmeasuresfor fairnessaremotivatedby
physicalmodelslike thestrainenergy of a thin plate

Z
k2

1 + k2
2 dA

or differentialgeometrylike thevariationof curvature
Z �

¶k1

¶~e1

� 2

+
�

¶k2

¶~e2

� 2

dA

with principalcurvaturesk i andprincipaldirections~ei .

In general,somesurfaceenergy is de�ned that punishes
“bad-shapedness”,and curvature is usedto expressthese
termsasit is independentfrom thespecialparameterization
of a surface.A fair surfaceis thendesignedby minimizing
theseenergies (cf. Section5.2). Our currentgoal is not to
improvebut to checksurfacequality, soweneedto visualize
theseenergies.

Notethattherearealsodifferentcharacterizationsof fair-
nesslike aestheticalshapeof isophotes/re�ectionlines14.

3.2.4. Visualizing curvature and fair ness

If fairnessis expressedin termsof curvaturewehaveto visu-
alizecurvatureto evaluatefairness.Weobtaincurvatureval-
uesin every vertex of a trianglemeshby applyingthetech-
niquespresentedin theprevioussection(cf. Section3.1).

3.2.4.1. Curvature values Thetechniquesuggestedin the
following sectionswill visualize arbitrary “curvature val-
ues”.Any usefulscalarvalued thatis ameasurefor discrete
curvaturecanbeused(cf. textbooksondifferentialgeometry
like 3 for detailedexplanations).Herearesomeexamples:

� theGaussiancurvatureK = k1k2 that indicatesthe local
shapeof the surface(elliptic for K > 0, hyperbolic for
K < 0 andparabolicfor K = 0^ H 6= 0 resp.�at for K =
0^ H = 0). A local changeof thesignof K maydenotea
(evenverysmall)perturbationof thesurface.

� themeancurvatureH = 1
2(k1 + k2)

� themaximumcurvaturekmax = maxfj k1j; jk2jg
� the total curvaturek2

1 + k2
2 that is usedin the previously

mentionedthin plateenergy.
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Figure 8: Re�ection lines on C0, C1 andC2 surfaces.Oneclearly seesthat the differentiability of the re�ection lines is one
order lower, i.e. C� 1, C0 andC1 respectively.

3.2.4.2. Color coding scalar values We visualizescalar
valuesdirectly on thesurface,i.e. every vertex is assigneda
colorvalue.Thegraphicssubsystemwill thenlinearly inter-
polatecolorswithin the triangles.All lighting calculations
mustbe turnedoff for this purpose.Therearelots of ways
for colorcoding,oneof themis thefollowing:

Assumea scalarvalue di is given for every vertex Vi ,
e.g.di may denoteany type of curvature.Now let dmax :=
maxf dig anddmin := minf dig. Datavaluesarescaledby the
following functionscale: [dmin;dmax] ! [� 1;1] with

scale: d 7!
�

� d=dmin : d < 0
d=dmax : d � 0

Positive andnegative valuesarescaledseparatelysuchthat
thezerolevel is preserved.Noticethatthevalue0 is usually
of specialinterest.So dmin � 0 � dmax is assumed.Other-
wise, the origin (“greenline”, seebelow) shouldbeshifted
appropriately.

The red andblue color componentsareusedto indicate
positive resp.negative datavalues.All verticesandall dis-
playedpixels areto have equalintensity(r+g+b=1).So the
greencomponentis usedto “�ll up” intensity. Assumecolor
componentsrangefrom 0 to cmax, e.g.cmax= 255.Thefunc-
tion rgb : [� 1;1] ! [0;cmax]3 assignsto eachvaluea RGB
triple with intensitycmax.

rgb : d07!
�

(0; (1+ d0)cmax; � d0cmax) : d0< 0
(d0cmax; (1� d0)cmax;0) : d0 � 0

Fig. 10 shows the RGB mappingon the right side.Zero
valuesaredisplayedin bright green,dmin anddmax resultin
blueandredrespectively.

Datavaluesd 2 [dmin;dmax] cannow bemappedto RGB
valuesby rgb(scale(d)) . Many applicationsneedenhanced
contrastin thevicinity of zeroandlessneardmin anddmax.
Thereforea new parameterg2 (0;1] is introducedthat ad-
juststhe“contrast”of thevisualizeddata.Thenthevalued

is mappedto a RGBtriple by

rgb(scale(d)g)

For g= 1 weobtaintheoriginalmapping.With decreasingg,
theresolutionincreasesfor valuesnear0, i.e.agreaterrange
in the color tableis usedfor thosevalues.Fig. 9 illustrates
thecolor codingfor g= 1 andg< 1 on a modelof captured
from a bustof Max Planck.

G

R

scale(d)

B

1

-1 -0.5 0 0.5 1

0.5

0

-0.5

-1

Figure 10: Color coding. Left: d is mappedto [� 1;1] by
scale, resolutionnear0 maybeenhancedbyusingg< 1, the
transformedvalueis thencodedas(r;g;b).

3.2.4.3. Isocurvature lines Isocurvaturelinesarelinesof
constantcurvatureonasurface.They canbedisplayedsimi-
larly to isophotes.Insteadof illumination valuescurvature
valuesare used.If the surface is Ck continuousthen the
isocurvaturelinesareCk� 2 continuous,soisocurvaturelines
arealsoevenmoresensitiveto discontinuitiesthanisophotes
or re�ection lines.

A problemwhen renderingisocurvature lines with 1D-
texturesmay be a wide rangeof curvaturevaluesthat may
not mapappropriatelyto the [0;1] interval of texture coor-
dinatesresp.theactualtexels.Onesolutionis to clampthe
curvaturevaluesto a suitableinterval, the othersolutionis
to explicitly extractthecurvesanddraw themaslines.
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Figure 9: Color coding. From left: Gouraud-shadedmodelof Max Planck bust; meancurvature with g= 1; with enhanced
contrastg= 1

2 .

Figure11: Linesof curvature. Linesof curvature are super-
imposedona �at shadedimage of a VWBeetlemodel.

3.2.4.4. Lines of curvature Besidesthe scalarprincipal
curvaturestheprincipaldirectionsalsocarryinformationon
thelocal surfaceproperties.They de�ne a discretedirection
�eld on the surfacewith one tangentialdirection per ver-

tex. By linearly interpolatingdirectionsover trianglesusing
barycentriccoordinatesa continuous�eld canbede�ned.

Lines of curvaturecan then be tracedon this direction
�eld. ThetracingalgorithmdoesEuler integrationstepsin-
sidea triangleuntil anedgeis crossed.Thena neighboring
triangleis entered.Fig. 11 shows linesof curvature.

The visualizedcurvature�o w may give a very goodand
intuitive impressionof the surface. Alternatively texture
basedtechniqueslike line integral convolution (LIC)2 can
alsobeusedon trianglemeshes.Tracingandconstructinga
hugenumberof linesof curvatureis ratherexpensive com-
paredto theothertechniques.

3.2.5. The shapeof triangles

Someapplicationsneed“well-shaped”,roundtrianglesin or-
der to prevent themfrom runninginto numericalproblems.
This includesnumericalsimulationsbasedonFEM or CFD.
For this purpose,“round” trianglesareneeded,e.g.theratio
of theradiusof thecircumcircleto theshortestedgeshould
beassmallaspossible(cf. Fig. 12).

Themostcommonway to inspectthequality of triangles
is to view a wireframeor hidden-linerenderedimage.This
maynot beanoption for very complex meshes.A straight-
forwardsolutionis acolorcodingcriterionbasedontriangle
shapes.Thishelpsto identify evensingle“badly shaped”tri-
angles.
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Figure 12: triangle meshoptimizedfor smoothappearance, leadingto �at triangles(left), andfor triangle shape, leadingto
surfaceartifacts(right).

3.2.6. Summary

The mostimportantissueaboutquality control is probably
thefactthattechniquesthatarewell known from theinterro-
gationof smoothsurfacescanbeadaptedandusedfor trian-
glemeshesin astraightforwardway. Discretecurvatureanal-
ysis is thekey to achieve this result.In additionto smooth-
nessandfairnesstherearecriteriaontriangleshapethatmay
beimportantfor speci�c applications.
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4. Coarse–to–�nehierarchies

Coarse–to–�nehierarchiesarebuilt up by successively re-
�ning a coarsebasemesh(i.e. by insertingnew verticesand
triangles).The resultingdegreesof freedomcanbeusedin
two ways: Subdivision schemesposition the new vertices
suchthat the resultingmeshesbecomesmooth— the geo-
metricinformationinherentto thebasemeshis thereforenot
changed.Remeshingmethodsontheotherhandpositionthe
verticessuchthatmoreandmoregeometricdetailbecomes
visible by samplingpointsfrom the original surface— the
resultingmeshesthereforeneednot besmooth.Thefollow-
ing two sectionsdescribetheseapproachesin moredetail.

4.1. Stationary subdivision

4.1.1. Intr oduction

Subdivision schemeshave becomeincreasinglypopularin
recentyearsbecausethey provide a uniform and ef�cient
way to describesmoothcurves andsurfaces.Their beauty
lies in theelegantmathematicalformulationandsimpleim-
plementation:Given an arbitrarycontrol polygon,perform
thefollowing subdivision stepadin�nitum (seeFigure13):

1. Splittingstep:Insertanew vertex at themidpointof each
edge.

2. Averaging step:Relocateeachvertex accordingto given
re�nementrules.

If there�nementrulesarechosencarefullytheresultingcon-
trol polygonswill convergeto asmoothlimit curve. In prac-
ticethealgorithmis stoppedafterasuf�cient numberof sub-
division stepsandthe resultingcontrolpolygonis rendered
asanapproximationof thecurve.

Figure 13: Subdivisionstep:original polygon(upperleft),
aftersplittingstep(upperright), afteraveraging step(lower
left) andlimit curve(lower right).

Eventhoughsubdivisionschemeshavemany applications
in the univariatecase,their real strengthsareonly revealed
whenlooking at the bivariatecase:they areable to handle
surfacesof arbitrary topologywhile automaticallymaintain-
ing continuityproperties.

In the following we give a brief historical overview
andcite thenecessaryreferences.Subdivision methods(for
curves) were introducedand mathematicallyanalyzedfor
the �rst time by G. de Rhamin 1947.However, only their

re–inventionin 1974by G.M. Chaikin5 madethemavailable
for the computergraphicscommunity. Chaikin usedthem
to derive a simplealgorithmfor the high–speedgeneration
of curves. In 1978 the conceptof subdivision was carried
over from curvesto surfaces:CatmullandClark describeda
generalizationof bicubictensorproductB–splines4 andDoo
and Sabin introduceda generalizationof biquadraticten-
sorproductB–splines9. In thefollowing decadesmany new
schemeswere proposed:the Butter�y scheme12, the Loop
scheme28 andvariationalschemes20 (seealsoSection5.2) to
nameonly a few. However, thesubdivision rulesof theearly
schemeswereonly “ad hoc” generalizationsof known rules
for regularcases(knot insertion)andlackeda precisemath-
ematicalanalysiswith respectto convergencebehavior and
differentiability properties.A �rst and importantapproach
wasalreadygivenby DooandSabin:they performedaspec-
tral analysisof theso–calledsubdivisionmatrix to prove the
convergenceof their schemein extraordinaryvertices.This
approachwasfurtherenhancedby StorryandBall2. A sec-
ond way to analyzesubdivision schemesare the so called
generating functions10: this formalism allows the subdivi-
sion stepto be expressedasa simplemultiplication of two
formal power series.However, it wasnot until 1995when
U. Reif introducedtheconceptof thecharacteristicmapof a
subdivision scheme30 thatonewas�nally ableto rigorously
prove thecontinuitypropertiesof subdivision schemes34.

Nowadaystheresearchis focusingonapplicationsof sub-
division schemes:Methodsto interpolatepointsandcurves
weredeveloped16; 27, physicalsimulationsbasedon subdivi-
sion methodswere examined6. Subdivision techniquesare
usedfor animationsin computergeneratedmovies7 aswell
asin raytracingapplications22. New techniquesto ef�ciently
handleandrendersubdivision surfacesweredevelopedand
even implementedin hardware29. The modelingpower of
subdivision schemeswas greatly enhancedby introducing
schemesthat are able to model cornersand creases17; 3.
At presentalmost everything one can do with traditional
NURBS–basedsystemscanalsobeachievedby subdivision
techniques33.

Beforestartingwe, somepreliminarynotions:In the fol-
lowing we aredealingmostly with triangularandquadran-
gularmeshes,i.e. the facesaretrianglesor quadrangles,re-
spectively. Thenumberof edgesemanatingfrom a vertex is
calledthevalenceof thevertex. A vertex of a quadrangular
meshis saidto beregular, if it is aninnervertex of valence
4 or aboundaryvertex of valence3,otherwiseit is calledex-
traordinary. Likewisea vertex of a triangularmeshis called
regular, if it is an inner vertex of valence6 or a boundary
vertex of valence4, andextraordinary otherwise.

4.1.2. Catmull–Clark subdivision

In order to get a feeling for subdivision schemeswe will
describeone of them in more detail: the Catmull–Clark
scheme,which is widely used becauseits quadrangular
structure�ts well into existingCAD systems.

c
 TheEurographicsAssociation2000.



GMU MPI Saarbrücken/ GeometricModeling

Let s(u;v) = å i å j ci jN
3
i (u)N3

j (v) be a bicubic tensor
productB–spline:theci j arethe control pointsarrangedin
aregularquadrilateralgrid (seeFigure14) andtheN3

i (�) are
the uniform cubic B–splinesover the knot–vector Z. The
surfaces is built of quadrilateralpolynomial patcheseach
of thembeingdeterminedby a regular4� 4 submeshof the
originalmesh(compactsupportof theB–splines!).

Figure 14: B–Splinesubdivision:Each patch of a tensor
productB–Splinesurfaceis fully determinedbya 4� 4 sub-
meshof theoriginal mesh(left). Knot insertionyieldsa re-
�ned mesh(right).

By insertingknotswe seethats canberewritten asa ten-
sor productB–splineover the re�ned knot vector 1

2Z, i.e.
s(u;v) = å i å j di jN3

i (2u)N3
j (2v). Thecontrolpointsdi j con-

stitutea�ner quadrilateralmesh(seeFigure14) andareeas-
ily computedby thefollowing masks:

1 1

1 1

66

11

1 1

6

6

6

6

36
1 1

1 1

Figure15: Masksfor knot–insertionof bicubictensorprod-
uctB–splines.

In thisandthefollowing �gures alreadyexistingedgesare
shown assolid lines while new edgesaredashed.To com-
putethenew positionof thevertex markedby a squareone
hasto take theweightedaverageof thedepictedvertices.By
repeatedlyinsertingknotstheresultingcontrolmeshescon-
vergeto thelimit surfaces. Now supposewe have a quadri-
lateralmeshwith extraordinaryvertices;we canstill inter-
pretevery4� 4 submeshascontrolnetof apolynomialpatch
— but this will leavea holein thesurface(seeFigure16).

In order to carry over the conceptof subdivision to ex-
traordinaryverticesCatmull andClark extendedthe masks
for theregularcaseby a setof new masks— onemaskfor
eachvalence(seeFigure17).

Now they wereableto do subdivision asabove andadd
a furtherring of patchesto thesurfacethusmakingthehole

Figure 16: Catmull–Clark subdivision: Interpreting each
regular 4 � 4 submeshas the control net of a polynomial
patch still leavesholes(left), subdividingthe control mesh
resultsin a larger regular region and thus gradually �lls
theseholeswith ringsof patches(right).

b

b

b

b

b

g

g

g

g

a

Figure 17: Catmull–Clarksubdivision:maskfor extraordi-
nary vertices14. Thecoef�cients dependon thevalencen of
thecentervertex: b = 3

2n2 , g= 1
4n2 , a = 1� nb � ng.

smaller(seeFigure16). Thenew masksweredesignedsuch
that the resulting control meshesconverge to a limit sur-
facewhich is C2 exceptfor the extraordinaryvertex where
it is C1. Note that thechoiceof themasksis not unique—
thereexist othervariantswhich alsogeneralizebicubic ten-
sorproductB–splines32.

4.1.3. Analysis of subdivision schemes

Therearetwo major approachesto mathematicallyanalyze
the propertiesof subdivision schemes(convergencebehav-
ior, continuity/differentiability of the limit function, repro-
ductionproperties):generatingfunctionsandspectralanaly-
sisof thesubdivision matrix.

Generating functions

Generatingfunctionsareusedto analyzeunivariatesubdivi-
sion schemesandthe regular partsof bivariatesubdivision
schemes.To avoid messymulti–indiceswe will restrictour-
selvesto theunivariatecase.We startwith a de�nition:

Let P= (p j ) j= �1 ;:::;1 beanarbitrarysequence,thenwe
call theformalseriesP(z) = å j p jzj thegenerating function
(or thesymbol) of P.
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Figure18: A polygonPi = (pi
j ) (solid lines)is mappedto a

re�ned polygonPi+ 1 = (pi+ 1
j ) (dashedlines).Notethat this

is an interpolatoryscheme:pi+ 1
2j = pi

j .

As an exampleconsiderthe 4–point scheme11 (seeFig-
ure18):

A polygon Pi = (pi
j ) is mappedto a re�ned polygon

Pi+ 1 = (pi+ 1
j ) by applying the following two subdivision

rules:

pi+ 1
2j = pi

j ;

pi+ 1
2j+ 1 =

1
16

(� pi
j� 1 + 9pi

j + 9pi
j+ 1 � pi

j+ 2):

In generalsucha subdivision stepcanbecompactlywritten
in a singleequation

pi+ 1
j =

1

å
k= �1

a2k� j p
i
k;

wherethe a j arecoef�cients dependingon the subdivision
rules.Notethattheindex 2k� j alternatinglyselectstheeven
indexeda's or theoddindexeda's. In thiscasewehave

a = (a j ) =
1
16

[: : : ;0;0; � 1;0;9;16;9;0; � 1;0;0; : : :]

After somecomputationweseethatthesubdivisionstepcan
beexpressedin thegeneratingfunctionformalismasa sim-
plemultiplicationof thecorrespondingsymbols:

Pi+ 1(z) = a(z)Pi(z2):

Note that a(z) is the symbolof the sequencea. The basic
ideaof proving convergenceto a continuouslimit function
is to show that the polygonsPi form a Cauchy sequence,
which follows if thedistancejjPi+ 1 � Pi jj1 of two succes-
sive polygonsdecreasesexponentiallyin i. Somecomputa-
tion shows that this is the case,if the so–calleddifference
schemewhich is givenby thesymbol

a0(z) =
z

1+ z
a(z)

exists(i.e. a(� 1) = 0) andis contractive.This is thecaseif

max

(

å
j

ja0
2j j;å

j
ja0

2j+ 1j

)

= q < 1:

Sowe have ansimply criterionto checktheconvergence
of asubdivisionschemeto acontinuouslimit function.Like-
wiseonecanprove convergenceto higherordercontinuous
functionsby examininghigherorderdifferenceschemes.

Subdivision matrix formalism

The subdivision matrix formalism is usedto describethe
behavior of bivariate subdivision schemesnear extraordi-
naryvertices.Thebasicideais to keeptrackof a vertex p0
throughdifferentsubdivision levels.To do this, it turnsout
that it is necessarynot only to keeptrack of p0 but alsoof
the verticesp1; : : :; pn in a �nite neighborhoodof p0 — in
thecaseof Loop subdivision this is the1–ringof neighbors,
i.e.all verticesadjacentto p0 (seeFigure19). In general,the
sizeof theneighborhoodis determinedby thesupportof the
subdivision masks.

S
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0
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1

pi
2

pi
3

pi
4

pi
5

pi+ 1
0

pi+ 1
1

pi+ 1
2

pi+ 1
3

pi+ 1
4

pi+ 1
5

Figure 19: Subdivisionmatrix formalism:Thesubdivision
matrix S mapsa neighborhoodof a vertex on level i to the
neighborhoodof thesamevertex on level i + 1.

Now let pi = [pi
0; pi

1; : : :; pi
n] beacolumnvectorcompris-

ing thepositionsof p0; p1; : : :; pn atsubdivisionlevel i. Then
thereis a (n+ 1) � (n+ 1) matrix Ssatisfying

pi+ 1 = Spi :

This matrix is calledthe subdivisionmatrix of the scheme.
Let l 0 � l 1 � : : : � l n be the eigenvalues of S and
x0; x1; : : :; xn the correspondingeigenvectors (i.e. Sx j =
l jx j ). Notethataf�ne invarianceof subdivisionschemesim-
plies l 0 = 1 andx0 = [1; : : :;1]T . Sincethex j form a basis
wecanexpandp0 to

p0 = å
j

x jw j

for some vector–valued coef�cients w j . Subdividing the
meshm timesmeansapplyingSm to p0:

pm = Smp0 = å
j

(l j )
mx jw j = l m

0 x0w0 + l m
1 x1w1 + � � � :

Now supposethat 1 = l 0 > l 1. Then it is easyto seethat
the limit positionlim i!1 pi

0 of p0 is given by w0. Similar
formulascanbederivedfor thelimit tangentsin w0. Thusthe
analysisof thesubdivisionmatrixprovidesformulas(masks)
for limit positionsandtangents(if they exist).
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However, it turnsout thattheaboveanalysisis notenough
to show that thelimit surfacein theneighborhoodof anex-
traordinaryvertex issmooth.Thismeansthatthederivedfor-
mulasareonly valid, if the convergenceto a differentiable
function has alreadybeenshown by someother method.
For this one has to considera larger neighborhoodof p0
andto analyzethe spectralpropertiesof the corresponding
subdivisionmatrix.Furthermoreoneneedsto analyzetheso
calledcharacteristicmapof thesubdivision scheme.It can
beshown that if this mapis regularandinjective thesubdi-
visionschemeitself producesC1–continuoussurfacesin the
limit 30; 34.

4.1.4. Technicalterms

In this sectionwe explain someof the commontechnical
termsusedin thesubdivision literature.

Accordingto thewaythey relatethetopologyof theorigi-
nalmeshto thetopologyof thesubdividedmesh,subdivision
schemesareclassi�ed(seeFigure20) as

� primal or face–splitschemes
� dualor vertex–splitschemes
� other, e.g.

p
3–scheme,honeycomb re�nement and bi-

section31

Figure 20: Classi�cation of subdivisionschemes:facesplit
schemes— quadrangular (left) and triangular (middle)—
andvertex split schemes(right).

Furthermore one distinguishesbetween interpolatory
(existing vertices are not relocated) and approximating
schemes.A subdivision schemeis said to be stationary, if
the subdivision rules do not dependon the overall struc-
ture of the meshnor on the subdivision level (all subdivi-
sion schemespresentedherearestationary),otherwiseit is
callednon–stationary. Variationalschemes20 arean exam-
pleof non–stationaryschemeswhicharebasedonoptimiza-
tion techniquesto generatesmoothmeshes(seealso Sec-
tion 5.2). A subdivisionschemehascompactsupport, if only
a �nite numberof coef�cients in the subdivision masksis
non–zero.

4.1.5. Commonsubdivision schemes

In this sectionwe presentsomecommonsubdivision sche-
mes.Thefollowing tablegivesa brief overview of thebasic
properties(notethatCk reallymeansCk almosteverywhere,
i.e. exceptfor theextraordinaryvertices,whereall schemes
areC1).

Doo–Sabin9 approx. C1 quadrilateral dual
Catmull–Clark4 approx. C2 quadrilateral primal
Kobbelt19 interp. C1 quadrilateral primal
Butter�y 12 interp. C1 triangular primal
Loop28 approx. C2 triangular primalp

321 approx. C2 triangular other

We will only give the basicre�nementrulesanddiscuss
someof theirproperties.For furtherinformation(re�nement
rulesfor boundaryedges,masksfor limit positions,etc.)the
readeris referredto the literature.Generallyinterpolatory
schemesallow for a moreintuitive control of the limit sur-
face(verticesareinterpolated,no shrinkingeffect) andfor
asimplerimplementationof many algorithms.However, the
surfacequality is usuallynot asgoodasthatof approximat-
ing schemes.

Doo–SabinschemeThe Doo–Sabin scheme9 (see Fig-
ure21) generalizesquadratictensorproductB–splines.Its
re�nementrulesaregivenin Figure22. It is interpolatory
in thesensethatthebarycentersof thefacesof theoriginal
meshareinterpolated.

Figure 21: The Doo–Sabinschemeis the mostprominent
exampleof a dual or vertex–split subdivisionscheme. Note
that thenumberof extraordinary faces(i.e. faceswhich are
notquadrilateral) remainsconstant.

Kobbelt schemeTheKobbeltscheme19 is an interpolatory
schemefor quadrilateralmesheswhichemergesfromgen-
eratingthetensorproductof the4–pointscheme.

(Modi�ed) Butter�y schemeThis schemewas originally
proposedby Dyn, Gregory andLevin12 andmodi�ed by
Zorin, SchröderandSweldens35 to yield an everywhere
C1–continuoussurface.The re�nement rule for the un-
modi�ed schemeis depictedin Figure23.

Loop schemeTheLoop scheme28 generalizesquarticbox-
splines.Its re�nementrulesaregivenin Figure24.

c
 TheEurographicsAssociation2000.



GMU MPI Saarbrücken/ GeometricModeling

a0

a1

a2

an� 1

an� 2

Figure 22: Doo–Sabinscheme:There is only onemaskpa-
rameterizedby the numbern of verticesadjacent to the
face14: a0 = 1

4 + 5
4n , a i = 3+ 2cos(2ip=n)

4n for i = 1; : : :;n� 1.

� 1
16

1
8 � 1

16

1
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� 1
16 � 1

16
1
8

1
2

Figure 23: Butter�y scheme: As this is an interpola-
tory schemewe only needa maskfor the newly inserted
vertices14.

p
3–schemeThis schemewas only recentlyproposedby
Kobbelt21. It producesaC2 surfacealmosteverywherebut
is not basedon polynomials.It is especiallywell suited
for adaptive subdivision sinceonedoesn't needto insert
auxiliary triangles.In a �rst stepevery original triangleis
split in threeby insertinganew vertex at its barycenter. In
thesecondstepthe original edgesare�ipped, yielding a
trianglemeshrotatedby 30 degrees(seeFigure25). The
subdivision masksareshown in Figure26.

4.2. Remeshing

Usingthepowerful meansof subdivision, theprecedingsec-
tion illustrateshow onecande�ne a surfaceasthelimit of a
sequenceof successively re�ned polyhedralmeshes.In this
sectionwe do not dealwith the geometricpart of the sub-
division that leadsto mathematicallysmoothand visually
appealingsurfaces,but wefocuson thespecialconnectivity,
the so called subdivision–connectivitythat emerges,when
iteratively applyingaregularre�nementoperatorto acoarse
trianglemesh.A well–known re�nementoperatoris the 1–
to–4 split that recursively splits eachtriangularfaceinto 4
subtrianglesby introducing3 new verticeson theedges(cf.
Fig. 20). Sinceevery submeshthatcorrespondsto onebase
trianglehasthestructureof aregulargridandthewholehier-
archyis basedonanarbitrarycoarsebasemesh(cf. Fig. 27),
theresultingmeshesaresaidto besemi-regular.

The implicitly de�ned connectivity establishedon a
coarsebasemeshand the direct availability of multireso-
lution semanticsgives rise to many techniquesexploiting

an
nan

n

1� an

an
n

an
n

an
n

1
8

1
8

3
8

3
8

Figure 24: Loop scheme:In caseof a regular meshthis
schemeproducesquarticboxsplines.Wehavean = 1

64(40�
(3 + 2cos(2p=n))2) where n is the valenceof the center
vertex28.

Figure 25:
p

3–scheme: original mesh(upper left), after
insertingbarycenters (upper right) and after edge �ipping
(lower left). Notethat two

p
3–subdivisionstepsresultin a

tri–sectionof theoriginal triangleedges(lowerright), hence
thenameof thescheme.

this convenientrepresentationasthefollowing enumeration
shows.

Compression/progressive transmission Lounsberry et
al. 8 performamultiresolutionanalysis,i.e. they introduce
a wavelet decompositionfor mesheswith subdivision–
connectivity. By suppressingsmallwaveletcoef�cients, a
compressedapproximationwithin a givenerror tolerance
canbeachieved.Moreover sucha wavelet representation
caneasilybe transmittedin a progressive fashion.(Send
thebasemesh�rst andre�ne it with successively arriving
waveletcoef�cients.)

Multir esolutionediting For instance Zorin and co–
workers36 combinesubdivisionandsmoothingtechniques
and presentan interactive multiresolutionmeshediting
system, which is basedon semi–regular meshesand
enablesef�cient modi�cations of the global shapewhile
preservingdetailedfeatures.

Parameterization Eachsubmesh(subdivision–patch) can
be parameterizednaturally by assigningbarycentricco-
ordinatesto thevertices.Combiningthelocalparameteri-
zationsof thesubdivision–patchesyieldsa globalparam-
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Figure27: Mesheswith subdivision–connectivityare generatedby uniformlysubdividinga coarsebasemeshS0 (left). On the
re�ned mesheswecaneasilyidentifyregular submeshes(right) which topologically correspondto a singletriangleof thebase
meshS0 (left).
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Figure 26:
p

3–scheme: This schemehas the maskswith
thesmallestpossiblesupport21. We havean = 4� 2cos(2p=n)

9
where n is thevalenceof thecentervertex.

eterization.Texturing is just oneapplicationof sucha pa-
rameterization.

Level–of–detailcontrol Standardrendering libraries are
able to displayobjectsat variouslevels of detail, that is
they displaya coarseapproximation,if the object is far
awayandswitchtoa�ner one,if theviewerzoomsin. The
differentsubdivision levelsnaturallysupportthis feature.
In combinationwith multiresolutionanalysis,switching
to �ner resolutionscanbedonesmoothlyby fadingin the
waveletcoef�cients.

Recentinvestigationsshow, thatcompactandconvenient
representationsfor multipleof theapplicationsabove canbe
derivedwhenusingsemi-regularmeshes15; 25; 18.

However, even if semi–regular meshesare particularly
convenient for varioustypesof applications,in practiceit
is ratherunlikely thata given trianglemeshhasthis special
type of connectivity (exceptthosemeshesoriginatingfrom
subdivision).Duringthelastyears,acoupleof methodshave
beenpresentedto convert a manifoldtrianglemeshinto one
having subdivision–connectivity and thushaving accessto
the powerful methodsdevelopedfor semi–regular meshes
whenanarbitraryinputmeshis given.

Before we give an overview over three conversion
schemes,we startby establishingthenotationanddescribe
somequality criteria. Let an arbitrary (manifold) triangle

meshM begiven.Thetaskof remeshingtheinput dataM
meansto �nd a sequenceof meshesS0; : : :;Sm suchthat
eachSi+ 1 emergesfrom Si by theapplicationof a uniform
subdivisionoperatorwhichperformsa1–to–4split onevery
triangularfaceof Si (cf. Fig. 27). SincetheSi shouldbedif-
ferentlydetailedapproximationsof M , theverticesp 2 Si
have to lie on the continuousgeometryof M but they do
notnecessarilyhave to coincidewith M 'svertices.Further-
moreit is allowedbut notrequired,thattheverticesof Si are
asubsetof Si+ 1's vertices.

In general it would be enough to generatethe mesh
Sm since the coarserlevels of detail Si can be extracted
by subsampling.Nevertheless,building thewholesequence
S0; : : :;Sm from coarseto �ne often leadsto moreef�cient
multi–level algorithms.

The quality of a subdivision–connectivity meshis mea-
suredin two differentaspects.First, we want the resulting
parameterizationwhich mapspointsfrom thebasemeshS0
to thecorrespondingpointson Sm to becloseto isometric,
i.e. the local distortionof the trianglesshouldbesmall and
evenly distributedover thepatch.To achieve this, it is nec-
essaryto adaptthetrianglesin thebasemeshS0 carefullyto
theshapeof thecorrespondingsurfacepatchesin thegiven
meshM .

The secondquality requirementratesthe basemeshS0
itself according to the usual quality criteria for triangle
meshes,i.e. uniform sizeandaspectratio of thebasetrian-
gles.

As previously stated,a globalparameterizationof M can
easily be derived if Sm is given. This is also possiblethe
other way around,i.e. a semi–regular meshcan easily be
constructed,if a globalparameterizationis available.There-
fore,schemesthatbuild aglobalparameterizationonM can
alsobeadaptedto our task24; 1; 17.

However, this tutorial focuseson the“classical”schemes
that convert an input mesh into one with subdivision–
connectivity.
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4.2.1. Eck's scheme

In 1995Ecketal.13 werethe�rst whocameupwith athree–
stepremeshingscheme.This can roughly be describedas
follows:

Partitioning partitionsM into regionsT0; : : :;Tr usingdis-
creteVoronoi tiles. The union of thesetiles is dual to a
triangulationwhich is usedasthebasetriangulation.

Parameterization constructsa local parameterizationfor
eachsubmeshof M that correspondsto a basetriangle
andjoinsthemwhichresultsin aglobalparameterization.

Resampling recursively performs1–to–4splitson thebase
domaintrianglesin S0 andmapsthenew verticesinto R3.

In orderto be ableto comparethis schemewith the two
other schemes,that were recentlypublished,we focus on
someaspectsof thealgorithm.For a completecoveragewe
referto theoriginal paper.

Thepartitioningstartswith asingleseed–triangle.By suc-
cessively addingadjacenttriangles,theseedgrows to a tile.
New seed–trianglesareaddedif oneof the restrictionsthat
ensurethatthedualof thetilesbuildsapropertriangulation,
is violated.The growing processterminates,whenthe tiles
cover thecompletesurfaceM andthe tiles' dual servesas
the basetriangulation.The verticesare locatedat the cen-
troidsof theseed–triangles.Thusthebase–verticesarerela-
tively equallyspreadover M . However, thepositionsof the
verticesheavily dependonthegrowing process,i.e.thealgo-
rithm cannottake thesecondqualitycriterioninto account.

Using harmonicmaps,a parameterizationis constructed
asfollows. At �rst, onecomputesa harmonicmapthatcar-
ries eachVoronoi tile Ti into a planarpolygonP i . The in-
versemappingis a parameterizationof Ti over P i . This pa-
rameterizationis evaluatedto get the triangularsubmeshes
which are dual to the Voronoi tiles Ti . Finally, harmonic
mapsareusedto mapthesesubmeshesto the correspond-
ing trianglein S0. Thecombinationof thesemappingsleads
to an optimal parameterizationfor the base–trianglesbut it
providesC0 continuity over the edgesof adjacenttriangles
only.

Pros/Cons:

+ Arbitrary manifoldinput–meshes.
+ Parameterizationonbase–trianglesis closeto isometric.
– OnlyC0 continuityacrosstheedgesof base–triangles.
– Base–domainS0 notoptimalaccordingto qualitycriteria.
– Costlycomputations(harmonicmappings).

4.2.2. MAPS

An alternative approachaddressingthe remeshingproblem
is the MAPS algorithm presentedby Lee et al. 26 Within
the scopeof this tutorial we sketch the key featuresof the
scheme.For a moreelaboratediscussion,pleasereferto the
original paper. The basedomainS0 is found by applying
an incrementalmeshdecimationalgorithm to the original

mesh,cf. Section5.1 for a closerlook at meshdecimation.
Comparedto Eck's scheme,this providesmorecontrol on
the generationof the basemeshsincefeaturelines andlo-
cal curvatureestimatescanbetakeninto consideration.The
atomicsimpli�cation stepis thevertex removal. Figures28
and29 illustratehow a parameterizationover S0 canbede-
rived.This parameterizationis, again,not globally smooth
but only locally within eachpatchcorrespondingto a base
triangle.Theactualremeshingis not doneby samplingthe
initial parameterizationat thedyadicbarycentricparameter
valuesasusualbut anadditionalsmoothingstepbasedon a
variantof Loop's subdivision scheme28 is usedto shift the
samplesiteswithin theparameterdomain.

retriangulation

flattening into parameter plane

3 space

Figure 28: In order to remove a vertex, its one–ring is
mappedinto the plane(exponentialmap), the vertex is re-
moved,theresultingholeretriangulated,and�nally mapped
back into 3 space(�gure inspiredby theoriginal paper26).

assign barycentric
coordinates to old
point in new triangle

Figure 29: After retriangulation(cf. Fig. 28), the removed
vertex (black dot) gets assignedbarycentric coordinates
with respectto thecontainingtriangle on thecoarser level.
Barycentriccoordinatesof previouslyremovedvertices(hol-
low dots) are updatedaccordingly (�gure inspired by the
original paper26).
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Pros/Cons:

+ Arbitrary manifoldinput–meshes.
+ Userde�ned featurelines.
+ Parameterizationonbase–trianglesis closeto isometric.
+ Sm smoothover theedgesof S0.
– Without userinput: base–domainS0 not optimalaccord-

ing to qualitycriteria,i.e. it dependson themeshdecima-
tion only.

4.2.3. Shrink wrapping

A completelydifferentapproachto the remeshingproblem
for genus–zeroobjectsis presentedby Kobbeltet al.23. The
physicalmodelbehindthealgorithmis theprocessof shrink
wrappingwherea plasticmembraneis wrappedaroundan
objectandshrunkeitherby heatingthematerialor by evacu-
atingtheair from thespaceinbetweenthemembraneandthe
object's surface.At the endof the process,the plasticskin
providesan exact imprint of the given geometry. To simu-
latetheshrinkwrappingprocess,they approximatetheplas-
tic membraneby a semi–regular meshSm. Two forcesare
appliedto its vertices.An attractingforcepullsthemtowards
thesurface.A relaxingforce is appliedin orderto optimize
thelocaldistortionenergy andto avoid folding.Thisensures
anevendistributionof thevertices.Theattractingpartis re-
alizedby a projectingoperatorP that simply projectsSm's
verticesonM . Therelaxingis doneby applyinganoperator
U to all verticesin Sm, that iteratively balancesthe vertex
distribution. Thus,shrink–wrappingis an iterative process,
whereonealternatestheoperatorsP andU.

Nevertheless,the proposedschemeworks slightly dif-
ferent in order to acceleratethe underlying optimization
process.Instead of immediately shriveling up Sm , the
remeshingprocessstartswith an initial convex meshS0
(e.g. anicosahedron).Oncetheiterationconvergeson level
Si , the schemeswitchesto the next re�nement level Si+ 1.
Hence,thismulti–level approachgeneratesintermediatelev-
els,which arecloseto the�nal solution,with relatively low
computationalcosts.

Unfortunately, the algorithm describedso far works for
simpleinputmeshesM only. Oneof theproblemsthatarise
is thatespeciallyfor thecoarserapproximations,theprojec-
tion operatorP mightproducecounter–intuitive results.

For this reason,they extendthebasicshrink–wrappingal-
gorithmwith theaid of a parameterizationF of M over the
unit sphere.Both,M (usingF's inverse)andS0 (projection)
aremappedontoa sphere.Thus,P becomestrivial. There-
laxationoperatorU is adaptedto this in sucha way, that it
still measuresthe geometryon the original surface.This is
doneby associatingtrianglesof M to correspondingsurface
areasof S0 (which is trivial, if both meshesaremappedto
a sphere).This guaranteesanequaldistribution of S0's ver-
ticeson M whenevaluatingF(S0). In areaswherethesur-
facemetric of S0 andM differ considerably, which would

lead to severe stretchingin the resultingremesh,new ver-
ticesareinsertedinto S0 by performingsimpleedge–splits.
OnceS0 is found,successive levelscanbecomputedby ei-
therusingthestabilizingparameterizationover thesphereor
directly, if Si andM do notdiffer toomuch.

Pros/Cons:

+ Customtailoredbase–domainS0 whichis optimizedwith
respectto bothqualitycriteria.

– In its basicform thealgorithmworks for genus–zeroob-
jectsonly.
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5. Fine-to-coarsehierarchies

In theprevious sectionmethodswerepresentedthatgener-
ate meshhierarchiesfrom a coarsebasemeshby re�ning
“bottom–up” to a speci�ed detail level. In this sectionwe
aregoing to discusswaysto build a hierarchy“top–down”:
Givenadetailedmesh,acoarsebasemeshis createdby suc-
cessively removing detailinformation.

Again, two typesof hierarchiescanbediscerned:Levels
of complexity arecreatedthroughmeshdecimation(Section
5.1) while levelsof smoothnessareachievedby fairing tech-
niques(Section5.2).

5.1. Meshdecimation

5.1.1. Intr oduction

Theaimsof thissectionare

� to provide an overview of the currentbody of literature
that canbe usedasa startingpoint for further investiga-
tions;

� to aid in identifying application–speci�cneedsandpoint
you to commonproblemswith simpli�cation algorithms;

� to sum up what's involved in “rolling your own” mesh
simpli�cation tool.

First of all, to give you anideaof whatgeometrysimpli-
�cation canbeusedfor, herearesometypicalapplications:

Oversampledscandata: Meshesgeneratedfrom scandata
areusuallyhugeandmostlyuniformly sampled;theden-
sity of the meshdoesn't correspondto the detail needed
locally.

Overtesselatedsurfaces: Densemeshesarealsooftengen-
eratedfrom othersurfacerepresentations;a typicalexam-
ple is theextractionof iso–surfacesusinge.g.themarch-
ing cubesalgorithm(seeSection2.2), which samplesthe
surfaceat a �x ed detail level. Also parametricsurfaces,
like NURBSpatches(asusedin CAD programs),areof-
ten just uniformly sampledin parameterspaceand thus
alsonot adaptedto thedetailactuallyneededto represent
localgeometry.

Level–of–detailrendering: To speedup rendering,many
systemssupportswitching to a lower resolutionmodel
whenthe object is far away from the viewer. It is desir-
able to generatethesesimpli�ed modelsautomatically.
Also, meshsimpli�cation enablesthe display of origi-
nally highly complex modelseven on low–enddevices
(seeFig. 31).

Progressive transmission: Transferringa completeobject
descriptionmightnotbefeasibleonlow–bandwidthchan-
nels.With progressive meshes,thebasicshapeof anob-
ject is transmitted�rst andcanalreadybeviewed;detail
is subsequentlytransmitteduntil the target resolutionis
reached.

Multir esolutionediting: If an object can be transformed
into a representationof varying coarseness,large–scale

modi�cations can be accomplishedby working on a
coarselevel andautomaticallyre–applyingthe detail in-
formation(seeSection6).

Figure 31: Low–polygonapproximation (2k triangles) of
theMax Planck bust (� 400ktriangles,seeFigure 9) on the
PalmPilotPDA

So, how do you go aboutgeometrysimpli�cation? As a
�rst approach,we could de�ne the task at hand in loose
terms as “creation of a low–polygon approximationof a
complex modelthat is goodenoughfor the intendedappli-
cation”.

A closeexaminationof thispreliminaryde�nition already
raisesa lot of questions:

� Whatarethepropertiesof themodelwehaveto consider?
Geometry, topology, attributesmayor maynot beimpor-
tant.

� What exactly is an “approximation”?We have to de�ne
theactualerror in someway.

� Finally, what is “good enough”?This is alsoentirelyde-
pendenton the application.We probablyhave to specify
quality criteriaon themodel.

As you can see,the above problem statementis very
vagueandapplication–dependent,which might help to ex-
plainwhy therearesomany meshsimpli�cation algorithms,
with their own particularstrengthsandweaknesses.In the
following sectionwe brie�y review themajordevelopments
andapproachesthathave beentakenuntil today.

5.1.2. A brief history

For domain–speci�cgeometricmodelsautomatedmethods
to generatelower levels of detail exist sincethe1980s39; 40.
The �rst more generalsimpli�cation algorithmsthat were
not tied to a particular applicationand data structureap-
pearedin 1992:
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Turk's re–tiling approach36 placesnew verticeson the
existing geometry, inserting more points in areasof high
surfacecurvature,and distributesthem by point repulsion
forces.Most of the existing verticesare thenremoved and
a triangulationis createdfrom theremainingsetof vertices.
While the optimizationprocessleadsto well–shapedtrian-
gles, there is no real way to guide the simpli�cation pro-
cessandto boundthesurfaceerrorwith thismethod,asTurk
pointsout himself.

The sameyear, an incrementalmethodwasproposedin
the pioneeringwork of Schroederet al.34; simpli�cation of
themeshis accomplishedby removing a vertex andretrian-
gulatingtheresultinghole.Approximationerroris measured
asthedistanceof theremovedvertex to the(average)result-
ing planeof the retriangulation.Thereis no boundfor the
deviation from theoriginal mesh.

Rossignacand Borrel introduce vertex clustering30: A
spatialgrid is superimposedontothegeometry, andall ver-
ticesin a cell aremergedinto one,collapsingtheassociated
partsof thegeometry. Themaximumvertex errorin thiscase
is thesizeof acell.Thealgorithmis simpleandef�cient, but
sinceit is purely vertex–based,it ignorespropertiesof the
surfacesuchascurvatureanddoesnot preserve theoriginal
topology.

In meshoptimization20, minimizationof an energy func-
tion is usedto �nd an approximationof a triangularmesh
thathasa low numberof vertices,which is achieved by re-
moving and repositioningverticesand �ipping edges.The
desiredapproximationconstraintsaredirectly modeledinto
this function.The work is motivatedby the surfacerecon-
structionproblem,but appliesto meshsimpli�cation aswell.

Hoppe18 later proposesa simpler variant of meshopti-
mization(usingnow only oneoperation,theedgecollapse)
to generatelevelsof detailandpresentstheprogressivemesh
representationfor transmittingandstoringa coarseapprox-
imationplus thedetail informationfrom which theoriginal
surfacecan then be reconstructed.The methodextendsto
scalarsurfaceattributes,suchasvertex colorsandnormals.
Featureedges(herecalled“discontinuity curves”) aresup-
portedaswell. To generatea progressive meshrepresenta-
tion, the history of the appliedsimpli�cation operationsis
storedtogetherwith theinformationneededto invertthepro-
cess(basicallythe positionsof the removed vertices).Be-
ginning with the coarsebasemesh,the original geometry
cannow be successively reconstructed.With ef�cient data
structures19, this representationusuallyconsumeseven less
memorythantheoriginal,non–hierarchicalmesh.Nearlyall
currentmeshsimpli�cation algorithmsare able to support
progressive meshrepresentations6.

A numberof incrementalmethodshave beenproposedin
theyearsfollowing, mainly differing in theway theapprox-
imation error is estimated15; 24; 14; 10; 6, with differentconse-
quencesfor memoryconsumptionandrunningtime,respec-
tively. Cignoni et al. have compiled a detailedsurvey of

currentmeshdecimationalgorithms8. The incrementalap-
proachdominatesthe�eld of meshdecimationtodayin var-
ious re�nements;becauseof their modularstructure,�e x-
ible choicesin meshdatastructure,evaluatedcriteria and
local operationsperformedon the meshare possible,thus
enablinga wide rangeof applications;for this reason,in the
following we will concentrateon incrementalmethods.

Most authorsconcentrateon simpli�cation within some
geometricerror bound,thoughmany algorithmsextend to
surfaceattributesaswell. A few authorshave concentrated
onvisualappearance,mostnotablyCohenetal.11 whointro-
ducea texture deviation metricto guaranteeanupperbound
onthescreen–spaceerror. Otherthanin previousalgorithms,
surfaceattributesaredecoupledfrom thegeometryby means
of textureandnormalmaps,whichleadsto fewerrestrictions
onthesimpli�cation of geometryin orderto retaina level of
visualfaithfulness.

Probablythebiggestcurrentchallengefor meshsimpli�-
cationmethodslies in handlingtheever–increasingamount
of datain anef�cient way: Polygonalmodelswith millions
or even billions of verticesare becomingmore and more
commonplace,andef�cient aswell aseffective reductionof
thecomplexity is oftenaprerequisitefor any furtherprocess-
ing. Due to limited main memorycapacitiesthe modelhas
somehow to beprocessedwithoutever loadingit completely
into memory26.

Nearly all decimation algorithms restrict to triangle
meshes,for a numberof reasons:

� Trianglesarealwaysplanar, wherever you move a vertex.
� Following from this: The surface is piecewise linear

throughout,thussimplifying evaluations.
� Everypolygonalsurfacecanbetriangulated.
� Constant–sizedatastructurescan be implementedmore

ef�ciently .

In thefollowing, we�rst discusssuitablemeshdatastruc-
turesand then explain the generalincrementaldecimation
approach;existing methodswill bediscussedandclassi�ed
by notinghow particularsubproblemsarehandled.

5.1.3. Prerequisites:meshdata structur es

A meshdecimationalgorithmusuallyneedsmoreinforma-
tion thanjust vertex positions:theconnectivity of themesh
needsto be accessible(andmutable),in orderto easilyex-
amineandupdatemeshregions.Commonqueriesto sucha
meshdatastructureare:

� Whicharetheverticesforminga giventriangle?
� Which trianglesareadjacentto agiventriangle?
� Which trianglesareadjacentto agivenvertex?
� Is a vertex/edgeona boundary?

Therearea numberof datastructuresthatcontainneigh-
borhoodinformationandcanbe usedin meshdecimation,
for examplewinged–edge1 or half–edgedatastructures4; 21.
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complex edgeboundary vertex non-manifold vertexsimple inner vertex

Figure 32: Manifold andnon–manifoldtriangle con�gura-
tions

Thesedatastructurescannotrepresentarbitrarytriangula-
tions,but arebasicallyrestrictedto boundedtwo–manifolds,
i.e. the surface has to be topologically disk–like at every
point, or halfdisk–like on boundaries.This rulesout edges
with morethantwo adjacenttrianglesor pointswheretwo
trianglesmeetonly at their tips. Figure 32 shows triangle
con�gurations,wherethe left two are legal for a manifold
surface,theothersarenot.

This is a common restriction for topology–preserving
mesh decimationalgorithms.A topology–changingalgo-
rithm thoughis allowedto mergedisconnectedcomponents
of a trianglemesh.To dealwith “real world” meshes,which
oftenhave somenon–manifoldparts,theoffendingvertices
areusuallymarked assuchand ignoredduring simpli�ca-
tion.

5.1.4. Incr ementalmethodsoutline

This is the outline of a simple incrementaldecimation
algorithm34:

Repeat:
find region with estimated error < epsilon
remove triangles in region
retriangulate hole

Until no further reduction possible

Theproblemwith this naive approachis, thatwe aretry-
ing to solve a global optimizationtaskby applyingopera-
tionsonly basedon local decisions.A greedyalgorithmlike
this is proneto getstuckin a local optimumthatmaybefar
away from theglobally optimalsolution.

A way to alleviate this problemis to introducea global
rankingfor all candidateoperations:Eachcurrentlypossible
operationis assigneda costvalueandthen— if thecostis
acceptable— insertedinto a priority queue.Oneachstepof
thealgorithmthecurrentleast–costoperationis appliedand
the priorities for the affectedneighborhoodis reevaluated
andupdated.It shouldbenoted,thatthisstill doesn't guaran-
teethataglobaloptimumwill befound:No operationis ever
performedthatviolatestheprescribederrorbound,evenif at
a laterstagethesurfacewould lie well within thesebounds.

The improved queuedriven algorithmnow hasan initial
preprocessingphaseto initialize thequeue:

For all possible regions:
op := operation on region
c := cost of local decimation
if c < epsilon

(op,c) -> queue

Repeat:
Apply least-cost operation
Update queue

Until queue empty

Having acloserlook at thelocalsimpli�cation step,there
arestill openquestions:

� Whatexactly is a “region”?
� How shouldit beretriangulated?

Before we can answerthese,we needto decideon the
requiredbehavior of themeshdecimationalgorithm:

� Are we allowedto changethemeshtopologyor not?
� Doesthesimpli�ed meshhaveto consistof asubsetof the

original verticesor do we want to optimizetheshapeby
shiftingverticesaround?

� Shouldthe processbe invertible for reconstruction(pro-
gressive mesh)?

� What region of themeshis affectedby thechange?(We
needto know this to computeanerrorestimate.)

The answersto thesequestionsareall connectedto the
choiceof the atomicchangeswe apply to the mesh;since
they affect theconnectivity of themesh,they arecalledtopo-
logical operators. The ideais, to have a small setof opera-
tors,or even only oneoperator, that changesthe meshin a
clearlyde�nedregionin acomputationallycheap,usefuland
well–de�nedway; this concepthasbeen�rst introducedby
Hoppe20.

Thefollowing sectiongivesanoverview of commonele-
mentaryoperators.All the following operationshave a cor-
respondinginverseoperation,varyingin theinformationthat
hasto bestoredto performit.

5.1.5. Topologicaloperators

The�rst operatorthatmaycometo mind is closeto ourdef-
inition above: Remove a vertex andretriangulatethehole.

Vertex Insertion

Vertex Removal

Simple as it is, we still have some degreesof freedom
here,namely how we retriangulatethe hole after remov-
ing the vertex. Optimizing for the bestretriangulationcan
bealgorithmicallycumbersomefor specialcaseshave to be
considered34, andcomputationallyexpensive, dependingon
the valenceof the vertex, i.e. the numberof verticescon-
nectedto the removed vertex by triangleedges.As an ad-
ditional drawback,a lot of informationneedsto be kept to
invert theoperation.
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To reducethenumberof degreesof freedom,a verycom-
monoperationis theedgecollapse20, wheretwo endvertices
of anedgearemerged,effectively removing onevertex and
two triangles.Here, the only degreeof freedomleft is the
positionof themergedvertex.

Edge Split

Edge Collapse

This operatorcan be restrictedeven further, if we choose
the target position to be at one of the original two vertex
positions.No new vertex positionsare“invented”,theonly
choiceleft is into which vertex to collapsethe edge.This
operationis calledrestrictededgecollapseor half–edge col-
lapse, becausegiving thehalf–edgecompletelyspeci�esthe
operation24.

Half Edge Collapse

Restricted Vertex Split

The previous operatorsdo not modify the topology of the
mesh,i.e. no unconnectedregionsof themeshwill becon-
nectedand no tears will disappearor be introduced.In
topology–modifyingalgorithms,two verticesareallowedto
mergeevenif they arenot connectedby anedge:

Vertex Contraction

Vertex Separation

In this operationwe mayagainchooseto positionthetarget
vertex freely or restrict to one of the two previous vertex
positions(thisvariantis shown in thepicture).

Anothercommonoperator, theedge �ip , doesnot change
the verticesat all, but only the connectivity. This is often
usedasanoptimizationstep,because�ipping anedgemay
resultin abetterlocalapproximationof thesurface20.

Edge Flip

Edge Flip

In the above picturesonly the caseof inner verticesare
shown. To apply themto boundaryvertices/edges/triangles,
specialcarehasto betakento ensurea topologicallyconsis-
tentmesh.

Evenin thenon–boundarycase,situationsarisewherean
operatorcannotbeapplied,e.g.it maygeneratecoplanartri-
angles,asshown in Fig.33. So,whenchoosinganoperation,
therehasto beacheckof thelocaltopology, whetherthisop-
erationcanactuallybeapplied24.

5.1.6. Err or metrics

Now we have clearly speci�ed local operationsto perform
on a givenmesh.Giventhattheoperationof choiceis topo-
logically legal, we still have to checkwhetherthe approxi-
mationerror it introduceslies within thegivenbounds.The
de�nition of this errormetric is whereincrementaldecima-
tion algorithmsdiffer most.Therearethreemainpointsone
hasto considerfor classifyingthesemetrics:

Measuredproperties: Topology, geometry, attributes
Global vs. local: Is theerror evaluatedonly from onestep

to thenext, or is therea comparisonto theoriginalgeom-
etry?

Inter pretation: To beusefulfor specifyingtheerrorbound,
the metric mustbe intuitive; also,thereshouldn't be too
many parameters,thattheuserhasto adjustmanually.

An examplefor a localmeasureis thedistanceto thepre-
viousmesh34. Theproblemhereis of course,thatno useful
statementcanbemadeasfor how faithful thesimpli�ed ge-
ometryis comparedto theoriginal.Evenif oneaccumulates
the error valuesobtainedat eachstep,this resultsonly in
anoverly conservative estimateof theglobalerror, prohibit-
ing high simpli�cation rates.Having a tight, reliableupper
boundfor thesurfaceerror is crucial in e.g.CAD designor
medicalapplications.

Many algorithmstry to guaranteeanupperboundon the
distanceerror betweenthe original andthe simpli�ed sur-
face,asin theconceptuallystraightforwardapproachby Co-
hen et al.12: inner and outer offset surfacesare computed
andusedby an incrementalprocedureto simplify themesh
within theseglobalbounds.

A commonway to de�ne distancesbetweenmeshesis
the Hausdorff distancebetweento shapesA andB, which
is de�ned asmax(d(A;B);d(B;A)) , whered(X;Y) (theso–
calledone–sidedHausdorff distance) is themaximumof the
distancesfrom any point on X to the closestpoint on Y. It
shouldbenoted,that thedistancefrom shapeA to shapeB
is in generalnot thesameasthedistancefrom B to A (see
Fig. 34).

The Hausdorff distanceis an intuitive global error mea-
sure,but dif�cult to compute22. In thecaseof scanneddata,
onecanarguethatonly theverticesof theoriginalmeshhold

Figure33: A collapsealongthearrowwouldcausethedark
triangles to share all threeverticesand thuscausea non-
manifoldcon�guration.
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Figure34: One–sidedHausdorff distanced(A;B) compared
to d(B;A)

actualinformation,while the triangulationmerely interpo-
latesthesepoints.Fromthis point of view, it is suf�cient to
estimatetheone–sidedHausdorff distanceby measuringthe
distancefrom theoriginalsurfaceverticesto thetrianglesof
thesimpli�ed surface24.

Measuringtheglobalerrorusuallyrequiresto carryalong
somesort of global history during simpli�cation, e.g. the
removed vertices24 or information about the currenterror
boundin the form of scalarvalues,error volumesor other
data14; 33.

By preservingglobalvolumeof theshapewith eachlocal
simpli�cation step27; 28, no globalhistoryneedsto bemain-
tained,but althoughthemethodyields in generalvery good
approximations,no upperboundon thesurfaceerrorcanbe
given. Recently, error quadricswhere introduced14, which
canbe computedvery fastandin generalgive pleasingre-
sults,but unfortunatelythe interpretationof the surfaceer-
ror is unintuitive (“squareddistanceof vertex to a set of
planes”).It is not obvious how this measurerelatesto the
Hausdorff distance.

Only a few authors elaborateexplicitly on how sur-
face attributes like colors, vertex normals and texture
can be preserved, though most methodsextend to these
properties7; 11; 18.

Mesheswith boundaries(as opposedto solids) involve
treatmentof specialcases.E.g. if a vertex on a boundaryis
removed,thedistanceerrornow needsto bemeasuredfrom
that vertex to the boundarypolygon,not a triangle.Some
methodsapplycompletelydifferentcriteria thanfor simpli-

Figure 35: Situationafter an edge collapse; the dark re-
gion of themeshhaschanged,thusfor each vertex adjacent
to that region (here shownexemplaryfor onevertex only),
the potential collapses(marked by arrows) needto be re-
evaluated.

�cation of innervertices(suchaspreservationof thelength
of theboundarypolygon16).

When rejectingremoval of a vertex due to violation of
theerrorbound,it is importantto re–evaluatethatvertex in
a laterstage,sinceit may againbecomea candidatedueto
changesin the nearbyregionsof the mesh.This is usually
achieved by updatingpriority queueentriesfor the neigh-
borhoodof theremovedvertex (commonlyinvolving all tri-
anglesin the2–ringof thatvertex, i.e. thetrianglesadjacent
to thechangedregions,asshown in Fig. 35.

For validation of the error boundsthe Metro tool9 is a
useful,publically availablesoftware to comparemeshesin
termsof surfacedistancesandvolumedifference.

5.1.7. Quality metrics

Theerrormetricexplainedin theprevioussectionservesto
selectthevalid candidateoperationsfor thenext simpli�ca-
tion step.But we still needto know, in whatorder theseop-
erationsshouldbe performed,to guidetheprocesstowards
“better” surfaces.This is achieved by evaluatingtheopera-
tionsusinga quality metric, which is conceptuallyseparate,
but in practiceoftenintertwinedwith theerrormetric.

As asimpleexample,analgorithmthatreliesonbounding
the distanceerror betweentwo surfacescan't detectfold–
overs: A pointmoving in theplanecancausetheorientation
of adjacenttrianglesto �ip. To generate“reasonable”ap-
proximations,morecontrolneedsto beexerted(e.g.by dis-
allowing a morethan90 degreechangeof thefacenormal).
Also, selfintersectionsof ashapecanappear, if theopposite
sidesof a modelareclosertogetherthanthe boundon the
distanceerror.

We cangroupqualitycriteriaby their domain:

Geometry: Smooth surfacesare usually desirable;apart
from the“triangle �ipping” problem,theremaybeuser–
imposedlimits onsurfacecurvature.Also, goodpreserva-
tion of featurescanbeunderstoodascontrollingquality.
Decimationalgorithmsoften optimize for well–shaped
trianglesemploying somemeasurefor “roundness”(gen-
erally maximizing triangle area with respect to edge
lengths,cf. Section3.2).

Topology: A regularmeshstructureis oftenpreferable.In a
topology–changingdecimationalgorithm,onemightwant
to minimizethenumberof separatecomponents.

Attrib utes: Commonsurfaceattributesarecolors, texture
coordinatesandvertex normals.Faithful reproductionof
the original appearancerequiresminimizing texture dis-
tortion, preservingdiscontinuitiesin surface colors and
minimizing normaldeviation (cf. Fig. 36).

Often, the evaluatedcriteria areusedboth for error and
quality estimation:E.g.we mayoptimizefor low distortion
of a triangle,givensomescalarmeasure,but have a thresh-
old wherewe simply rejectthe operation,if the achievable
quality is too low.
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Figure 36: Exampleof meshdecimationusingerror metricsfor preservationof surfaceattributes;left: original model(400K
triangles);center:decimatedwithoutrespectingcolor attributes(5K triangles); right: decimatedpreservingcolor discontinu-
ities (5K triangles).Thealgorithmtradesgeometrypreservationfor color preservationin thiscase.

5.1.8. Practicalities

Besidesthe core decimationroutines,authoringa general
simpli�cation tool often involvesmoreto make it valuable
in practice.Thefollowing list statesin a nutshella few key
pointsto consider;this doesof coursenot claim to becom-
plete,asdomain–speci�cdemandsalwayshave to beadded.

Featurepreservation: The usershouldbe able to specify
featureson thesurfacethatareretained;this canbedone
completelymanuallyby selectingindividual verticesor
edges,or semi–automatically(the programdetectsand
marksfeaturesbasedonuser–speci�edcriteria).

Con�guration: The default parametersfor error bounds
andquality criteriashouldalreadybeuseful;namedpre-
setsarea way to hidecomplex parametersets(“optimize
for triangleshape”;“optimize for smoothness”).

Progressive meshgeneration: The decimation algorithm
needsto storetherecordof appliedoperationsalongwith
informationto invert them.

Robustness: If the decimation algorithm cannot handle
non–manifoldor degeneratemeshregions, theseshould
be detectedanddealtwith in a gracefulway — e.g.by
simply ignoringthem.This alsoin�uencesthemeshdata
structureof choice:If a meshcannotevenberepresented
internally, thereis obviously no way to dealwith degen-
eracies.

Speed: Thechoiceof decimationcriteriahasa greateffect
on speedand scalability of the algorithm. It shouldbe
carefully investigated,whetherexact error boundsare a
necessity– this canmake the differencebetweena run-
ningtimeof afew secondsversusseveralminutes,or even
hours.

Memory requirements: When meshesin the rangeof a
few million triangleshave to be simpli�ed in–core,eas-
ily hundredsof megabytesof RAM areconsumed.Ef�-
cient datastructuresare very importanthere,and again
the choiceof error boundsplays a role, becausemem-

ory usageis higher, if e.g. a global history has to be
maintained.28

5.2. Discretefairing

Besidestechnicalrequirements,high quality surfacesusu-
ally have to satisfyaestheticalrequirementsaswell. While
thenotionof aestheticappearanceis alwayssubjective(if not
emotional),it is neverthelesspossibleto formulatea mathe-
maticalprincipletoquantifysurfacefairness:theprincipleof
thesimplestshape3. Generallyspeaking,a shapeshouldbe
freeof unnecessarydetailssuchasnoiseor oscillations(cf.
Section3.2). In the context of discretesurfacerepresenta-
tions,discretefairing techniquescreatemeshesthatarefree
of unwanteddetailbecausethey minimizesomebendingen-
ergy functional.Sinceshapeoptimizationis a computation-
ally expensivetask,sophisticatedmultigrid algorithmsbased
on meshdecimation(cf. Section5.1) areoftenintegratedin
thefairingalgorithms23.

Therearetwo majorsetupswheremeshfairingalgorithms
areapplied.In onecasewe areinterestedin smoothingout
thehigh frequency details(noise)of an existing meshwith
the constraintto preserve the low frequency components
(global shape).Typical �elds of applicationaresmoothing
of polyhedralsurfaceslike thoseextractedfrom volumetric
medicaldataor thoseresultingfrom 3D laserrangescan-
ners.Due to the hugemeshsize in suchapplications,it is
especiallyimportantto run fastalgorithmshere.The other
setupis freeformsurfacemodelingfrom scratch.Here the
problemis to createandmodify a well de�ned smoothsur-
facethatis fair. Tightly connectedto thisapplicationis mul-
tiresolutioneditingwherefairingalgorithmsareneededthat
locally preservethecharacteristicsof thetriangulationto en-
ablesimpledetailencoding.In this context topologicalhier-
archiesresultingfrom meshdecimationin combinationwith
discretefairing are usedto generategeometrichierarchies
(cf. Section6).
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Whenquantifyingthe quality of a meshwe have to dis-
tinguishtwo differentfairnesstypes,namelyouterandinner
fairness.Theouterfairnessmeasuresthefairnessof themesh
geometry, i.e. the quality of the shapethat is approximated
by themesh.Theinnerfairnessaddressestheparameteriza-
tion of themeshvertices,i.e. their distribution over thesur-
face(cf. Fig. 37). Figure12 demonstratesthatboth fairness
typescannotalwaysbeoptimizedsimultaneously.

Mostmeshfairingschemesarebasedonlinearfairingop-
erators.Thesealgorithmscannotstrictly separatethe outer
andinnerfairnesssincetheparameterizationentersthedef-
inition of the operators.Hence,the inner fairnessstrategy
greatlyaffectstheouterfairnessandthereforetheshapeof
the resultingmesh.Other important factorssuchas mesh
size and connectivity also have strong impact on the re-
sult (cf. Fig. 37). In contrast,non-linearapproacheswhich
dependon intrinsic surfacepropertiesonly, usually leadto
signi�cantly bettershapes.Non-linearfairing operatorscan
be formulatedpurelygeometricsuchthatalteringthemesh
size,themeshconnectivity, or theinnerfairnesscriteriaonly
producesanotherdiscretizationof thesamesmoothsurface
(cf. Fig. 37).

However, linearapproacheshave someimportantadvan-
tagescomparedto their nonlinearcounterparts.The result-
ing algorithmsare simple and enablea fast implementa-
tion.Anotherimportantpropertyis thatlinearschemesarein
generalmathematicallywell understood.It is known under
which conditionsa solutionexistsandtheconstructionpro-
cessconverges.Intrinsic fairing is a non-linearproblemand
often considerablymore involved. For many standardfair-
ing functionalsit is still unknown if a solutionalwaysexists
within speci�c smoothnessclasses(althoughin practicethey
work perfectly�ne).

5.2.1. Linear methods

Energy minimization
The standardapproach for fair surface construction is
basedon the ideato minimize a fairnessmetric, punishing
unintendedsurface featuresthat are inconsistentwith the
principle of simplestshape.Since this leadsto non-linear
functionalsin general,a standardtechniqueto simplify the
computationis to give up the parameterindependenceand
to approximatethe geometricinvariantswith higher order
derivatives. For some important fairnessfunctionals this
resultsin algorithmsthat computethe optimal surface by
solvinga linearsystem23.

Diffusion �o w
A very effective methodfor smoothingpolyhedralsurfaces
is the discretediffusion �o w35 where each vertex qi is
iteratively updatedby addinga displacementvectorwhich
is ascaleddiscreteLaplacian.

qnew
i = qi + t Dqi (6)

Assigninga scalarweightl i j to every vertex q j thatis adja-
centto qi with theconstraintå j l i j = 1, thediscreteLapla-
cianDqi is de�ned as

D(qi) = å
qj 2 N(qi)

l i jq j � qi

whereN(qi ) denotesthesetof all verticesadjacentto qi . The
coef�cients l i j aredeterminedbasedon a local parameteri-
zationor someotherheuristic.For stability reasonsthescale
factort hasto beapositivenumbersatisfying0 < t < 1.This
approachcanbe interpretedasforward Eulerdiscretization
of thediffusionequation.Usingbackward Eulerdiscretiza-
tion, Desbrunet al.13 showed that it is possibleto develop
a diffusion�o w that is unconditionallystableandhenceen-
ableslargerscalingfactorst.

The main purposeof the diffusion �o w is to smoothout
thehigh frequenciesin noisymeshes.Sincetheequilibrium
surfaceof the �o w only allows for C0 boundaryconditions,
it is of limited use in freeform surfacedesign.To enable
smoothboundaryconditionsonehasto considerdiffusion
equationsof higher order. Taubin35 proposedto combine
two suchsmoothingstepswith positive andnegative scale
factorsand developed an algorithm that satis�es various
interpolationconstraints.Anotherideathat enablessmooth
boundaryconditionswould be to usehigherpowersof the
Laplacianin the diffusion �o w. A good trade-off between
ef�ciency and quality is the bilaplacian �o w, enabling
C1 boundary conditions. This �o w also results if we
choosescalingfactorsof equalabsolutevalue in Taubin's
algorithm25.

Laplacian smoothing
A specialcaseof the diffusion �o w is known asLaplacian
smoothing.Herethe ideais quite simple:Eachvertex qi is
replacedsuchthatD(qi ) = 0 is satis�ed locally, thatmeans
wehave

qi = å
qj 2 N(qi)

l i jq j :

Obviously this equationresultsfrom (6) by settingt = 1.
Although this value is outsidethe speci�ed rangeallowed
for the diffusion �o w, convergenceis guaranteedif proper
boundaryconditionsarespeci�ed. Thereare two principal
methodsto updatetheverticesqi simultaneousandsequen-
tial Laplaciansmoothing37. In the �rst casewe updatethe
vertices in a Jacobi like manner, in the secondcasewe
perform a Gauss-Seideltype algorithm where previously
computed intermediate results are used. Although the
simultaneousversionneedsmorestoragespacefor the old
positionsof qi , it is computationallylessexpensive.

PDE discretization
Another mesh fairing approachis basedon the idea to
discretizethePDEapproachof Bloor andWilson2. Kobbelt
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(a) (b) (c)

(d) (e) (f)

Figure 37: a) - c) showexamplesof meshfairing basedon discretizing the equationD2 f = 0. Theboundarycondition is
determinedby 3 cylinders that are arranged symmetrically. In a) and b) we seethe resultsfor two different meshsizes,if a
local uniform parameterizationis assumed.In c) we useda discretizationof a Laplacianthat locally preservesthe shapeof
thetriangles.We canseethat themeshsizeandthelocal parameterizationstrategy stronglyaffecttheresults.Therectangular
patch introducedin the original meshleadsto local as well as global shapedistortionsand preventsa symmetricsolution.
d) - f) showexamplesof an intrinsic fairing operator, whoseouter fairnessis basedon thenon-linearPDE DBH = 0. We can
seethat thechoseninner fairnessoperator andthemeshstructure haveonly marginal in�uenceon theshape. Thein�uenceof
themeshsizeis alsomuch weaker thanin thelinear setting.

et al.25 proposedto discretize

D2 f = 0 (7)

to createtrianglemeshessatisfyingprescribedC1 boundary
conditions.This equationresultsif one appliesvariational
calculusto theminimizationof thethin plateenergy

Z Z
f 2
xx+ 2f 2

xy+ f 2
yydxdy:

In practiceequation(7) is discretizedandthe resultinglin-
earsystemis solvedusinganiterative multigrid solver. The
multigrid approachconsiderablyspeedsupthecomputation.
In this formulationit is fastenoughto beusedin interactive
freeformmeshmodeling25. Thehierarchiesfor themultigrid
approacharegeneratedusinga meshdecimationalgorithm
(seeSection5.1.2).

The fairing schemesmentionedabove can be classi�ed
into threecategories,dependingon whetherfairing is based
on some kind of diffusion �o w, energy minimization or
whetherthey discretizea PDEthatcharacterizesthesmooth
solution.All threeapproachesaretightly connected.For ex-
amplethetwo diffusion�o w algorithmscanbeseenasper-
formingsomestepsof aJacobior Gauss-Seidelsolveronthe
linearsystemthat is derived from theequationDf = 0. On
theotherhandwe cancomputethesurfacethat is given by
thePDE(7) usingthefactthatthebilaplaciandiffusion�o w
convergesto an equilibrumthat solvesthis equation.In all
threecasesthediscretizationof theLaplacianplaysacentral
role. Consequently, during the last yearsvariouslinear dis-
cretizationsof the Laplacianhave beenproposed35; 25; 13; 17

differingin how thegeometryof themeshin�uencesthedis-
cretization.Thespeci�c discretizationdeterminesthe inner
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fairnessbut it alsogreatlyaffectstheoutergeometryof the
resultingmesh(cf. Fig. 37).

5.2.2. Nonlinear methods

Energy minimization
A commonmethodto createfair surfacesis basedon the
ideato minimizea fairnessmetricthatpunishesunaesthetic
surfacefeatures.WelchandWitkin38 proposeda meshfair-
ing algorithmthatenablesG1 boundaryconditionsbasedon
theideato minimizethetotal curvature

Z
k2

1 + k2
2 dA;

thus preferring small curvatures.The intrinsic curvature
values are estimatedbasedon quadraticapproximations
over localplanarparameterizations.Theparameterdomains
are constructedby using an exponential map of the 1-
neighborhoodaroundeachvertex, i.e. the neighborhoodof
a vertex is mappedonto a planewhile preservingthe dis-
tancesof thevertex to its neighborsandtheratioof theadja-
centangles.Thequadraticpolynomialsarethenconstructed
usingleastsquaresapproximation.If theleastsquaresprob-
lemis underdetermined,thenumberof basisfunctionsis re-
duced,makingthediscretizationprocessdiscontinuousand
thusleadingto potentialinstabilitiesin themeshfairing al-
gorithm.To overcomethatproblem,WelchandWitkin pro-
poseto optimize someauxiliary norm in the underdeter-
mined cases,which requiresan orthogonalmatrix decom-
position.

qj
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Figure 38: Themeancurvature vectorat thevertex qi can
bediscretizedbyusingthe1-disk.

Diffusion �o w
An intrinsic diffusion operatorthat is the non-linearanalo-
gon to (6) waspresentedby Desbrunet al.13 usingthe dis-
cretemeancurvature�o w

q0
i = qi + l H~n;

whereH is themeancurvatureand~n is theouterunit surface
normal.They showedthatthemeancurvaturevectorcanbe
discretizedby

H~n =
1

4A å
qj 2 N(qi)

(cota j + cotb j )(qi � q j );

whereA is thesumof thetriangleareasof the1-diskaround
qi anda j andb j arethetriangleanglesshown in �gure 38.
Assumingthat changesinducedin eachtime stepwill be
small, it canbehandledquiteanalogouslyto the lineardif-
fusion equation(6) and it is also possibleto formulatean
unconditionallystable�o w.

While this fairing algorithm is mainly designedto opti-
mize theouterfairness,Ohtake et al.29 combinedthis algo-
rithm with an inner fairnesscriterion which leadsto more
regularmeshes.To achieve this result,they proposeto move
the verticesin the directionde�ned by the linear diffusion
�o w usinglocal uniform parameterizationbut with a speed
equalto a properlychosenfunctionof thetruemeancurva-
ture.

These intrinsic diffusion operatorsare appropriatefor
smoothingnoisy meshes,but since thesealgorithmscon-
verge to a discreteminimum surface satisfying H = 0,
they only enableC0 boundaryconditions which doesn't
allow for globally smoothsurfacedesign.Justlike for the
lineardiffusion �o w algorithms,a solutionwould beto use
curvature�o wsof higherorderasfor exampletheLaplacian
of curvature�o w5.

PDE discretization
A fairing algorithm for arbitrary triangle meshes,which
enablesG1 boundaryconditions (prescribedvertices and
unit normals)andwhich allows the designerto completely
separateouter and inner fairnesscriteria was proposed
by Schneideret al.32. To achieve this, the outer fairness
functionalis basedon theintrinsic PDE

DBH = 0; (8)

whichcanbeinterpretedasonepossiblenonlinearanalogon
to thin plate splines(7). Here DB is the LaplaceBeltrami
operatorandH is themeancurvature.Theequationcharac-
terizestheequilibriumstateof theLaplacianof thecurvature
�o w5. ThePDEonly dependson geometricintrinsicsandis
a relatively simple fourth orderequation.Due to the mean
valuepropertyof theLaplacian,it is guaranteedthattheex-
tremal meancurvaturevaluesof a solution of (8) will be
obtainedat theboundaryandthatthereareno localextrema
in the interior31. Thus it satis�es the principle of simplest
shape.Sincesurfaceswith constantmeancurvaturesatisfy
thisequation,importantbasicshapeslike spheresandcylin-
derscanbereconstructed.

Figure37shows thatacoarsemeshalreadyapproximates
very well the shapeof the smoothsurface that is de�ned
by the PDE. Hence,increasingthe meshsize mainly im-
provesthesmoothnessof theapproximationbut not theac-
tual shape.This property is exploited to improve the ef-
�ciency of the constructionalgorithm by using multigrid
methodsfor arbitrary meshes25. The necessarymeshhier-
archiesarecreatedusingprogressive meshrepresentations
asintroducedby Hoppe18.
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(a) (b) (c)

Figure39: 6 circleswith C1 boundary–conditionsare usedto de�ne a “tetr a thing”. Dueto thesymmetrythe�nal solutionis
actuallyG2 continuousin this case, which is indicatedin c) by thesmoothre�ection lines.Thepicturesare constructedusing
an intrinsic fairing operator whoseouterfairnessis basedon DBH = 0.

To further speedup the constructionscheme,the fourth
orderPDEis factorizedinto two secondorderproblems.We
�rst computemeancurvaturevaluesHi for eachvertex qi by
solving the outersecondorderproblemDBHi = 0 andthen
we computevertex positionssuchthat the given meancur-
vaturevaluesareinterpolatedH(qi ) = Hi . Figure39 shows
anexamplesurfacegeneratedby this technique.
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6. Geometricmodeling basedon polygonalmeshes

Finally wecometo thelaststagein ourvirtual meshprocess-
ing pipeline.Until now we presentedmany powerful meth-
odsto ef�ciently processpolygonalmeshes.Having all the
meansathand,weareableto focuson(interactive)multires-
olutionmodeling,whereadesignermodi�es agivensurface
using sophisticatedediting operations.We distinguishbe-
tweentwo different approaches:Freeformmodelingis the
processof modifying subregionsof thesurfacein a smooth
mannerwhereasthenotionof multiresolutionmodelingde-
scribeseditswherewe canadditionallypreserve little geo-
metricfeatures1.

Traditionally, geometricmodeling is basedon polyno-
mial surface representations2; 9; 10. However, while special
polynomial basisfunctions are well suited for describing
andmodifying smoothtriangularor quadrilateralpatches, it
turnsoutto beratherdif�cult to smoothlyjoin severalpieces
of a compositesurfacealong common(possiblytrimmed)
boundarycurves.As �e xible patchlayout is crucial for the
constructionof non–trivial geometricshapes,spline–based
modelingtoolsspendmucheffort onmaintainingtheglobal
smoothnessof asurface.Thesituationis simplerfor triangle
meshes.For thisreason,considerableresearchhasbeendone
to extendthesetraditionalmethodsto polygonalmeshes.

Justlike in the two previous sections(wherewe carried
many of the advantageousfeaturesof parametricsurfaces
over to polygonalsurfaces,while gettingrid of theseverere-
strictionsinherentto them)thissectiondiscussesapproaches
that make freeformandmultiresolutionmodelingavailable
for trianglemeshes.Opposedto splines,wherethe control
verticesprovide a convenientway to smoothlyedit thesur-
face,this is a challengingtask,sinceplain trianglemeshes
do not have any reasonablecontrol mechanism.Beforewe
describein detail,how intuitive modelingmetaphorsfor tri-
anglemeshescanbeaccomplished,we describethegeneral
requirementsa modelingtool shouldsatisfy.

Intuiti ve I.e. editing the overall shapewith an easyto use
control mechanism(cf. control verticesof splines)in a
broad,smoothmannerwhile preservinglittle featuresre-
sidingon thesurfaceshouldbepossible.

Independent Theeditinginterfaceshouldabstractfrom the
underlying meshrepresentation,since in generala de-
signeris not interestedin how thesurfaceis actuallyrep-
resented.

Interacti ve Thisiscrucial,sinceadesignerheavily depends
on immediatevisual feedbackwhen performingfurther
edits.

This part of the tutorial is organizedas follows. At �rst
we will dealwith freeformmodeling.Thiscanbedonewith
thehelpof discretefairing or subdivisionrespectively. Since
we explainedthesemethodsin previous sections(cf. Sec-
tions 5.2, 4.1), we restrict ourselves to describe,how an
ef�cient control mechanism(similar to the control–points
of spline–basedmethods)can be derived. In the second

partwe will show, how to build a hierarchicalstructurefor
semi–regular andfor unstructuredmeshes.Combinedwith
freeformmodi�cations,this enablesusto performmultires-
olution modeling.Finally we will brie�y discusssomespe-
ci�c modelingschemes,that wereproposedduring the last
years.

6.1. Freeform modeling

Subdivision schemescan be consideredas the algorithmic
generalizationof classicalspline techniquesenablingcon-
trol mesheswith arbitrarytopology. They provide easyac-
cessto globally smoothsurfacesof arbitraryshapeby itera-
tively applyingsimplere�nementrulesto thegivencontrol
mesh.A coarse–to–�nehierarchyof meshesgeneratedby
thisprocessquickly convergesto asmoothlimit surface.For
mostpracticalapplications,the re�ned meshesarealready
suf�ciently closeto thesmoothlimit afteronly a few re�ne-
mentsteps.Letsassumewe aregivena semi–regular mesh
M n, whichwasgeneratedby applyingsomesubdivisionop-
eratorS to a basemeshM 0, andwe want to modify M n
with speci�c support.Theusualway to implementthis op-
erationis to run a decompositionschemeseveralstepsuntil
thedesiredresolutionlevel correspondingto themeshM i is
reached.In our setting,this cansimply bedoneby subsam-
pling, i.e. we just switchto M i . On this level themeshM i
is edited.Applying Sto themodi�ed meshM 0

i (n� i)–times
yieldsthe�nal result.Thisoperationcanbeperformedquite
ef�ciently dueto thesimplicity andnumericalrobustnessof
S. (Fig. 40 illustratesthevaryingsupportof modi�cationsat
differentlevels).Themajordrawbackof thisprocedureis the
fact,thateditsarerestrictedto verticesresidingonaspeci�c
level. However, onecanfake low–frequency modi�cations
by moving a group of verticesfrom a �ner level simulta-
neously. But besidesbeingcumbersome,thisannihilatesthe
mathematicaleleganceof themultiresolutionrepresentation.

In orderto applyglobalandsmoothmodi�cations to ar-
bitrary (manifold) triangle mesheswemakeuseof acom-
pletelydifferentapproach.In Sec.5.2we introducedtheno-
tion of discretefairing that provideselegantmeansfor our
purposes.Thekey ideais relatively simpleandcanroughly
bestatedasfollows:

De�ne the edit by imposingboundaryconditions
to themesh,chooseanappropriatefairingscheme
and solve the correspondingoptimization prob-
lem.

Fig. 41 shows a convenient way how boundarycondi-
tions can be de�ned by the user. However, more sophisti-
catedmethodscaneasilybederived.Thefollowing sections
show how to applydiscretefairing in thecontext of interac-
tivemodeling.
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Figure40: A simplesubdivision–surface(left) is modi�ed bymoving theverticesof correspondingcontrol meshes.Editingthe
coarsecontrol meshleadsto a wide“b ump” (middle)whereasalteringa vertex ona �ner levelaffectsa smallerarea(right).

Figure 41: Freeformedits for unstructured meshes:The dark line indicatesthe area which is subjectto the modi�cation.
Thebright line de�nesthehandlegeometrywhich canbemovedby thedesigner(middle,right). Bothboundariescanhavean
arbitrary shapeand hencethey can,e.g. be alignedto geometricfeatures in the mesh.Thedark and the bright line impose
C1 and C0 boundaryconditionsto the meshrespectivelyand the modi�ed smoothversion is foundby discrete fairing while
preservingtheseconditions.Notice, that thedesignercanapplyarbitrary modi�cationsto thehandlepolygonandshedoesnot
haveto take themeshconnectivityinto account.

Since interactivity is crucial, an ef�cient solver for the
chosenfairing schemehasto be available.Linear methods
(cf. Sec.5.2) leadto large sparselinear problemsandnu-
mericalanalysisshows,thatstraightforwarditerativesolvers
(Jacobi/Gauß–Seidel)arenotappropriatein thiscase.Never-
theless,moresophisticatedsolversexploit knowledgeabout
thestructureof theproblem,e.g.thelargeclassof multi–grid
schemessolve the problemhierarchicallyandthusachieve
linear runningtimes in the numberof degreesof freedom.
Thesemulti–level schemessolve the problemon a coarse
level �rst andusethis solutionto predictinitial valuesfor a
solutiononthenext re�nementlevel. In ourcase,wecanuse
incrementalmeshdecimation(cf. Sec.5.1) to build a �ne–
to–coarsehierarchyof themeshin sucha way that interme-
diatemeshescanbeusedto solve theoptimizationproblem
(OP). This is donein thefollowing way.

go to coarsest level
solve OP directly
Repeat:

reinsert some vertices
solve OP in vicinity of new vertices

Until mesh is reconstructed

Discretefairing adjustsfor vertex positionsonly, which
might be insuf�cient for certain boundary conditions,
e.g. extremely large or distortedtrianglescan occur. For-
tunately another degree of freedom inherent to triangle
meshescan be exploited. In other words the connectivity
can be changedto get rid of badly shapedtriangles.This
cane.g.be doneby prescribinga maximal/minimaledge–
length5; 6. Long edgesare removed by inserting new ver-
ticesat their center(the two trianglesadjacentto this edge
aresplit into four subtriangles).Subsequentlya simplelocal
optimizationprocedurebalancesthevertices'valencesthus
stronglydistortedtrianglescanbeavoided.

6.2. Multir esolutionmodeling

Theprevioussectionshowshow to performfreeformmodel-
ing ontrianglemeshes.Let usnow assumewewantto mod-
ify the faceof the bust model (seeFig. 43) andwe would
e.g. like to shift its nose.This could be accomplishedwith
the above methodsbut the facewould loseits featureslike
eyesandmouthsincethis detail informationwould be re-
movedby theoptimizationprocess.In orderto enablesuch
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Figure 42: A �exible metaphorfor multiresolutionedits.On the left, the original meshis shown.Thesmoothversion of the
original meshis foundbyapplyingdiscretefairing whileobservingtheboundaryconstraints(darkandbright line, cf. Fig. 41).
Thecenterleft showstheresultof thecurvatureminimization.Thegeometricdifferencebetweenthetwo left meshesis storedas
detail informationwith respectto local frames.Nowthedesignercanmovethehandlepolygonandthis changestheboundary
constraintsfor thecurvature minimization.Hencethediscretefairing generatesa modi�ed smoothmesh(centerright). Adding
the previously stored detail information yields the �nal result on the right. Sincewe can apply fast multi-level smoothing
whensolvingtheoptimizationproblem,themodi�ed meshcanbeupdatedwith several framesper secondduring themodeling
operation.Noticethatall four mesheshavethesameconnectivity.

typesof edits,we have to extendfreeformmodelingto Mul-
tiresolutionmodelingwhichmeansthatwehaveto beableto
distinguishbetweenhigh–frequency detail informationthat
hasto bepreservedandthelow–frequency shapewewantto
edit.This is wheremultiresolutionrepresentationsfor trian-
glemeshescomein. In thecourseof this tutorialwealready
got to know two differentwaysto build hierarchies(coarse–
to–�ne and�ne–to–coarse).In thecontext of multiresolution
modelinghowever, we do not want hierarchiesof different
coarseness, i.e. with varying trianglecountbut of different
smoothness. Nevertheless,it will turnout, thatbothtypesof
hierarchiesarecloselyrelated.

Given an arbitrarysurfaceSm, a multiresolutiondecom-
positionconsistsof a sequenceof topologicallyequivalent
surfacesSm� 1; : : :;S0 with decreasinglevel of geometric
detail. The differenceD i = Si+ 1 � Si betweentwo suc-
cessive surfaces is the detail on level i which is added
or removed when switching betweenthe two approxima-
tions. The reconstructionSm = Si + D i + : : : + Dm� 1 of
the original surfaceSm canstarton any level of detail Si .
Multiresolutionmodelingmeansthat on somelevel of de-
tail, the surfaceSi is replacedby S0

i . This operationdoes
not have any effect on S0; : : :;Si� 1 but D i� 1 and hence
Si+ 1; : : :;Sm changesincethe (unchanged)detail informa-
tion D i ; : : :;Dm� 1 is now addedto the modi�ed basesur-
faceS0

i for the reconstructionof S0
m. In orderto guarantee

theintuitive preservationof theshapecharacteristicsaftera
modi�cation onsomelower level of detail,thisbasicsetting
hasto be extendedin the sensethat the detail information
D i is encodedwith respectto local frames. Theseframesare
alignedto thesurfacegeometryof Si 3; 2; 7; 11. Section6.2.1
will elaborateon this.

For semi–regularmeshesbasedon subdivision therecon-
struction operator is given by the underlying subdivision
scheme.We transformthe meshSi to the next re�nement

level S0
i+ 1 = SSi by applyingthestationarysubdivision op-

eratorS andmove the obtainedcontrol verticesby adding
the associateddetail vectors:Si+ 1 = S0

i+ 1 + D i . In order
to generatea smoothlow–frequency approximationof Sm,
we simply suppressthe detail reconstructionstartingfrom
someintermediatelevel j (D i = 0; i � j). The decomposi-
tion operator hasto be the inverseof the subdivision oper-
ator, i.e. given a �ne meshSi+ 1 we have to �nd a meshSi
suchthatSi+ 1 � SSi . In this casethedetailvectorsbecome
assmallaspossible7.

If we build the hierarchyby usingan incrementalmesh
decimationscheme,the decompositionoperator D applies
to arbitrarymeshes.Given a �ne meshSi+ 1 we �nd Si =
DSi+ 1, e.g.by applyinga numberof edgecollapseopera-
tions (cf. Sec.5.1). However, it is not clearhow to de�ne
the detail coef�cients, sinceinversemeshdecimation(pro-
gressivemeshes) alwaysreconstructstheoriginal meshand
thereis nocanonicalway to generatesmoothlow frequency
geometryby suppressingthe detail information during re-
construction.To solve this problemwe split eachstep of
theprogressivemeshre�nementinto atopologicaloperation
(vertex insertion)and a geometricoperationwhich places
the re–insertedvertex at the original position. In analogy
to the plain subdivision operatorwithout detail reconstruc-
tion we have to �gure out a heuristicwhich placesthenew
verticessuchthat they lie on a smoothsurface(insteadof
their original position).This can be doneby discretefair-
ing (see.Sec.5.2). Thedifferencebetweenthis “predicted”
position and the original location can then be usedas the
associateddetailvector.

6.2.1. Detail encoding

In orderto guaranteeintuitivedetailpreservationundermod-
i�cation of theglobalshape,we cannotsimply storethede-
tail vectorswith respectto aglobalcoordinatesystembut we
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Figure 43: Multiresolutioneditingof a bust(62ktriangles,left).Thehandlelies aroundthenose, thewholefaceis markedas
theareaof in�uence. Theeditswhere achievedbyscalingandtranslatingthenose(fromleft to right).

have to de�ne themwith respectto local frameswhich are
alignedto thelow–frequency geometry. Usually, theassoci-
atedlocal framefor eachvertex hasits origin at thelocation
predictedby thereconstructionoperatorwith suppressedde-
tail. However, in many casesthis canleadto ratherlong de-
tail vectorswith asigni�cant componentwithin thelocaltan-
gentplane.Sincewe prefershortdetailvectorsto guarantee
intuitive reconstructions,weuseadifferentorigin for thelo-
cal frame. In fact, the optimal choiceis to �nd that point
on thelow–frequency surface,whosenormalpointsdirectly
to the original vertex. In this casethe detail is not given in
(x,y,z)–coordinatesbut ratherby thebasepoint p = p(u;v)
on thelow–frequency geometryplusa scalarvalueh for the
offsetin normaldirection.

Thegeneralsettingfor detailcomputationis thatwe have
given two meshesSi+ 1 andS0

i+ 1 whereSi+ 1 is the origi-
naldatawhile S0

i+ 1 is reconstructedfrom thelow–frequency
approximationSi with suppresseddetail,i.e. for coarse–to–
�ne hierarchies,the meshS0

i+ 1 is generatedby applyinga
stationarysubdivision schemeand for �ne–to–coarsehier-
archiesS0

i+ 1 is optimal with respectto someglobal bend-
ing energy functional.Encodingthedifferencebetweenboth
meshesrequiresusto associateeachvertex p of Si+ 1 with a
correspondingbasepoint q on S0

i+ 1 suchthatthedifference
vectorp � q is parallelto thenormalvectoratq. Any pointq
onS0

i+ 1 canbespeci�edby atriangleindex i andbarycentric
coordinateswithin thereferredtriangle.

To actuallycomputethedetailcoef�cients, wehaveto de-
�ne a normal�eld on themeshS0

i+ 1. Themostsimpleway
to do this is to usethenormalvectorsof thetriangularfaces
for thede�nition of apiecewiseconstantnormal�eld. How-
ever, sincetheorthogonalprismsspannedby atrianglemesh
donotcompletelycover thevicinity of themesh,wehave to
acceptnegative barycentriccoordinates,if S0

i+ 1 is not suf�-
ciently smooth.This may leadto “unnatural” detail recon-
structionif thelow–frequency geometryis modi�ed.

Wethereforeproposeadifferentapproach8 wherethenor-
mal vectorsare estimatedat the verticesanda continuous
normal�eld for the interior of the trianglesis computedby
linearlyblendingthevertex normals.

6.3. Modeling tools basedon triangle meshes

6.3.1. Semi–regular meshes

In 1997Zorin et al. cameupwith a modelingtool for semi–
regular meshes11. It implementsthe control mechanismwe
describedin the context of freeform modeling for semi–
regularmeshesandit usesa decompositionoperatorsimilar
to theonewe sketchedin Section6.2.

Pros/Cons:
+ Intuitive modi�cations (detail preservinglarge scaleed-

its).
+ Fastandstabledueto simpleanalysis/synthesisoperators.
– Restrictedto semi–regularinput meshes.
– Topologicalhierarchypinpointsdegreesof freedomfor

editson differentscales.

6.3.2. Unstructur edmeshes

Kobbeltet al.7 generalizedmultiresolutiontechniquesto ar-
bitrary triangle meshes(cf. Fig. 42). They introducedthe
�ne–to–coarsegeometrichierarchyby usingthesimpleUm-
brella algorithm(cf. Equation(7) in Sec.5.2) to generatethe
low–frequency versionof the input mesh.In 8 they extend
thetwo stagehierarchyto multiplegeometrichierarchies.A
similarapproachhasbeeninvestigatedby Guskov4.

Pros/Cons:
+ Intuitive modi�cations (detail preservinglarge scaleed-

its).
+ Unstructuredinput meshes.
+ Flexible modelingmetaphor(arbitraryarea/handle).
– Fixedmesh–connectivity.
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6.3.3. Dynamic vertex connectivity

In 6 Kobbeltet al. introducedthe notion of multiresolution
modeling for mesheswith dynamicconnectivity. They no
longer requirea global hierarchicalstructurethat links the
differentdetail levels,but they representthedetail informa-
tion implicitly by the differencebetweenindependentsur-
faces.Sincedescribingthe schemein detail would go be-
yondthescopeof this tutorial,wereferto theoriginalpaper
in theproceedings.

Pros/Cons:

+ Unstructuredinputmeshes.
+ Adaptive connectivity.
– No �e xible/intuitive modelingmetaphor(modelingwith

ellipsoids).
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